Hamilton Equations for Trebuchet and Related Things
(Ch. 5-9 of Unit 2)

Review of Hamiltonian equation derivation (Elementary trebuchet)
Hamiltonian definition from Lagrangian and ~mn tensor
Hamilton s equations and Poincare invariant relations

Begm-normal
relatiye azimuthal

Hamiltonian expression and contravariant ymn tensor

Hamilton p, equation log-jam
Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry
Algebraic approximate approach
Direct approximate approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
The multiple approaches to Mechanics (and physics in general)
A simplified trebuchet approximation (but unfinished)

Beam-normal
vertical-absolute

polar angle Op




This Lecture s Reference Link Listing

Web Resources - front page Quantum Theory for the Computer Age 2017 Group Theory for QM
UAF Physics UTube channel Principles of Symmetry, Dynamics, and Spectroscopy 2018 Adv CM
Classical Mechanics with a Bang! 2018 AMOP
Modern Physics and its Classical Foundations 2019 Advanced Mechanics

Lectures #12 through #16

In reverse order

Trebuchet Web Animations:
Default/Generic URL, Montezuma's Revenge, Seige of Kenilworth,

'Flinger",
Position Space (Course), Position Space (Fine)

Wacky Waving Solid Metal Arm Flailing Chaos Pendulum - Scooba_Steeve-yt-2015
Triple Double-Pendulum - Cohen-yt-2008

Punkin Chunkin - TheArmchairCritic-2011

Jersey Team Claims Title in Punkin Chunkin - sussexcountyonline-1999

Shooting range for medieval siege weapons. Anybody knows? - twcenter.net/forums
The Trebuchet - Chevedden-SciAm-1995

NOVA Builds a Trebuchet

Recent Articles of Interest:
(Many of these may be a bit beyond this course,
but are included to lend added insight):

Springer handbook on Molecular Symmetry and Dynamics - Ch 32 - Molecular Symmetry
Tunable and broadband coherent perfect absorption by ultrathin blk phos metasurfaces - Guo-josab-2019

Pirelli Relativity Challenge (Introduction level) - Visualizing Waves:
Using Earth as a clock,
Tesla's AC Phasors ,
Phasors using complex numbers.

CM wBang Unit 1 - Chapter 10, pdf page=135

Calculus of exponentials, logarithms, and complex fields,

RelaWavity Web Simulation - Unit Circle and Hyperbola (Mixed labeling)
Smith Chart, Invented by Phillip H. Smith (1905-1987)

Excerpts (Page 44-47 in Preliminary Draft) from the
Geometric Algebra- A Guided Tour through Space and Time - Reimer-www-2019

Quantum Supremacy Using a Programmable Superconducting Processor - Arute-n-2019
Vortex Detection in Vector Fields Using Geometric Algebra - Pollock-aaca-2013.pdf

An assist from Physics Girl (YouTube Channel):

Posted this year:
How to Make VORTEX RINGS in a Pool

Crazy pool vortex (new inclusion with more background)
Crazy pool vortex - pg-vt-2014

Posting with the best visuals:
Fun with Vortex Rings in the Pool - pg-yt-2014

She covers it beautifully!

Select, exciting, and related Research

Clifford Algebra And The Projective Model Of Homogeneous Metric Spaces -
Foundations - Sokolov-x-2013

Geometric Algebra 3 - Complex Numbers - MacDonald-yt-2015
Biquaternion -Complexified Quaternion- Roots of -1 - Sangwine-x-2015
An_Introduction to Clifford Algebras and Spinors - Vaz-Rocha-op-2016
Unified View on Complex Numbers and Quaternions- Bongardt-wemms-2015
Complex Functions and the Cauchy-Riemann Equations - complex2 - Friedman-
columbia-2019
An_sp-hybridized Molecular Carbon Allotrope- cyclo-18-carbon - Kaiser-s-2019
An Atomic-Scale View of Cyclocarbon Synthesis - Maier-s-2019
Discovery Of Topological Weyl Fermion Lines And Drumhead Surface States in a

Room Temperature Magnet - Belopolski-s-2019
"Weyl"ing away Time-reversal Symmetry - Neto-s-2019
Non-Abelian Band Topology in Noninteracting Metals - Wu-s-2019
What Industry Can Teach Academia - Mao-s-2019

RoVib- quantum state resolution of the C60 fullerene - Changala-Ye-s-2019 (Alt)
A Degenerate Fermi Gas of Polar molecules - DeMarco-s-2019



https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2018.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2019.html
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://modphys.hosted.uark.edu/ETC/MISC/Clifford_algebra_and_the_projective_model_of_homogeneous_metric_spaces_-_Foundations_-_Sokolov-x-2013.pdf#page=20
https://modphys.hosted.uark.edu/ETC/MISC/Clifford_algebra_and_the_projective_model_of_homogeneous_metric_spaces_-_Foundations_-_Sokolov-x-2013.pdf#page=20
https://youtu.be/f3zM6THQDRA?list=PLLvlxwbzkr7igd6bL7959WWE7XInCCevt&t=65
https://modphys.hosted.uark.edu/ETC/MISC/Biquaternion_-Complexified_Quaternion-_Roots_of_-1_-_Sangwine-x-2015.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_Introduction_to_Clifford_Algebras_and_Spinors_-_Vaz-Rocha-op-2016.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Unified_View_on_Complex_Numbers_and_Quaternions-_Bongardt-wcmms-2015.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Complex_Functions_and_the_Cauchy-Riemann_Equations-_complex2.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Complex_Functions_and_the_Cauchy-Riemann_Equations-_complex2.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_sp-hybridized_Molecular_Carbon_Allotrope-_cyclo-18-carbon_-_Kaiser-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_Atomic-Scale_View_of_Cyclocarbon_Synthesis_-_Maier-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/-Weyl-ing_away_Time-reversal_Symmetry_-_Neto-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Non-Abelian_Band_Topology_in_Noninteracting_Metals_-_Wu-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/What_Industry_Can_Teach_Academia_-_Mao-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Rovibrational_quantum_state_resolution_of_the_C60_fullerene_-_Changala-Ye-s-2019-Alt.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Degenerate_Fermi_Gas_of_Polar_molecules_-_DeMarco-s-2019.pdf
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_32_MolSymm.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Tunable_and_Broadband_Coherent_Perfect_Absorption_by_Ultrathin_Black_Phosphorus_Metasurfaces_-_Guo-josab-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_Supremacy_Using_a_Programmable_Superconducting_Processor_-_Arute-n-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Vortex_Detection_in_Vector_Fields_Using_Geometric_Algebra_-_Pollock-aaca-2013.pdf
https://www.youtube.com/channel/UC7DdEm33SyaTDtWYGO2CwdA
https://www.youtube.com/watch?v=_18avidXxqY
https://www.youtube.com/watch?v=pnbJEg9r1o8
https://youtu.be/72LWr7BU8Ao
https://pirelli.hosted.uark.edu/html/clocks_segue.html
https://pirelli.hosted.uark.edu/html/phasors_segue.html
https://pirelli.hosted.uark.edu/html/complex_phasors_1.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Text_2012/CMwBang_Unit_1_2019.pdf#page=135
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=0,9&taLinesInd=2&ctLinesInd=2&refSquareInd=-1&showInstructions=0&labelingInd=3
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2017/Smith_Chart.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Geometric_Algebra-_A_Guided_Tour_through_Space_and_Time_-_Reimer-www-2019.pdf#page=44
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=AnimateFlinger
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceCourse
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceFine
https://www.youtube.com/watch?v=zvIY1z0xcek
https://www.youtube.com/watch?v=foZHjI8Lydo
http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html
http://www.sussexcountyonline.com/news/photos/punkinchunkin.html
http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf
https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds.html

Running Reference Link Listing

Lectures #11 through #7

Eric J Heller Gallery:

Main portal, Consonance and Dissonance II, Bessel 21, Chladni

The Semiclassical Way to Molecular Spectroscopy - Heller-acs-1981

Quantum_dynamical tunneling in_bound states - Davis-Heller-
jcp-1981

Pendulum Web Simulation
Cycloidulum Web Simulation

Links to previous lecture: Page=74, Page=75, Page=79
Pendulum Web Sim
Cycloidulum Web Sim

JerkIt Web Simulations: Basic/Generic: Inverted, FVPlot
CMwithBang Lecture 8, page=20

WWW.sciencenewsforstudents.org: Cassini - Saturnian polar vortex

“RelaWavity” Web Simulations:
2-CW laser wave, Lagrangian vs Hamiltonian,
Physical Terms Lagrangian L(u) vs Hamiltonian H(p)
Coullt Web Simulation of the Volcanoes of lo
Bohrlt Multi-Panel Plot:
Relativistically shifted Time-Space plots of 2 CW light waves

BoxlIt Web Simulations:
Generic/Default
Most Basic A-Type
Basic A-Type w/reference lines
Basic A-Type A-Type with Potential energy
A-Type with Potential energy and Stokes Plot
A-Type w/3 time rates of change
A-Type w/3 time rates of change with Stokes Plot
B-Type (A=1.0. B=-0.05. C=0.0. D=1.0)

RelaWavity Web Elliptical Motion Simulations:
Orbits with b/a=0.125
Orbits with b/a=0.5
Orbits with b/a=0.7
Exegesis with b/a=0.125
Exegesis with b/a=0.5
Exegesis with b/a=0.7
Contact Ellipsometry

In reverse order

Coullt Web Simulations:
Basic/Generic
Exploding Starlet
Volcanoes of 1o (Color Quantized)

Jerklt Web Simulations:
Basic/Generic
Catcher in the Eye - IHO with Linear Hooke perturbation - Force-potential-Velocity Plot

OscillatorPE Web Simulation:

Coulomb-Newton-Inverse_Square,
Hooke-Isotropic Harmonic,
Pendulum-Circular_Constraint

AMOP Ch 0 Space-Time Symmetry - 2019
Seminar at Rochester Institute of Optics, Aux. slides-2018

NASA Astronomy Picture of the Day -
[o: The Prometheus Plume (Just Image)
NASA Galileo - lo's Alien Volcanoes
New Horizons - Volcanic Eruption Plume on Jupiter's moon 10
NASA Galileo - A Hawaiian-Style Volcano on lo

Pirelli Site: Phasors animimation
CMwithBang Lecture #6, page=70 (9.10.18)

Select, exciting, and related Research & Articles of Interest:
Burning a hole in reality—design for a new laser may be powerful enough to pierce space-time - Sumner-KOS-2019
Trampoline mirror may push laser pulse through fabric of the Universe - Lee-ArsTechnica-2019
Achieving Extreme Light Intensities_using Optically Curved Relativistic Plasma Mirrors - Vincenti-prl-2019

A_Soft Matter_Computer_for_Soft Robots -_Garrad-sr-2019
Correlated Insulator Behaviour _at Half-Filling in_Magic-Angle Graphene Superlattices - cao-n-2018

Sorting ultracold _atoms _in_a_three-dimensional optical lattice in_a_

realization_of Maxwell's_Demon - Kumar-n-2018

nthetic_three-dimensional_atomic_structur mbl tom tom - Barr -n-201
Older ones:
Wave-particle_duality_of C60_molecules - Arndt-1tn-1999

tical_Vortex Knots_- One_Photon__ At A Time - Tempone-Wiltshire-Sr-201

Baryon_Deceleration_by _Strong Chromofields_in_Ultrarelativistic_,
Nuclear_Collisions - Mishustin-PhysRevC-2007, APS Link & Abstract

Hadronic Molecules - Guo-x-2017

Hidden-charm_pentaquark_and_tetraquark_states - Chen-pr-2016



https://modphys.hosted.uark.edu/markup/BoxItWeb.html
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0&wantBallsNItsPhi2=0&wantBallsNItsPhi2=0&wantPELevels=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3&wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?&AU2=1.0&BU2=-0.05&CU2=0.0&DU2=1.0
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.5&velocity=0.85
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,2
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=70
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
http://apod.nasa.gov/apod/ap970818.html
http://apod.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
https://science.nasa.gov/science-news/science-at-nasa/1999/ast04oct99_1/
https://www.youtube.com/watch?v=wmQHOUFIuzQ
https://science.nasa.gov/science-news/science-at-nasa/1999/ast05nov99_2/
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22
https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow%22
https://www.dailykos.com/stories/2019/9/14/1885432/-Burning-a-hole-in-reality-design-for-a-new-laser-may-be-powerful-enough-to-pierce-space-time
https://arstechnica.com/science/2019/09/trampoline-mirror-may-push-laser-pulse-through-fabric-of-the-universe/
https://modphys.hosted.uark.edu/ETC/MISC/Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Wave-particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_-_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.76.011603
https://modphys.hosted.uark.edu/ETC/MISC/Hadronic_molecules-_Guo-x-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/hidden-charm_pentaquark_and_tetraquark_states-_chen-pr-2016.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=74
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=75
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=79
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=0
https://modphys.hosted.uark.edu/markup/CoulItWeb.html
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=ExplodingStarlet
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo_ColorQuant
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Consonance%20and%20DissonanceII.html
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Bessel%2021.html
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Chladni.html
http://homepage.univie.ac.at/mario.barbatti/papers/heller/heller_acs_14_368_1981.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_dynamical_tunneling_in_bound_states_-_Davis-Heller-jcp-1981.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_dynamical_tunneling_in_bound_states_-_Davis-Heller-jcp-1981.pdf
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html

Running Reference Link Listing

Lectures #6 through #1

In reverse order

, , , , Bouncelt Web Animation - Scenarios:
RelaWavity Web Simulation: Contact Ellipsometry Generic Scenario: 2-Balls dropped no Gravity (7:1) - V.vs V Plot (Power=4)

BoxlIt Web Simulation: Elliptical Motion (A-Type) [-Ball dropped w/Gravity=0.5 w/Potential Plot: Power=1, Power=4
CMwBang Course: Site Title Page 7:1 - Vvs V Plot: Power=1

Pirelli Relativity Challenge. Describing Wave Motion With Complex Phasors 3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=4

UAF Physics UTube channel 3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=1
3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=1 w/Gaps

Velocity Amplification in Collision Experiments Involving Superballs - Harter, 1971 4-Ball Stack (27:9:3:1) w/Newton plot (v vs t) - Power=4
MIT OpenCourseWare: High School/Physics/Impulse and Momentum 4-Newton's Balls (1:1:1:1) w/Newtonian plot (v vs t) - Power=4 w/Gaps
Hubble Site: Supernova - SN 19874 6-Ball Totally Inelastic (1:1:1:1:1:1) w/Gaps: Newtonian plot (t vs x), V6 vs V5 plot

5-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Minkowski plot (t vs x1) w/Gaps
1-Ball Totally Inelastic Pile-up w/ 5-Stationarv-Balls - Vx2 vs VxI plot w/Gaps

Bounceltlt Web Animation - Scenarios:

_ Bouncelt Dual plots

49:1yvst 49:1 V2 vs VI, 1:500:1 - 1D Gas Model w/ faux restorative force (Cool), mimy =3:1

1:500:1 - 1D Gas (Warm), 1:500:1 - 1D Gas Model (Cool, Zoomed in), vovsviand V2vs Vi (vi, v2)=(1, 0.1), (vi. v2)=(1, 0)
Farey Sequence - Wolfram y2vs yiplots: (vi, vo)=(1, 0.1), (v, v2)=(1, 0), (vi, vJ)=(1, -1)
Fractions - Ford-AMM-1938 Estrangian plot V> vs V. (vi, v2)=(0, 1), (vi, v2)=(l, -1)
Monstermash Bounceltlt Animations: mpmz=4:1

1000:1 - V2 vs VI, 1000:1 with t vs x - Minkowski Plot v2vsvl, y2vs yl
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-2013 mp:my =100:1, (v, v2)=(1, 0): V2 vs VI Estrangian plot, y2 vs yI plot
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Chapter 1. The Trebuchet: A dream problem for Galileo?
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Trebuchet simulator
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html

(a) What Galileo Might
Have Tried to Solve

(Cahokia, IL 12th Century) ‘e B


https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html

Review of Hamiltonian equation derivation (Elementary trebuchet)

= [ {amiltonian definition from Lagrangian and ~Ymn tensor
Hamilton's equations and Poincare invariant relations
Hamiltonian expression and contravariant ymn tensor
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i(6.6.0 velocity chain
( 0 ’W) dt 00 dt a¢ di 96 di a¢ i o

dL M do v do vdo ¥ dd) JdL Lagrange equations 1 and 2

L 69 999 .9t =
(6:0.6.6.1)= dt pedt p¢dt><dy¢dt ot
) %: w\ - (P) (Consolidating)
dt \a’pf’ P ar
d oL .
” (pHG + p(p(p L) — _E (Rearranging)
dH _ dL) Defining the
dt ~ ot) Hamiltonian function H

Hamiltonian function of GCC and momenta: @(9,(1), Po> p¢,t) =p,0+p ¢(/) — L/ Poincare-Legendre relation
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Review of Hamiltonian equation derivation (Elementary trebuchet)
Hamiltonian definition from Lagrangian and ~mn tensor
Hamilton's equations and Poincare invariant relations

= [ lamiltonian expression with contravariant ™" tensor

Hamilton p, equation log-jam
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1/ . . MR*+mr?  —mrlcos(6—0) 0 1 nn
T:E( 0 ¢ ) - |=5Tmd"d
—mrlcos(0—0) ml ¢
N—
E P ' . .
— nlin : Covariant metric tensor
1 L Po || Teo ey 0
: P \ Yoo Voo N\ 9 Y
(6 yo0 % | py | Contravariant metric tensor
¢ y? y? Py e
o
ml mrlcos(6 — ) Py
( Py Py ) 5 5
| mrlcos(6—¢)  MR*+mr Dy -
AT = T 5 5.3 =Y Pyb,
2 m/ [MR + mr” sin (9—(1))} 2

Lagrangian function of 'éCC and Vqlé::ities: L(9,¢,é,q5,t) =T (9,¢,9,q5,t) — V(0,¢,t)
Hamiltonian fupcfibn of GCC a’nd"momenta: H (9,¢, Po> p¢,t) = peé +p ¢q5 — L Poincare-Legendre relation

. .
.
. .
. | 2

H= pb r o p T +V

H = (7050 + 7500+ (7 00+ 700 ) 6~ %(79999 Y00+ 7,500 +7,,00) +V
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....................................................

1, . . MR?* +mr®  —mrlcos(6—¢) 0 1 . n
¢ T=al00 ){ =2 7md"

—mrlcos(60—¢) me? 0 2

X=-Rsin¢9}'@/,.—~‘“ Po | | Yoo 7oy ( . ] Covariant metric tensor
L P Yoo oo ¢ Yo
(6 yee % | p, | Contravariant metric tensor
0 7/1’9 y9? Py Aymn
s AK 2
ml mrlcos(6—¢) Py
( Po P ) 2 2
P mricos(0—¢)  MR” +mr Py -
.x'T=5 5 5 55 ==Y P,D,
m/ [MR + mr” sin (9—(1))} 2

Lagrangian function of 'éCC and Vqlé::ities: L(9,¢,9,q5,t) =T (9,¢,9,q5,t) — V(Q,q),t)
Hamiltonian fupcfibn of GCC a’nd"momenta: H (9,¢, Po> p¢,t) = peé +p ¢q5 — L Poincare-Legendre relation

, .
B
’ .
. | S

H = P;Q t P9 -1 v
H = (7908 + 7’0¢¢)9 T (%99 + 7¢¢¢)¢ - 5(7/0009 TV esP0 +7 5000 + 7¢¢¢¢) +V

numerically!

H = 5 (79990 + 79¢¢9 + 7¢90¢ + 7¢¢¢¢) +V =T+V=E ( Quycom
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1/ . . MR*+mr?  —mrlcos(6—0) 0 1 nn
T=E(9 0 | ) - |=5Tmd"d
—mrlcos(0—0) ml ¢
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(o) | v y* | pe | Contravariant metric tensor
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ml mrlcos(6 — ) Py
( Py Py ) 5 5
| mrlcos(6—¢)  MR*+mr Dy -
A= T 5 5.3 =Y PPy
2 m/ [MR + mr” sin (9—(1))} 2

Lagrangian ﬁmctionﬁpf' GCC and Vglé"c/;ties: L(9,¢,é,q5,t) =T (9,¢,9,q5,t) — V(0,¢,t)

Hamiltonian functlon of GCC apd"'momenta: H (9,¢, Po> p¢,t) = peé +p ¢q5 — L Poincare-Legendre relation

H = (7300 + ¥5,8) 0+ (7,00 + Y9)0 — (V00 + 15,00+ 7,00+ 7,160) +V Comstant Eneren i
1 N N N N Il no explicit t-dependence
H = 2 (7’ 0000 + ¥ 0,00 + ¥ ,,00 + y¢¢¢¢) +V =T+V=E ( s

Hamiltonian must be explicit function
of momenta pn not velocities
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1/, . . MR*+mr?  —mrlcos(6—0) 0 1 .
r=3l ¢ ¢ : [l
—mrlcos(0—0) ml ¢
N—
C ‘ant metric tensor
o | | Yoo Voo ( B ] ovariant me
P \ Yoo Voo N\ 9 Ymn
Fa ey yee % || p, | Contravariant metric tensor
oA N Py e
mt? mrlcos(6 — ) Py
( Po P ) 2, 2
PR RV mrlcos(0—¢@)  MR" +mr Dy (-
TZE 5 5 N _Ey p,,p,
m/ [MR + mr” sin (9—(2))}

Lagrangian functlon of GCC and VClOC;tIQS L(Q 0, 0 (p t) (9,¢,9,q5,t) — V(0,¢,t)

Hamiltonian functlon of GCC and mornenta H (9 O, Py, Py ) peé + p¢q5 — L Poincare-Legendre relation

.
K
| )

H = p99 + P ¢>¢ -T +V
(7900+70¢¢)9+(7¢96+7¢¢¢)¢ (70099+7e¢¢9+7¢99¢+7¢¢¢¢5) +V |
Constant Energy if
v no explicit t-dependence
H = (799 O+7,,00+7,,00+ mw) =T+V=E ( Qe

Hamiltonian must be explicit function
of momenta pn not velocities
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;. —mrlcos(0—0) ml ¢
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X=-Rsinb -0, P Yoo Yoo ( . ] Covariant metric tensor
Po )\ oo Tos ¢ Yo
6 ) | vy y® || po | Contravariant metric tensor
0 7/¢9 y¢¢ Py Aymn
A
lﬁ 2
ml mrlcos(6 — ) Py
( Py Py ) 5 5
1 mrlcos(6—¢)  MR*+mr Dy -
I'=3 2 a2, 22 ~o7 PmPn
2 m/ [MR + mr” sin (9—(1))} 2

Lagrangian function of GCC and velocities: L(9,¢,é,q5,t) = T(Q,(p,é,([b,t) — V(0,¢,t)

Hamiltonian function of GCC and momenta: H (9,¢, Po> p¢,t) = peé + p¢q5 — L Poincare-Legendre relation

H= p,0 + p¢¢ -T +V
H = (7,00 + ¥0u0) 0+ (7,04 709)0 = (V000 + 7,00+ 7,00+ 7,,60) +V
¢ ¢ 09 2 ¢ ¢ 90 Constant Energy if
1 o o o o y no explicit t-dependence
H = 2 (7’ 0000 + ¥ 0,00 + ¥ ,,00 + y¢¢¢¢) +V =T+V=E ( Qs
1 Hamiltonian must be explicit function
H ( ,}/09 PoPo+ ,}/Grp D, P¢ 4 },rp@ p(p D, + 7/¢¢ p(l) P¢ ) +V =T+V ( Correct formally ) of momenta pm not velocities

and numerically

2
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1/ . . MR? + mr? —mrlcos(6 — @) 0 1 mon
reyl ¢){ : [

—mrlcos(0—0) ml ¢
s i N—

—_RsinOin ‘ Py Yoo Yoo ( p ] Covariant metric tensor
6 ) | v y% || po | Contravariant metric tensor
¢ 7/¢9 7¢¢ Py Aymn

—
4( 2
ml mrlcos(6—¢) Py
(7o 7 ) o
1 mricos(0—¢)  MR” +mr Dy -
=3 2 2 2 .2 =51 PuPy
2 m/ [MR + mr” sin (9—(1))} 2

Lagrangian function of GCC and velocities: L(9,¢,9,q5,t) = T(Q,(p,é,(ﬁ,t) — V(Q,q),t)

Hamiltonian function of GCC and momenta: H (9,¢, Po> p¢,t) = peé + p¢q5 — L Poincare-Legendre relation

H= p,0 + p¢¢ -T +V
H = (7550 +70,9)0+ (7,00 + ')'—l( 00+ 590 + 7,500+ 7, 00) +V
= (V0o + 70,9 Yoot +750)0 > Yoo Y000+ 7V 1000+ 7,00 Constant Eneray if

1 o . o o ' no explicit t-dependence
H =—(1uf0+ 7,00 +7,00+7,00) 4V =T+V=E ( Qs

1 Hamiltonian must be explicit function
H = 5(799199179 Y oD, 7 PP + 77,0, )4V =TV (Sopoguy ) @/ momentapn not velocities
H - ml” p,p, +2mrl cos(6 — P)pyp, + (MR + mr” )DsPs v

2m0*| MR® +mr’sin*(6 - ¢) |



Review of Hamiltonian equation derivation (Elementary trebuchet)
Hamiltonian definition from Lagrangian and ~mn tensor
Hamilton's equations and Poincare invariant relations
Hamiltonian expression with contravariant vy tensor

= [{amilton p, equation log-jam



Hamilton equations for elementary trebuchet

....................................................
) (Y

' P
' s’
' P
' s
' P
' P
° ' -
—_— ' P
— [ P
' N
' P
S
[’
]
%’ 1
-

Coordinate equations

oH .
FYS = 0= 7/¢9p9+7/¢¢p¢
Py

4
— A
( P ‘ me? mrlcos(6 — ) Pg
6
’ mrlcos(0—¢)  MR* + mr* Py

Contravariant metric tensor

rymn
i 0
] 1 o=7"py+7"p,

Py
Py

. 0
2] pmpn

Po= 7’999 + ng)(b
Py= }/¢99 + 7/¢¢q5

me? [MR2 + mr? sin2(6 - <p)}

0H .
—=¢=r"p,+7"p,
0 Py



Hamilton equations for elementary trebuchet

....................................................

Contravariant metric tensor

rymn
6=7%p,+7"p,

] | ¢ = Y(Pep@ + V(Pq)

0 ] | oyee 0 [ by
] o
i ¢ 90 99 || P,
X=-Rsinbig o
( P ) ml mrlcos(6 — ) Pg
<2 . 9
_ 1 ’ mrlcos(0—¢)  MR* + mr* Py
2

me? [MR2 + mr? sin2(6 - <p)}

Coordinate equations

oH oH .
S —=0= v potr? == v pyty”p,
0 ¢
Momentum/force equations
OH 9oL 9T av (May just use Lagrange results... OH 9oL 9T av
Py =— By = 0 = Y — e ...but to be formally correct... p¢ =— 3 = % = % — %

...must convert contra-velocities
to covariant momenta!)

= mrl0¢ sin(6 — )+ F,

VPP

Po= 7’999 + ng)(b
Py= }/¢99 + 7/¢¢q5

-mrl0g sin(0 —§) + F,



Hamilton equations for elementary trebuchet

....................................................

Contravariant metric tensor

rymn
6=7%p,+7"p,

] | ¢ = Y(Pep@ + V(Pq)

0 ] | oyee 0 [ by
] o
i ¢ 90 99 || P,
X=-Rsinbig o
( P ) ml mrlcos(6 — ) Pg
<2 . 9
_ 1 ’ mrlcos(0—¢)  MR* + mr* Py
2

me? [MR2 + mr? sin2(6 - <p)}

Coordinate equations

oH OH
F = 0= Y¢9p9+}’¢¢ . = ¢= Y99p9+}/9¢p¢
’ 6
Momentum/force equations
aH oL aT )74 (May just use Lagrange results... 3H oL 9T ov
Do = 0 30 90 90 ...but to be formally correct... p(/) =— 30 = ” = n — n

...must convert contra-velocities
to covariant momenta!)

= mrl0¢ sin(6 — )+ F,

=mrl(y% py+7% p )1 * py+ 7% p,) sin(6 - 9) + F,

VPP

Po= 7’999 + ng)(b
Py= }/¢99 + 7/¢¢q5

-mr 000 sin(6 — @) + F,

=-mrl(y% py + 7% )7 py + 7% py) sin(6 - 9) + F,



Hamilton equations for elementary trebuchet

....................................................

5

Contravariant metric tensor

fymn

; Y
. A ) _ 0
X=-Rsint g _» o 0=y%py+y ¢P¢,
( b ml mr/lcos(0—) Py _ 00 o0
1 v mrlcos(0—¢)  MR* + mr* Py 1 . o=7 AR
r'=3 2 2 2.2 57 PPy
2 me [MR + mr? sin (e—cp)}
Po= 7’999 + ng)(b
Py= Y560+ Vpg?
Coordinate equations
JH o dH _ . g9 0
—=0=y"p,+y” =d=v" py+v"p,
9Py P,

Momentum/force equations
dH _dL_ JdT IV
90 90 o I

= mrl0¢ sin(6 — @) + F,

(May just use Lagrange results...

...but to be formally correct... p,=—
...must convert contra-velocities

to covariant momenta!) =

OH dL_3dT v
a9 9 I I
-mr 000 sin(6 — @) + F,

pgz

=mr((y% py+ y9¢p¢ (7% Py +7% py) sin(6—9)+ F, =-mrl(y% py + 7% p )7 py + 7% py) sin(6 - 9) + F,

. Same

= -[messy factor]sin(6 —¢)+ F



Hamilton equations for elementary trebuchet

....................................................

6 ) | v y% || po | Contravariant metric tensor
5 o ) | 40 % | p, Aymn
N 4 —— : 9
X=-Rsint g _» o 0=y%py+y ¢P¢,
( b ) m/ mrlcos(6 — ) Py _ 00 00
1 v mrlcos(0—¢)  MR* + mr* Dy 1 P=Y"PytY Py
I'=> 2 a2y o 22 },mnp P
2 me [MR + mr? sin (e—cp)}
Po= Vg0 + Vecp‘b
Py= }/¢99 + 7/¢¢q5
oH
—=¢=r"p,+7"p,
d Py
Momentum/force equations
. OH 9L_JT oV  OH 9L_JT oV
Po="30 90 96 o6 Po="30 "0 9o oo
= mrl0¢ sin(6 — )+ F, = -mr/(0¢ sin(6 —¢)+ F,
=mri(y% py+7% p )1 " py+ 7% py) sin(0 - 9) + F, =-mrl(y% py + 7" p )7 o + 7" py) sin(6 - 9) + F,
=mrt(y 907" pg + 1y 7% + (r")1pypy + 77" py) sin(6 - 9) + F, = -[messy factor]sin(6 — )+ F,

A lesson in Hamiltonian “elegance’ ...
...may be elegant formally...but not be so elegant algebraically!



Hamiltonian energy and momentum conservation and symmetry coordinates
=P Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry
Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 —m/2and 63 =0  +7m/2 Previous lab absolute
_ _ trebuchet coordinate Beqm-normal
or OB =-6+0—m/2 angles © and ¢ relatiye azimuthal

compared to

new angles
GB and (I)B.

Beam-normal
vertical-absolute

polar angle Oy

-
-
-
-
U

]

s\
eB

Lab (6,0) and beam-normal (0s,¢s)

relative coordinates for trebuchet.

\_:j‘
e

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition: OB =-0+0 —7/2
20, 6,
0, | | 0 o O | (1 0 0
R A A
0 P

Lemma-1 from Lect.9 p.13 used in Lect.14 p.63

%, b, | [ %, %,
H dp | | I I
¥, I, || % 9
00  dg A P

(Same Jacobian for coordinates and velocities)

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

Begm-normal
relative azimuthal

compared to

new angles
GB and (1)3.

Beam-normal
vertical-absolute

polar angle Oy

- /N//
LA, ¢
B

b\
0

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

|

6
0

H

1
-1

0

1

I

6
0

1

OB =-0+0 —m/2

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

20, 90,
0, | | 90 9o
by | | 9 90y
0
0  do
0 | | 99, 99,
o6 | | %
db, Ip,

|

0,
0y

H

I 0

1

|

I

0,
0y

J

d=0B+0R

+71/2

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
GB and (I)B.

]

-
-
-
-
U

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute
polar angle Oy

s\
eB

\_:j‘
e

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

20, 90,
0, | | 90 9o
by | | 9 90y
0
0  do
0 | | 99, 99,
o6 | | %
db, Ip,

|
|

6
0

0,
0y

H
H

1
-1

0

1

I 0

1

|

I
I

6
0

0,
0y

1
]

OB =-0+0 —m/2

d=0B+0R

+1/2 Previous lab absolute

Begm-normal
relative azimuthal

trebuchet coordinate
angles 0 and ¢

compared to

new angles
GB and (DB.

Beam-normal
vertical-absolute

polar angle Oy

Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

0,
Oy

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

:

Dm transform is TRANSPOSE INVERSE [0 g™ transform

]z
I:

96, 96,
0
9, 99,
6 ap
d0  JO
26, I0,
9 A
0, 9,

|

|

6
0

0,
0y

H
H

I O
-1 1

I 0
|

I

6
0

0
O

ok

I
I

Previous lab absolute
trebuchet coordinate

+71/2

=-0+0 —m/2
0B ¢ angles 0 and ¢

compared to

new angles
GB and (I)B'

d=0B+0R

I
I
I
I
L
I

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

d6 d :
5 0 Be careful with momentum! -
Po 9, dJ0, Dy 1 1 Dy . . . . . _”
. 1= = Poincare invariance is crucial! K
Py 90 9 |\ p 01T » > - t 0
Incare invariant must remain invarian
| 90 B, 0 L X
% % : . . . Po /
Do 00 00 pg 1 —1 pg p99 + p¢¢ = ( 6 ¢ ) p = p99 + Py ¢B
= = ¢
P DBy 9 || P 0 1 ) p
oy I o L
From Lect. 14 p.98: ¢, 0 05, O e 200
Transform contravariant velocity {ql,cf,---} to "barred" {? Lg, } by ‘chain-saw-sum rule” Lab (6,0) and beam-normal (6,0s)
relative coordinates for trebuchet.
E™ = aq = = aq — aq , O E™ — aq—_ (Each value is positive.)
or ar gg™ or ag"™



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

0,
Oy

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

:

Dm transform is TRANSPOSE INVERSE [0 g™ transform

]z
I:

96, 96,
0
9, 99,
6 ap
d0  JO
26, I0,
9 A
0, 9,

|

|

6
0

0,
0y

H
H

I O
-1 1

I 0
|

I

6
0

0
O

ok

I
I

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

+10/2
OB =-0+0 —m/2
compared to

new angles
GB and (I)B'

d=0B+0R

I
I
I
I
L
I

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

» ;99 ;5 » , Be careful with momentum!
[ p ]: a; 8(; ( i ]=( (1) 1 j[ ' ] Poincare invariance is crucial! |
P 0-,— a— Po P Poincare invariant must remain invariant
\ Op O
d0, do, . : . Po
Po | | d0 dO pg _( 1 -1 J P: P +p¢¢ :( 0 ¢ ) P, _p99 +p¢¢B
P, 90, 9y | p; 0 1 )| p
dp o o .
From Lect. 14 p.98: 0,6 03, O
Transform contravariant velocity {ql,qz,---} to "barred" {3 Lt } by “chain-saw-sum rule”
V" =Ve.E™M= aq V EM= Bq Vm E™= Bq = Bq = aq_ aq , Or" E™ = Bq__

Fig. 2.9.6
Lab (6,0) and beam-normal (0s,¢s)
relative coordinates for trebuchet.

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 —m/2and 63 =0  +7m/2 Previous lab absolute
Jacobian Lemma-1 definition: OB =-0+0 —m/2 trebuchet coordinate Begm-normal
angles © and ¢ relatiye azimuthal
d0, b, coordixate angle Op
9’3 00 I 0 ( 1 0 j 0 compared to
QSB ) % % 0 - 0 new angles
89 8¢ GB and (DB. q)—e

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

d0

d0

. _ _ ®=0B+0B
6 _ d6, do, 0, 10 0, : Beam-normal
é | dp I b, 111 b, | vertical-absolute
26, 87453 : polar angle 0
Dm transform is TRANSPOSE INVERSE [0 g™ transform |
L
. b Be careful with momentum/ | -
Po 9, dJ0, Dy 1 1 Dy . . . . . _ -
. 1= = Poincare invariance is crucial! K
P 90 9 |\ p 01T » > - t 0
} 8¢B a¢3 oincare invariant must remain invarian | X
d0, do, . . L Do /
Py 0 o0 pL ( |1 } pe PO +p,0 =( 0 ¢ ) ) = POy + D, 0,
= = ¢
P, 90, 9y | p; 0 1 )| p
oy I o S
From Lect. 14 p.98: 0,6 03, O e 200
Transform contravariant velocity {q’l,q'z,---} to "barred" {5 Lg, } by “chain-saw-sum rule” Lab (6,0) and beam-normal (6,0s)
relative coordinates for trebuchet.
Vm:V°Em aq V Em aq Vm Em: aq = aq aq aq , Or: Em = BL (Each value is positive.)
Transform covariant momentum {Pppza ' }to "barred" {P | ,pz, }by ‘chain-saw-sum rule”
Py » Py Py s Py ~ B
%) or dq o ag"
LI F_99 9 g =9 E_
doqg™  dq" doq™ dg" oq™



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =0 —0 —m/2and 63 =0  +7m/2 Previous lab absolute
Jacobian Lemma-1 definition: OB =-0+0 —m/2 trebuchet coordinate Begm-normal
angles © and ¢ relatiye azimuthal
d0, b, coordixate angle Op
9’3 00 I 0 ( 1 0 j 0 compared to
QSB ) % % 0 - 0 new angles
89 8¢ GB and (I)B. q)—e

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

d0

d0

: , _ G=0B+0B
6 B A0, JIP, 0y 10 0, : Beam-normal
¢ | dp I . 11 P, | vertical-absolute
J0, 0‘)7% : polar angle Oy
Dm transform IS TRANSPOSE INVERSE [0 g™ transform |
L
5 ® &2 Be careful with momentum/! | -
20 5’93 8QB Py 1 1 Po . . . . . T
g |~ = Poincare invariance is crucial! g 4
Py 9 I Py 01 Py p ¢ must . e
} 8¢B 8¢B oincare invariant must remain invarian ‘ X
9, 9, N /
Po | | d0 dO pg _( 1 -1 ) P: P +p¢¢ :( 0 ¢ ) _p99 +p¢¢B
P, 9, 9 | p; 0 1 )| p/
dp I o o
From Lect. 14 p.98: 6,0 05, Op
. . .1 .2 " w =1 =2 Fig. 2.9.6
Transform contravariant velocity {q .q } to "barred {q g } by “chain-saw-sum rule” Lab (6,6) and beam-normal (65,,)
N L VS L pro99" _9q" __9¢"9g" | om 94" pm M e
Transform covariant momentum {Pppza ' }to "barred" {P | ,pz, }by ‘chain-saw-sum rule”
_ Py » Py Ps - Py _ _
0g" oqg" _ or or dg" or og"
Pp=PE;=—1 pE; = = P Ep="7=T"7—= qm —, o E, = Lm _
dq dq dq”" dq dq" 9g dq



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

+71/2

=-0+0 —m/2
0B o-m angles 0 and ¢

Previous lab absolute
trebuchet coordinate

rela

Begm-normal
ve azimuthal

20, d0, coordixate angle Op
93 0 0 ( 1 0 j 0 compared to
QSB ) % % 0 - 0 new angles
89 8¢ GB and (DB. q)—e
Kajobian of inverse transform ¢ =0 —6 —m/2 and 6=0B -m/2 - e
6 _ 40, P, 0, :[ 1 O ] 0, : Beam-normal
BIEN-3 CYATRD : i
8GB a(bB : P g B
Dm transform is TRANSPOSE INVERSE [0 g™ transform |
L
5 o N Be careful with momentum/ | -
Po 20, J0, Po 1 1 Po . . . . . e
s 1= = Poincare invariance is crucial! K
p¢> ﬁ % p¢ 0 1 p¢ . . . .. . -7 -
07‘153 8% Poincare invariant must remain invariant Pl Q X
} 90, I, . o TR IR\ /
pe | | 00 98 Do ~ ( 1 -1 J Do Pt +p0 = ( 0 ¢ ) ’, = Po0ys + Dy 0
P, 90, 9y | p; 0 1 )| p; eB
ap I o . PRI
From Lect. 14 p.98.: 0,0 05, O , s .
. . .1 .2 -1 =2 q] 8q1 qu ql Fig. 2.9.6
Transform contravariant velocity {q .q } to "barred" {q .q } L= , , s Lab (8,0) and beam-normal (850,)
a qm o a qm o q aq_ 8q_ q relative coordinates for trebuchet.
VT"=V.E"= a—_n_qv.Em = a—_n_1 ym by matrix: &ql 862 (Each value is positive.)
q q T 43
Transform covariant momentum {pl’pZ"“}tO "barred" {1_’;’1_752‘”} Ig_ 99 B
B Py D, Po » D, po | | 99 d¢ Pr
—m —m = _ _
p =pE_= 9q pE_ = 99" D P, dg' dg° || P
dq" dq" dq* dq°




Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

|

6
0

H

I O
-1 1

I

6
0

I

+71/2

=-0+0¢ —m/2
b5 ¢ angles 0 and ¢

compared to

new angles
GB and (I)B'

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

|

0,
0y

H

I 0
I 1

|

0,
0y

I

d=0B+0R

Dm transform is TRANSPOSE INVERSE [0 g™ transform

20, 96,
0, | | 90 9o
0 9%y 9Py

0 I

20  dO

0 | | 99, 99,
0 % I
d6, do,

20 I

Py, | | 96, 96,
p. | | 96 %
\ dp, I,

90, 9,

Po _ d0  JO
Py % a¢3
dp  dp

Resulting momentum transform: p,= p, —pf

|

Py
Dy

I

I 1

py= P,

I

Poincare invariance is crucial!

Po
Dy

I

Be careful with momentum!

Poincare invariance is crucial! |

Poincare invariant must remain invariant

Previous lab absolute
trebuchet coordinate

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

I
I
I
I
I
I
I
L
I

]

-
-
-
-
-
U

| D7
e B 4
-

. . . . 1% . .
pet +p,9 =( 6 ¢ ) "= piby+plo, \
pq; e
B
99 9 |\ 98, 9,
( 0, ¢ ) 96, 0, 06 6 Po Fig. 2.9.6

? ’ ﬁ ﬂ % % pf Lab (0,0) and beam-normal (050s)

3¢B 8¢B &’(p 8¢ relative coordinates for trebuchet.

VY\_/

1 O
0 1

(Each value is positive.)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

0,
Oy

]z

Previous lab absolute
trebuchet coordinate

+71/2

=-0+0¢ —m/2
b5 ¢ angles 0 and ¢

Begm-normal
relative azimuthal

20, d0, coordixate angle Op

0 o 0 ( 10 j 0 compared to

% % ¢ I ¢ new angles

89 8¢ GB and (I)B' q)—e

Kajobian of inverse transform ¢3 = ¢ — 0 —m/2 and 6 =05 -m/2 - 2
06 9 | | 0=0B+0B
d0, IP, [ 0, ] _ [ I 0 ][ 0, ] : Beam-normal
0 ) S N T | ' | vertical-absolute
0~,9¢ % Z Z polar angle Oy
B B

:

Dm transform is TRANSPOSE INVERSE [0 g™ transform

I:

I
I
I
I
L
I

» 599 ;5 » , Be careful with momentum! -
P e =l VYN Poincare invariance is crucial! N
Py 9 9 Py 0 1 Py Poi variant must L invariant -7 e
} 8¢B a¢B omcare mvariant must remain immvarian )\ - ‘ X
% % : . . Po : : /
o | | 96 a6 | P | (1 1) P Pob + Py :I o ¢ I[ » = 1505+ P, \
p, | | 95 s || pf | L O 1 )| pf I eB
. a¢ 8¢ B B &_9 % 893 a(rbB
Resulting momentum transform: p,= p, -p, ( 5 ) 20, 90, 90 90 24 Fig 296
p — pB 5 (I)B 8_9 ﬂ % % pf Lab (0,0) and beam-normal (050s)
o Wy Oy AN e ooty
Poincare invariance is crucial! N —~v— S
Recall Lect. 12 p.50 discussion of differential Action S 1 0
0 1

dS =
...glves quantum phase... [/j(l' , t) = @

dt=pev-dt—H-dt=pedr— H-dt
iS/h — ei(p-r—H-t)/h — ei(k-r—a)-t)



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

0,
0
6
0

]z
]:

Previous lab absolute
trebuchet coordinate

+7t/2
OB =-0+0¢ —7/2

Begm-normal

angles © and ¢ relatiye azimuthal

20, d0, coordixate angle Op

0 o 0 ( 10 j 0 compared to

% % ¢ I ¢ new angles

89 8¢ GB and (DB. q)—e

Kajobian of inverse transform ¢3 = ¢ — 0 —m/2 and 6 =05 -m/2 - 2
06 9 | | 0=0B+0B
d0, IP, [ 0, ] _ [ I 0 ][ 0, ] : Beam-normal
0 ) S N T | ' | vertical-absolute
0~,9¢ % Z Z polar angle Oy
B B

Dm transform IS TRANSPOSE INVERSE [0 g™

|

|
Be careful with momentum! |
(-

0 b Poincare invariance is crucial! | /
[ pg ]_ &93 863 ( P ]_( 1 1 j[ Do ] ’///,
sl 90 o1 - ’r«\
Py v 9 Py Py . i . . . -
} 20, 9P, Poincare invariant must remain invariant - Q X
% % : . L Po : /
Po | 0  JO pf 1 -1 Pf P +p¢¢ :( 0 ¢ )[ » :p593+pf¢3
po | | 9 s || pP ] LO 1 ) pf ¢
. a¢ 8¢ B B &_9 % 893 a(pB
Resulting momentum transform: p,= p,-p o ( 6 g ) 96, 00, 20 90 P
D= pB B B 8_9 ﬂ % % Pf Lab (9,@ and ?eam-normal (05,05)
¢ ¢ aq)B 8¢B &)(p 8¢ relatl;zEe cohord;nat'es Zj;or‘ii.’ebjchet.
2 2 2 ach value is positive.
m/ + (MR + mr +2mr/l cos(6 — . : :
g =" PePe ( )PsPs PP, €08 ~9) +V Original (9,6) Hamiltonian

2m0*| MR® +mr’sin® (6 ¢) |



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

0,
Oy

|

I

20,
20

9y
d0

20,
dp
99,
dp

|

6
0

H

1
-1

0
1

I

6
0

I

+71/2

=-0+0 —1/2
b5 ¢-m angles 0 and ¢

compared to

new angles
GB and (I)B'

Kajobian of inverse transform ¢p =¢ —0 —m/2 and =08 -m/2

6
0

|

I

90
20,

dp
20,

d0
9,
%
9,

|

0,
0y

H

|
|

0
|

|

0,
0y

Dm transform IS TRANSPOSE INVERSE [0 g™

[ P
B
Py

Po
Py

|

I

I

1

|

Po
Dy

I

I

d=0B+0R

Be careful with momentum!

Poincare invariance is crucial! |

Poincare invariant must remain invariant

Previous lab absolute
trebuchet coordinate

Begm-normal
relative azimuthal

Beam-normal
vertical-absolute

polar angle Oy

I
I
I
I
L

pé+pé=(0 )[ ’

Resulting momentum transform: p,= p, —pf

H =

H

20 90
d0, d0, Po

) 9 9 Py
P I,

>\893 a¢B

| 9 a0 || ps

| 9 9 || p
ap  Ip

2ml?

2
2( B B
mt (pe —p(p) +

ml? [MR2 + mr? cos? ¢BI

I s,
0O 1 pf
90 90 | 98, 90,
( 6 , ) 0, do, 20 0O Po
p — pB 5 (I)B 8_9 ﬂ % % pf Lab (6,0) and beam-normal (0s,¢s)
¢ ) aq)B 8¢B &)(p 8¢ relati;zEe cohordjnat'es Zj;or‘ii.’ebjchet.
2 2 2 acn valtue is posiiive.
_ m7popy + (MR T )Py Py +2mrt pyp, €056 = 9) +V Original (,6) Hamiltonian
‘MR2 #mrsin (6~ (P)I (Use ¢B=n/2-(6-0) )
Se —Wem(UT
2

MR? + mrz)(pf) —2mr€pf(pg —p(f)sinq)B oy Transformed (¢565) Hamiltonian



Coordinate transformation helps reduce symmetric Hamiltonian

Define beam-relative angle ¢p =¢ — 0 —m/2 and 6B =0

Jacobian Lemma-1 definition:

Previous lab absolute
trebuchet coordinate

angles © and ¢

+7t/2
OB =-0+0¢ —7/2

Begm-normal
relative azimuthal

% % coordixate angle Gp

9’3 00 I 0 ( 1 0 j 0 compared to

‘753 ) % % ¢ - ¢ new angles
89 &¢ 93 and q)B. q)—e

Kajobian of inverse transform ¢ =0 —6 —m/2 and 6=0B -m/2 R
| dJd0  do | | O=0B+0B
[ 0 ] _ &98 &¢B [ 0, ] _ [ I O ][ 0, ] : Beam-normal
; B o o ' 111 ' | vertical-absolute
¢ 89¢ % Py Ps polar angle 0y
B B

Dm transform IS TRANSPOSE INVERSE fO g™

|

|
Be careful with momentum! |
(-
|

0 I Poincare invariance is crucial! )
pi | | 96, 96, || p _(1 lj Py |
Py 9D 9 | p, 0 1) p Dot are ivar T 6\
} é’% 8(/)3 olncare mvariant must remain invariant - . ‘ X
a919 8¢B . . . ) 1% . ) /
Dy 20 o0 || ps [ 1 1 j pe peO +p,9 =( 0 ¢ )[ pe = POy + Dy 0 \
= B = B ¢
adp  dp 90 Jp 0, I
Result; form: p,=pZ-p” % o0 | 20 oo 5
esulting momentum transiform: p,= p, Dy ( 6 ¢ ) 20, 90, 20 90 e Fig 296
B 5 B ¥B 90 aq) % % pf Lab (0,0) and beam-normal (05,¢s)
p ¢ p ¢ % % &(D 8¢ relative coordinates for trebuchet.

(Each value is positive.)

_ ml’p,p, +(MR* + mr’ )Py P, +2mrl p,p,cos(0—¢)

H
2ml’ [MR2 + mr” sin® (6 — (P):I

+ (MR —mr)gcos@+ mglcoso
0-0=-m/2-0B

F, =—MgRsin6 + mgrsin0

) F, =—mglsing

2
ml? (pg —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sinq’)B

mt* [MR2 + mr? cos’ ¢)B}

H —(MR—mr)gsin@B —mgﬁcos(¢B+93)



Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

- Algebraic approach
Direct approach and Superball analogy
Trebuchet vs Flinger and sports kinematics
Many approaches to Mechanics



Free-space trebuchet kinematics by symmetry.: Algebraic approach (using last line of p. 36)

2 2 (Assume zero-gravity)

me? (péB —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sinq)B -
H = —(MR—mr)gsm
me? [MR2 + mr? cos® (])B}

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0z angles © and o

- oH LB A
SO . pg =——=0 and . Py = A = const. compared to
00,

H is not an explicit function of t so : H=const.=E Z”Z,?Ziles
B B-

Beam-normal
vertical-absolut

polar angle 6y

G
i’ /eB
Fig. 2.9.6

Lab (0,0) and beam-normal (05,05,

relative coordinates for trebuchet.

\_:j‘
S

(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach (using last line of p. 36)

2 2 (Assume zero-gravity)

ml? (péB —p(f) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB -
H = —(MR—mr)gsm
me? [MR2 + mr? cos” ¢B}

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0z

SH p angles 9 and ¢
SO . pg =——=0 and : Pg = A = const. compared to
00 ,
H is not an explicit function of t so : H=const.=E Zevﬁﬁﬁles
B B:
|
(A~ B)2+(MR2+W2)( 3)2_2,7” #(A-p?)sing : venteababsolu
e pq) p¢ p(p p(p B — const. = E polar angle Oy

|
|

mfz[MRz +mr2 0052 q)B} :

T

<
QN X
)

s\
eB

Lab (0,0) and beam-normal (05,05,

relative coordinates for trebuchet.

(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach (using last line of p. 36)
2 2 (Assume zero-gravity)
ml? (péB —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB

me? [MR2 + mr? cos” (])B}

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0z angles © and o

- oH LB A
SO . pg =——=0 and . Py = A = const. compared to
00,

H is not an explicit function of t so : H=const.=E Z”Z,?Ziles
B B-

Beam-normal
vertical-absolut

polar angle 6y

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB

H =
mt? [MR2 + mr? cos” (])B}

= const.= ?

Rewrite H=E as a quadratic equation in py :

mt? (Az— 2A(pf)+ (pf)2)+ (MR2 + mrz)(pf)z— 2mr€(pf)(A—pf)sin¢B = Em/? [MRz-I—mrzcosz(/)B

Lab (0,0) and beam-normal (05,05,
Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and N=pBg . relatve coordinates for trebuchet

(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach (using last line of p. 36)
2 2 (Assume zero-gravity)
ml? (péB —pf) +(MR2 +mr2)(pf) —2mr€pf (pg —pf)sin(pB

me? [MR2 + mr? cos” (])B}

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

For zero-gravity H is not a function of 0z angles © and o

- oH LB A
SO . pg =——=0 and . Py = A = const. compared to
00,

H is not an explicit function of t so : H=const.=E Z”Z,?Ziles
B B-

Beam-normal
vertical-absolut

polar angle 6y

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB

mt? [MR2 + mr? cos” (])B}

H = = const.= ?

Rewrite H=E as a quadratic equation in py :

mEj/Az— 2A(pf)+(pf)2)+(MR2 + mr? (pf)z— 2mr€(pf)(A—pf)sin¢B = Em/? MR2+mrzcosz(/)B

-
-
-
-
-

I}M A _2”/2[1& + \g | 2I-—]_[E': —::- -I MR- |- -’------- _2 / /(\’ “ 1; g lL?R + ' C \

Lab (0,0) and beam-normal (05,05,
Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and N=pBg . relatve coordinates for trebuchet

(Each value is positive.)




Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
méz(pg—pf) +(MR2+mr2)(pf)

H

—2mr€pf (pg —pf)sin(pB

(using last line of p. 36)

(Assume zero-gravity)

me? [MR2 + mr? cos” ¢B}

For zero-gravity H is not a function of 0z
G0 - B oH
P

9 :—@:

H is not an explicit function of t so : H=const.=E

0 and : pg = A = const.

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
0p and (p.

Beam-normal
vertical-absolut

olar angle 0
= const.= ? P 5B

mt? [MR2 + mr? cos” q)B}
Rewrite H=E as a quadratic equation in py :

m@Az— 2P (P )+

mZzAz—mezA(pf) +£m€2+2mr€ sin'q)B+MR2-+mr2)(pf )2—2mr2\ sing , (pf)

——

-- -
___________
- - -
________
__________
-
-

-
-
—'

Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and A=p?By .

Fint? )(pf )—I—mszz—Emfz[ MR2+mr2—mrzsin2(pB }

2,2 2
_MR +mr-cos (/)B_

f

s\
eB

Lab (0,0) and beam-normal (05,05,

relative coordinates for trebuchet.

-
-
-
-
-

\_:j‘
S

:Ezinéz MR2+mr2cosz(j) B

L4 24

=0

(Each value is positive.)



Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
méz(pg—pf) +(MR2+mr2)(pf)

H

—2mr€pf (pg —pf)sin(pB

(using last line of p. 36)

(Assume zero-gravity)

me? [MR2 + mr? cos” ¢B}

For zero-gravity H is not a function of 0z
G0 - B oH
P

9 :—@:

H is not an explicit function of t so : H=const.=E

0 and : pg = A = const.

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —Zmrépf(A—pf)singbB

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
0p and (p.

Beam-normal
vertical-absolut

olar angle 0
= const.= ? P 5B

mt? [MR2 + mr? cos” q)B}
Rewrite H=E as a quadratic equation in py :

m@Az— 2P (P )+

mZzAz—mezA(pf) +£m€2+2mr€ sin'q)B+MR2-+mr2)(pf )2—2mr2\ sing , (pf)

——

-- -
___________
- - -
-- - -
----------
- -
=

-
-
—'

(H2(r10)sing 7 ) (pE Y= 28 ((r/0)sing ,41) (pf )—kAz—E[l—mrzsin2¢ . } )

Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and A=p?By .

Fint? )(pf )—I—mszz—Emfz[ MR2+mr2—mrzsin2(pB }

2,2 2
_MR +mr-cos (/)B_

f

I
0

Lab (0,0) and beam-normal (05,05,

relative coordinates for trebuchet.

-
-
-
-
-

:Ezinéz MR2+mr2cosz(j) B

L4 24

=0

(Each value is positive.)

MR+ mr?

—. I=MR*+mr*

with: /=

mt



Free-space trebuchet kinematics by symmetry: Algebraic approach

2 2
méz(pg—pf) +(MR2+mr2)(pf)

H

—Zmrépf (pg —pf)sin(pB

(using last line of p. 36)

(Assume zero-gravity)

me? [MR2 + mr? cos” ¢B}

For zero-gravity H is not a function of 0z
G0 - B oH
P

9 :—@:

H is not an explicit function of t so : H=const.=E

0 and : pg = A = const.

2

2
ml? (A—pf) +(MR2 +mr2)(pf) —2mr€pf(A—pf)sin¢B

H =

—(MR—mr)gsin

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

compared to

new angles
0p and (p.

Beam-normal
vertical-absolut

olar angle 0
= const.= ? P 5B

mt? [MR2 + mr? cos” q)B}
Rewrite H=E as a quadratic equation in py :

m@Az— 2P (P )+

m€2A2—2m€2A(pf) +£m€2+2mr€ Sin¢B+MR2-+mr2)(pf )2—2mr2\ sing , (pf)

\ \\ T2 2 2. 7\
_ :bimé _MR +mr-cos (Z)B_ \
+m€2)( Pt )—kmszz—Enfifz[MR2+mr2—mrzsin2(pB}:O
(H2(r/0)sing g+ 7 ) (py )= 2A((r/0)sing . +1) (p, )+A2—E[I—mrzsin2¢ B} =0 (using quadraic soluion: x=—= L 44 Fig 296

——

-- -
___________
- - -
-- -- -
----------
-
-

-
-
—'

Throwing-momentum p5 is a function of beam-relative angle ¢p, total E, and A=p?By .

2,2 2
_MR +mr-cos (/)B_

f

-
-
-
-
-

2
¢ Lab (0,0) and beam-normal (05,05,

relative coordinates for trebuchet.

2A((r/0)sing ;1) % \/ 42 ((r/0)sing +1) —4(12(r/0)sing ,+ J)(Az—E[I—mrzsinqu . ])

(Each value is positive.)

MR+ mr?

with: J= . [=MR*+mr*

B _
P 2(H2(r/0)sing g+ /)

me?
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Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity (Assume zero-gravity)
Total KE=T = E[(MR2 +mr®)0* = 2mrlcos(6 — ¢) 60 + mfngz}
oT _ 9 N . Previous lab absolute
Py = % B (MR +mr )6 B mrﬂq)cos(@ - ¢) trebuchet coordinate Begm-normal
angles 0 and ¢ relatye azimuthal
oT 2 . coordiRate angle Op
Py = % =ml°p—mrl6cos(6—0) compared to
new angles
0p and Op. (1)—6

Beam-normal
vertical-absolut

polar angle 0y

B x
/
Op



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity (Assume zero-gravity)
1 . y .
Total KE=T = 5[(MR2 +mr®)0* = 2mrlcos(6 — ¢) 60 + mfngz}
_ oT _ 9 N . Previous lab absolute
Py = % B (MR +mr )6 - mrﬁq)cos(@ - ¢) trebuchet coordinate Begm-normal
angles 0 and ¢ relatye azimuthal
oT 2 . coordiRate angle Op
Py = @ =ml°p—mrl6cos(6—0) compared to
Transform to beam-relative coordinates and momenta new angles
— nB_,,B Op and Op. —
[9=OB —71:/2] Cage +7t/2j Po=Po Py B and o q) e
®»=0B+0B OB =-0+0 —m/2 p,= Pf
0-0=-05-1/2

Beam-normal
vertical-absolut

polar angle 0y

B x
/
Op



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity
Total KE=T = [(MRz +mr*)6* = 2mricos(6 —¢) 06 + mz%bz}

Dy = %= (MR2 + mr2)9 — mrﬁécos(@ —0)
oT . .
Py = @ = mfch— mrl6cos(6 — )

Transform to beam-relative coordinates and momenta

6= -m?2 §)
OG=0B+0R (0

0-0=-05-1/2

B =0 +7t/2j
B =-9+(D—n/2 p(p:

Pe="Dg P,

P,

2F = (MR2 + mr? )92 +2mrloo sSIng , + m€2q52 = const.

(Assume zero-gravity)

Previous lab absolute
trebuchet coordinate

angles 0 and ¢

Begm-normal
relative azimuthal

compared to

new angles
0p and (p.

Beam-normal
vertical-absolut

polar angle 6y

B x
/
Op



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity (Assume zero-gravity)
1 . . .
Total KE=T = 5[(MR2 +mr®)0* = 2mrlcos(6 — ¢) 60 + mfngz}
_ oT _ 9 N . Previous lab absolute
Py = % B (MR +mr )6 - mrﬁq)cos(@ - ¢) trebuchet coordinate Begm-normal
angles 0 and ¢ relatye azimuthal
oT 2 . coordiRate angle Op
Py = @ =ml°p—mrl6cos(6—0) compared to
Transform to beam-relative coordinates and momenta new angles
— nB_,,B 0p and (p. —
[6=OB —71:/2] Cage +7t/2j Po=Po Py B and o q) e
®»=0B+0B OB =-0+0 —m/2 p,= Pf
0-0=-05-1/2

Beam-normal
vertical-absolut

2F = (MR2 + mr? )92 +2mrl 0 sIng , + m€2¢2 = const. polar angle 0

pg =A=const.=  p, + Py

= ((MR2 +mr*)0 +mrldsing,, ) + (m€2q5 +mr(6 sinq)B)

B x
/
Op



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

Energy for zero-gravity (Assume zero-gravity)
1 . . .
Total KE=T = 5[(MR2 + mr2)92 —2mrlcos(60—¢) 6¢ + mfngz}
oT . . Previous lab absolute
Py = % - (MRZ T mrz )6 B mrﬁd}cos(@ - ¢) trebuchet coordinaté Begm-normal

angles 0 and ¢ relatye azimuthal
oT 2 . coordiRate angle Op
p(]) = % =ml°p—mrl6cos(6—0) compared to
Transform to beam-relative coordinates and momenta new angles
— nB_B 0p and (p. (1)—6
[e=eg —n/zj 0B = 6 +n/2j Pe=Po Ps
= —_—_ —_ B -
Od=0B+0R OB =-0+0 —m/2 Py= D,
0-0=-05-1/2

Beam-normal
vertical-absolut

2F = (MR2 + mr? )92 +2mrl 0 sIng , + m€2¢2 = const. polar angle 0

pg =A=const.=  p, + Py

= ((MR2 +mr*)0 +mrldsing,, ) + (m€2q5 +mr(6 sinq)B)

Case of equal arms r ={ (easier algebra)

N

X
61 x
eB
2E = MR*6+mr? (9'2+2¢9 sing, + qsz)

> (For: r=1)
A:MR29+mr2(1+sin¢B)(9+¢5)




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 (b) 6, —0

Case of equal arms r ={ (easier algebra)

2 E= MR26*+ mr” (92+2q59 sing + q32)

A = MR*60 + mr? (1+sin¢B)(9+(b)

.

For:

r=/{

e 9 o'clock
o)
Starting point

(c) Oy —+1/2

e 6 o'clock

Maximum KE of m

& Mid point



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 b) ¢, —0
Case of equal arms r ={ (easier algebra) e Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*6*+mr* (92+2(/59 SIng ,+ ¢2) For: () q)B jtjr_t:_’;i/p;mt e
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock .
) & Optimum release point $ Mid point

Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)

Maximum KE of m

) Conserved
. : : 2 initial 2E
_ 2FE = MR?0% . +mr? — = MR 0> : :
0, =—:- ! (9-212=0-12) ori| PEEMROT g —w=¢ .
P A= MR 9_7”2 A= MR w
SN ,=- \ initial A




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 b) ¢, —0
Case of equal arms r ={ (easier algebra) e Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr* (92+2(/59 SIng ,+ ¢2) For: () ¢B jtjr_tr_’;i/p;mt G
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock .
) & Optimum release point $ Mid point

Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)

Maximum KE of m

) Conserved
. : : 2 initial 2E
_ 2FE = MR?0% . +mr? — = MR 0> : :
0, =—:- ! (9-212=0-12) ori| PEEMROT g —w=¢ .
P A= MR 9_7”2 A= MR w
SN ,=- \ initial A

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

2E = MR?6} +mr? (45 +67
¢B:O;<

. o
sing,=0 | A= MR6,+mr*(9,+6,)




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) ¢ ——T/2 b) ¢, —0
Case of equal arms r ={ (easier algebra) e Bo 9 o'clock ®) 0 6 o'clock
2 E=MR*0*+mr? (92+2(/59 sing ,+ ¢2) For:  (c) 0, ji’ri';‘sg nt &
r=={

A= MR*0+mr*(1+sing, ) (0 +9) Joclock .
) & Optimum release point $ Mid point

Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)

Maximum KE of m

) Conserved
242 2( 4 : 2 initial 2E
_—; | 2E=MR*02 ) +mr (60— =0_rs2) | 2E = MR?w? o
Op x . For.60__,=w=¢__,
. —_1 A= MR 9_71_/2 A=MR"w
singp=-1 | initial A

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

2E = MR?6} +mr? (45 +67
¢B:O;<

. o
sing,=0 | A= MR6,+mr*(9,+6,)

Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing)
Conserved
) 2/ : 2 initial 2F
b, =m/2:] 2E = MR*G7 5+ mr (6,46, ) = MR’
B - .
_ vR24 2( - _ a2
sing ,=+1 A= MR 9717/2+ 2mr (¢n/2 +97t/2) _l%ﬁla}\




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

(a) oy ——T/2 (b) ¢,—0
_ : / B
Case of equal arms r ={ (easier algebra) e _ 9 o'clock 6 o'clock
: : . 2\ Start int °
ZE:MR292+mr2(92+2¢9 sing + ¢2) o () 0, o e Maximum KE of m
A= MR29+mr2(1+Sin¢B)(9+qb) r=t &32 clock -
’ Optimum release point $ Mid point
Start at 9 o’clock with ¢p~-90° (beam r and throwing arm ( rotating together at ®)
) Conserved
: - - nitial 2F
B VE = MR292 N 2 _ 2 ll’lltla_ 7 9 . .
5, = TE N e tmr (¢-7r/2 ¢_n/2) Or:{ 2F = MR2w For 0 =w=¢_
. = 20 A — MR ()] . .
sing,=-1 | A=MRO 75 initial A KE of projectile m
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) o
T(q) +6 +2¢9$1n¢3)
2E:MR292+mr2((/52+92) (2
¢B —0: 0 0 0 %((j)—@)z (For: Op =_§j
5. i
: =0 A= MR"6,+mr-(¢p,+6 2
sing , 0 ( 0 0) = %(d)zﬂgz) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Conserved T(¢+9) (FOfi $p = 5)
: : : 2 initial 2F
(p —77/2 - 2E= MR2972Z/2+ mrz (¢7r/2 +97r/2) = MR2w2
,=T/2:
2 o 2 . o _ 2
sing ,=+1 A=MR"0, ,+2mr (¢n/2 + 9%/2) _l%ﬁla}\




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 (b) 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point G °

2 E= MR20% 4+ 2 ( 6%+200sin 0+ ¢2) | For:  (c) 0y - +1/2 Maximum KE of m
A= MR29+mr2(1+Sin¢B)(9+qb) r=t &32 clock >0
’ Optimum release point $ Mid point
Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)
) Conserved
: : : nitial 2E
B VE = MR29 2 N 2 _ 2 ll’lltla_ 7 9 . .
by =" RIS USRI :{ PEEMEOT Ror gy =0=0_,,
, A = MR%6 A= MR ® o
sing,=-1 | O initial A KE of projectile m
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr o
r T(q) +6 +2¢9$1n¢3)
2E:MR292+mr2((/52+92) (2
0, =0:1 ’ ool 2 (5-6) (For: s =—§)
5. i
: =0 A= MR6,+ mr (D +0 2
sing , 0 ( 0 0) = %(dﬂ +9'2) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) 2 -
Divide by MR? and subtract ~ Cons ?’”2 ng ) i ——(9+6) (For: Pp = E)
: . : 2 initia 2 542 . mroo :
b =/2:- 2E = MRZQyzr/er mr? (%/2 + 97:/2) = MR20? — (@"=07,)= MR (¢7r/2 T 97:/2)
B =T/2:
L A= MR*0_,+2mr? ((p +6 ) = MR*w 2
s ,=+1 r/2 /2 " /2 nitial A > : 2mre . :
? . initial (w - 67:/2) = (¢77:/2 T 97:/2)

MR?



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 (b) 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point G °

242, 2 A2, i s 2 .
2E=MR"0"+mr (9 +200sm ¢ ,+ ¢ ) > For:  (c) - .y Maximum KE of m
A= MR29+mr2(1+Sin¢B)(9+qb) r=t &32 clock >0
’ Optimum release point $ Mid point
Start at 9 o’clock with ¢p~-90° (beam r and throwing arm ( rotating together at ®)
) Conserved
: - - nitial 2F
B VE = MR29 2 N 2 _ 2 ll’lltla_ 7 9 . .
¢B:—”:< -m/2 T (4’_7;/2 ¢_”/2) , 2k=MR@ For: 0__,=w=¢__,
o A=MR*__, A= MR’
singp=-1 1 B initial A
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) o
r T(q) +6 +2¢9$1n¢3)
2E:MR292+mr2((/52+92) (2
q)B =0: 0 0 0 %((j)—@)z (For: (DB:—%j
5. i
: =0 A= MR6,+ mr (D +0 2
sing , 0 ( 0 0) = %(dﬂ +9'2) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Divide by MR? and subtract Cons ?’”2 ng 5 , T(¢+9) (For: ¢p = E)
: . : 2 initia 2 542 . mroo :
b =2 2F = MR2972T/2+ mr? (q)ﬂ/z + 97:/2) — MR’w? — (w"— 97[/2)_ VIR (¢n/j+5n/22 i
B — . wiae _ ' N P '
. 2 2/ : . _ 2 > (0)+ 6 ) (P +6
sing,=+1 A=MR?0 +2mr* ($,, +6,,,) =MRo 2w, DA 7/2 2( 22+ 0z12)
| (0w-0_,)= —((pn'/2 T 97:/2)

MR?



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 (b) 6, —0

— ° /
Case of equal arms r ={ (easier algebra) e _ 9 o'clock 6 o'clock
) Start int °
s poi G Maximum KE of m

ZE:MR292+mr2(92+2q595in<p3+q32 ) For:  (¢c) G, —+1/2

S
A= MR*6+mr?(1+sing,)(6+¢) | =" Jocock >
’ ’ &o Optimum release point $ Mid point

Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)

) Conserved
: : : 2 initial 2F
-7 2E=MR*0> ,+mr*(6_on=0_0) | 2E= MR0? bd
(pB o ) : oy : ) or. /2 @ _¢)—n/2
. —_1 A= MR 9_71_/2 A=MR"w
sing=-1 1 initial \
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr’ (67407 +26605in0,
, 2 b
2E:MR29§+mr2((/5§+93) f mr oo T
¢B :O:< T((j)—@) (FOI‘I (PB =—5)
5. i
: =0 A= MR6,+ mr (D +0 2
sing , 0 ( 0 0) = %(g{;z +9'2) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) S i
Divide by MR? and subtract ~ Cons ?’”2 ‘Ed ) i ——(9+6) (For: Pp = E)
759 2( . 2 initia 2 A2 \_ mr : )
b, =7/2:1 2E=|MR?07 +mr? (6, +6,0) = MR?0? —— (@7 0z)) MR? ((Pn/c%i\_;gg 5 : 1
B~ : R _ 1 .
2 2( - a2 >(w+6 +6
sing,=+1 A= MR6, + 2mr (6, +0, ) MR O — . 2mr o YA ( ”/2)l 2 (9212+02)
— (w_en/z)— ) (¢n/2 +97r/2) =0 5
MR C(PE/Z_ a2t 0))




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 (b) 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point G °

ZE:MR292+mr2(92+2q595in<p3+q32) For:  (c) O, - +1/2
> B

r={ 3 o'clock i
J ( N e S % ___ .
Optimum release point

Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)

A = MR*60 + mr? (1+sin¢B)(9+(b)

) Conserved
242 2( 4 : 2 initial 2E
_—; | 2E=MR*02 ) +mr (60— =0_rs2) | 2E = MR?w? o
(pB_ > : For: 6_ /2—0)—(1)_ /
. —_1 A= MR 9_71_/2 A=MR"w
singp=-1 | initial A
KE(m)=

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

Maximum KE of m

$ Mid point

2
mr-(.» .o s
T(q) +6 +2¢9$1n¢3)

C(bn/Zzéir/Z + 20))

2E:MR29§+mr2((/5§+93) (2 -
q)B =0:- T((j)—@) (For: (DB:—Ej
2 . 2 . .
sind =0 A= MR"6,+mr-(¢p,+6 )
¢B 0 ( 0 0) —J %(d)z_'_éz) (For: ¢B:O)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Divide by MR? and subtract CO”S?; ‘Ed 5 , T(¢+9) (For: ¢p = E)
. . . 2 initi : mr- . :
b =12 2E =|MR?0> ,+mr? (9, +6,,) S Rer . (7= Gi/z)zw(%/jfgn/zz i
B = : ivide N ; _ L ;
. 2 2/ : . _ 2 > (0)+ 6 ) (P +6
sing ,=+1 A=WMR"0_ ,+2mr (¢n/2+9ﬂ/2) _i%ﬁzla/)\ — _ ot . by A /2 lz( /2 n/z)
| (w_eﬂ/z):—(¢ /2+97r/2)
2
MR*{




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 (b) 6, —0

— ° /
Case of equal arms r ={ (easier algebra) e _ 9 o'clock 6 o'clock
) Start int °
s poi G Maximum KE of m

ZE:MR292+mr2(92+2q595in<p3+q32 ) For:  (¢c) G, —+1/2

S
A= MR*6+mr?(1+sing,)(6+¢) | =" Jocock >
’ ’ &o Optimum release point $ Mid point

Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)

) Conserved
. : , 2 initial 2F
-7 2E=MR*0> ,+mr*(6_on=0_0) | 2E= MR0? bd
(pB - y 5 ' b OrLU_g)p =0 _¢—n/2
. —_1 A= MR 9_71_/2 A=MR"w
SINQ p=- ( initial A KE(m)
m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) mr? (67467 +266sin0,)
, 2 B
2E:MR29§+mr2((/5§+93) f mr oo T
¢B —0:4 T((j)—@) (For: Pp :_Ej
5. i
: =0 A= MR"O,+mr (D +6 2
sing , 0 ( 0 0) = %(g{;z +9'2) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Divide by MR? and subtract CO”S?; ‘Ed 5 , = (9+0) (For: P5 = 5)
%) 2(: . 2 Initia 2_ 32 _ mr . g
b, =7/2:1 2E=|MR?07 +mr? (6, +6,0) = MR?0? —— (@7 0z)) MR? ((Pn/c%i\_;gg 5 : 1
B : R _ 1 .
2 2( : ) >(w+06 +0
sing ,=+1 A=MR"0, )+ 2mr ((pﬂ:/Z + 9%/2) _zr%ﬁzla/)\ — S 2mr? . by A ( ”/2)l 2 ((Pn/z ﬂ/z)
— (=0, ,)=—— (‘p /2+97z/2) 0 >
l MR fj substitute C‘Pn/z_ n/2 T w)
: 2mr? :
w-0_, = (20+26,,)

- MR?



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 (b) 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point G °

242, 2 A2, i s 2 .
2E=MR"0"+mr (9 +200sm ¢ ,+ ¢ ) > For:  (c) 0, /2 Maximum KE of m
A= MR29+mr2(1+Sin¢B)(9+qb) r=t &32 clock >0
’ Optimum release point $ Mid point
Start at 9 o’clock with ¢p~-90° (beam r and throwing arm ( rotating together at ®)
) Conserved
: - - nitial 2F
B VE = MR292 N 2 _ 2 ll’lltla_ 7 9 . .
¢B:—”:< -m/2 T (4’_7;/2 ¢_”/2) , 2k=MR@ For: 0__,=w=¢__,
o A=MR*__, A= MR’
singp=-1 1 B initial A
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) o
r T(q) +6 +2¢9$1n¢3)
2E:MR29§+mr2((/5§+93) (2 -
¢B :O:< T((j)—@) (FOI‘I (PB =—5)
5. i
: =0 A= MR6,+ mr (D +0 2
sing , 0 ( 0 0) = %(dﬂ +9'2) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Divide by MR? and subtract Cons ?’”2 ved 5 , T(¢+9) (For: ¢p = E)
: . : 2 initial 2F 2 542 . mroo ;
b =2 2F = MR2972T/2+ mr> (q)ﬂ/z + 97:/2) — MR’w? — (- 97[/2)_ VIR (¢n/j+5n/22 i
B — . wiae _ : N P '
. 2 2/ : . _ 2 > (0)+ 6 ) (P +6
Sin¢B:+l A=MR 9717/2+ 2mr (¢n/2 +97t/2) _l%ﬁla}\ T . _ 2mr2 . by A i l 2( i ﬂ/z)
— (W=0,,)=— (‘p /2+97z/2) W 5
l MR fj substitute C‘Pn/z_ a2t (1))
2mr
0} 97[/2 = —M‘Rz‘(_2w+2?,m2)
dmp? P N >%71/2 -
- 0= 671'/2 T ) 9%/2



Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 (b) 6, —0

Case of equal arms r =( (easier algebra) e _ 9 o'clock
) Starting point

ZE:MR292+mr2(92+2q5ésin<p3+q32) For:  (c) O, - +1/2
> B

r={ 3 o'clock i
J ( N e S % ___ .
Optimum release point

Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)

A = MR*60 + mr? (1+sin¢B)(9+(b)

) Conserved
242 2( 4 : 2 initial 2E
_—; | 2E=MR*02 ) +mr (60— =0_rs2) | 2E = MR?w? o
(pB J : For: 6_ /2—0)—(1)_ /
. —_1 A= MR 9_71_/2 A=MR"w
singp=-1 | initial A
KE(m)

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

G 6 o'clock

Maximum KE of m

$ Mid point

2
mr-(.» .o s
T(q) +6 +2¢9$1n¢3)

2E:MR29§+mr2((/5§+93) (2 -
q)B =0:- T((j)—@) (For: (DB:—Ej
5. i
sind =0 A= MR"6,+mr-(¢p,+6 )
P 0 ( 0 0) =1 %(d)z +92) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Divide by MR? and subtract Cons ?’”2 ng 5 , T(¢+9) (For: ¢p = E)
. . . 2 initi : mr< ;. :
0 " 2F = MR2972T/2+ mr2 (¢7r/2 + 97:/2) ;%;?20)2 > (602— Qi/Q)ZW((Pn/jfgn/; 1
B = : ivide N Y N ([ ;
. 2 2/ : . _ 2 > (0)+ 6 ) (P +6
sing,=+1 = MR*0,, ,+2mr* (9, +6,,) =MRo | 2 by A 7/2 lz( 22+ 0z12)
— (W=0,,)=— (‘p /2+97z/2) W 5
l R fz substitute C‘Pn/z_ a2t (1))
. 2mr? .
w—9ﬂ/2=ﬂ(2a)+29 /2) 4 4mr? )
2 \: n 1—
MRS 2
I SN N6, = — MR g
dmr= .-°". 4r= . solve m/2 2
Ok W=0,,+ 0212 14 3mr
MR? MR? 2
N MR™




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy

(@) 05 —-T/2 (b) 6, —0

Case of equal arms r =( (easier algebra) e _ 9 o'clock
) Starting point

ZE:MR292+mr2(92+2q595in<p3+q32) For:  (c) O, - +1/2
> B

r={ 3 o'clock i
J ( N e S % ___ .
Optimum release point

A = MR*60 + mr? (1+sin¢B)(9+(b)

G 6 o'clock

Maximum KE of m

$ Mid point

Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)
) Conserved
: : : 2 initial 2F
-7 2E=MR*0>,,+mr*(0_p ;o —0_)5) | E = MR bd
(pB ) 5 ' b O U_pp=0= ¢—n/2
. —_1 A= MR 9_71_/2 A=MR"w
singg=-1 | initial \
KE(m)=

Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating)

2
mr-(.» .o s
T(q) +6 +2¢9$1n¢3)

2/H2 2( 2 32 (
2E = MR?6} +mr? (45 +67 w o (o
¢B:O:< T((j)—@) For: (PB——E
5. i
sind =0 A= MR"6,+mr-(¢p,+6 )
P 0 ( 0 0) =1 %(gf)z +92) (For: ¢ =0)
Move to 3 o’clock with ¢~ +90° (beam r slowed, throwing arm { releasing) O S i
Divide by MR? and subtract CO”S?; ‘Ed 5 , T(¢+9) (For: ¢p = E)
. . . 2 Initi 2 49 mr : .
0 " 2F = MR2972T/2+ mr2 (¢7r/2 + 97:/2) ;%}?20)2 > (0"~ 9”/2)=W(¢ﬂ/j'+'5ﬂ/22 1
B = : ivide N ; _ L ;
. 2 2/ : . _ 2 > (0)+ 6 ) (P +6
sing ,=+1 = MR°0_ ,+2mr (d)n/z +9ﬂ/2) _i%ﬁzla/)\ —_ 5 Yt byGA /2 lz( /2 7r/2)
— (W=0,,)=— (‘p T 7r/2) W 5
MR fz substitute C‘Pn/z_ a2t w)
Large M>m case (Beam nearly constant w) | l o p —
C(P =w+20= 360) w_en/2 T 2 (,2w+297r/2) 1— 4mr
/2 MR < MR2
- 1-0 2 X xﬂ. MO =— @
On/zz—w:a) w_4m7’ i5=0 _|_4 r 0 solve /2 Amr>
1+0 R /2T p2 w2 1+ .
N MR )




Free-space trebuchet kinematics by symmetry: Direct approach and Superball analogy
(@) 05 —-T/2 (b) 6, —0

Case of equal arms r = (easier algebra) c _ 9 o'clock 6 o'clock
) Starting point G °

ZE:MR292+mr2(92+2q595in<p3+q32 ) For:  (¢c) G, —+1/2
r=/{

3 o'clock i
J ( N e S % ___ .
Optimum release point

Start at 9 o’clock with pp~-90° (beam r and throwing arm { rotating together at ®)

.

A = MR*60 + mr? (1+sin¢B)(9+(b)

Maximum KE of m

$ Mid point

) Conserved
242 2( : 2 initial 2E
(pB_iH 2E=MREO gy mr (d)_”/z_(p_”/z) : 2E = MR’ For: 6 . =w=0¢
2 24 . 2 -r/2 -1t/2
: A = MR-0 A= MR w
singp=-1 1 2 initial A
KE(m)=
Move to 6 o’clock with ¢~ 0° (beam r slowing, throwing arm { accelerating) o
r T(¢ +6 +2¢9811’1¢B)
242 2 2 12 (
2E = MR?6} +mr? (45 +67 W (a
¢B:O:< T((j)—@) For: (PB——E
| Y i
sing,=0 | A= MRy +mr (6 +6,) {52 47)  (For 0 -0)
2 BT
Move to 3 o’clock with ¢p~ +90° (beam r slowed, throwing arm ¢ releasin >
g g mr 2 T
Conserved ) T(¢+9) (FOfi ¢p = 5)
: , : 2 initial 2F 2 A2 . mre . : 2
B~ . vide ~ 2 _ (s :
. 2 2/ : . _ 2 > (0)+9 ) (P +6
sing ,=+1 A= MR"0 ,+2mr (¢n/2+97z/2) _l%ﬁ]a/)\ — : B 2mr? . by A 72 2( /2 ﬂ/z)
! (co—é?ﬂ/z)——R2 (¢f,/2+9n/2)b @ —0 +2a)>
) substitute n/2 “m/2
Large M>m case  Optimum MR?>=4mr? case | l ot p —
Cq')n/z:a) +2m= 360) <¢n/2:o+ 2= 200) 0=0y) = M—Bz(zw +26,),) 1 4’”’”2
9 :1_Ow:a) 9 _1_1 _0 4ml"2_,—'_'6-‘/ %I/‘ze SOZVQ > 971'/2: 4j\j/l1:'2 a)
727140 2= %7 - R W = n/2+W /2 I+
N MR™ )




Super-elastic Bounce
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Analogous

Superball
Models

Similar in some
ways to trebuchet

models

Class of W. G. Harter,
“Velocity Amplification
in Collision Experiments
Involving Superballs,”
Am. J. Phys.

39, 656 (1971)

(A class project )
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NOVA trebuchet kinematics compared in Unit 2 p. 66: Direct approach and Superball analogy

The reproductions of 13th-century trebuchets in Ref. [2] were based on drawings from ingeniums used in the
1215 Siege of Kenilworth. The modern-day ingeniators used twelve to thirteen thousand pounds of lead and sand to
throw a 250 pound stone ball, that is, M/m~50. Had they used the criterion MR?=4mr? for 100%-energy transfer from
(2.9.24) their trebuchet would have a ratio /R = V50/2=3.5 of the throwing beam to driving beam radii. Instead, the
drawings show that { ~r~42 ft. is about 3.7 times the driving radius R of the sand box M. Using (2.9.22) to (2.9.25) with
100% energy transfer assumption we find the following approximate launch velocity.

V finat =207 = \/%r = 21’42:;23.5 42 =137 ft / sec.= 94 mph (2.9.26)

As one might expect, this 100% estimate 1s below the /00 to /120 mph. velocities achieved in Ref. [2]. By assuming the

correct ratio of radii in using (2.9.22) to (2.9.25), one can bring the estimate closer. O vss @ PBS.0rg
References

1. Paul E. Chevedden, Les Eigenbrod, Vernard Foley, and Werner Soedel, "The Trebuchet",
Scientific American 273, 66-71 (July 1995).

2. Evan Hadingham and Patrick Ward, "Ready, Aim, Fire!", Smithsonian (January 2000) p. 80.

NOVA links from beginning of Lect. 14

The plan: NOVA and a team of master builders from England,
Germany, France and the United States will reconstruct one of
the most destructive of medieval weapons ever made: a giant
trebuchet. They will raise the weapon in the shadows of Castle
Urquhart, located on the shores of Loch Ness in the Scottish
Highlands.

https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds.html This is one of the castles that English armies attacked during
- - - - Edward I's Scottish campaign 700 years ago. As part of the
campaign, the army was said to have built one of the most
monstrous trebuchets ever. Only its name survives: Warwolf.



https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds.html

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth

. IWAY

- -10
§—45 v =93.30

Here is the system, again, at NCAR. Four pivot
https://www.youtube.com/watch?v=zvlY1z0xcek

Another rig:
https://www.youtube.com/watch?v=foZHjl8Lydo

Hal! the clock face is a non-neglegable part of the system.

Range = -181.

Typical (Unoptimized) Trebuchet

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html


http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://urldefense.proofpoint.com/v2/url?u=https-3A__www.youtube.com_watch-3Fv-3DzvIY1z0xcek&d=DQMFaQ&c=7ypwAowFJ8v-mw8AB-SdSueVQgSDL4HiiSaLK01W8HA&r=I7RNuwjRDUVPGSI1-fVxVQ&m=vPxm0dCdeYW2beOflaT4rlI7yNllK-GTqL9iuwq4Rlo&s=VtL9CuXZFH00bas6dHer8cLuWtEJeB0elfczGjwm7tU&e=
https://urldefense.proofpoint.com/v2/url?u=https-3A__www.youtube.com_watch-3Fv-3DfoZHjI8Lydo&d=DwMFaQ&c=7ypwAowFJ8v-mw8AB-SdSueVQgSDL4HiiSaLK01W8HA&r=I7RNuwjRDUVPGSI1-fVxVQ&m=euBL7xanyFvfbn3q6RpxX845SMswA4JKrZC-gMY5hNk&s=9KeIAq1yzhf_Lda-gY4hbHO7ziYTUz5yNDCVibxn8W4&e=

Trebuchet in Siege of Kenilworth 1215 ACE
(Re-enactment shown on NOVA-TV 200)5)



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth

There is a claim that Cortez built a trebuchet to lay siege on Montezuma around 1500...

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

- E=-192.73
v =81.00
- Range = -21

Web Simulation: Trebuchet - Montezuma's Revenge



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

There is a claim that Cortez built a trebuchet to lay siege on Montezuma around 1500...
...and that the f rst, Shot went terribly wrong...

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

-~ . E=-192.73

; v =81.00
: . Range = -21

= 80



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

There is a claim that Cortez built a trebuchet to lay siege on Montezumd around 1500...
...and that the f rst, Shot went terribly wrong... Fd

E =

-192.73

v =81.00
Range = -21

...If this story is true, then it éives néw meaning
to the expression “Montezuma's Revenge”...

E=-192.73
v=2381.03
Range = -22.

Ayl

Web Simulation: Trebuchet - Montezuma's Revenge



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=MontezumasRevenge

Hamiltonian energy and momentum conservation and symmetry coordinates
Coordinate transformation helps reduce symmetric Hamiltonian
Free-space trebuchet kinematics by symmetry

Algebraic approach

Direct approach and Superball analogy
=P [rebuchet vs Flinger and sports kinematics

Many approaches to Mechanics



Early Human Agriculture and Infrastructure Building Activity (Cahokia, IL 12th Cen tu

Throwing Slinging
Splitting O

Chopping Reaping
< Cultivating and Digging <
3 ( >

) Hammering

. Bull whi

What Trebuchet mechanics crackiiE
is really good for... Ay fishi e el

Later Human Recreational Activity Tennis serving

Lacrosse

_ Tennis rallying
Hammer throwing
Batting
aseball & Golfing )
Football q‘—y
< Cultivating and Digging <
\

Water skiing

Space Probe “Planetary Slingshot”



Trebuchet analogy with racquet swing - What we learn

Large force F Force F nearly F Y F mosiiy

_ nearly parallel ~ perpendicular | m serves to
Driving to velocity v to velocity v mph  steer m here.
Force: SO0 V increases SO V increases
Gravi - rapidly. very little. 70}
t—y r 2 /I
] 60 7
50 ,/
0 10 40/// \
Most velocity v
gained earlier here.
Early on Later on

(Gain the energy/momentum) (Steer or guide)



Trebuchet analogy with racquet swing - What we learn

Large force F Force F nearly F Y F mosiiy
_ nearly parallel ~ perpendicular - m serves to
Driving to velocity v to velocity v mph  steer m here.
Force: SO V increases so v increases  $O
Gravi - rapidly. very little. 70 /
t—y r 2 III
] /C ] 60 /
50 /
Most veloczly v
gained earlier here. [
Early on Lateron |
(Gain the energy/momentum) (Steer or guide) é

Arm-racquet system
L flies nearly freely. 8

Rotation of body ry, provides most of energy of arm-racquet lever L.
Follow-Through l&
Energy Input Small applied forces
Most of speed gained early mostly for steering.

‘ v
by arm-racquet system L.
Preparation Ball hit occurs.
Center-of-mass for semi-rigid

arm-racquet system L is "cocked."”




An Opposite to Trebuchet Mechanics- The “Flinger”

Early on

http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=AnimateFlinger

(Not much happening)
Not much
increase in
Driving velocity v
Force ) k
F
: W= 1‘1

Trebuchet-like experiment

Later on

(Last-minute “cram’” for energy)

- Anti-analogy can be useful pedagogy

w= 5l
Maximum \
increase in v= 4l
velocity v
Jjust before I \ v= Sl
m slides off I'|I1ur — 9]
end | | !1':'- — 1‘1

Flinger experiment /

) Iy

~ t :(}(m,

"

(o

—

Skateboard wheel
slides on pool que-stick

Iy,

Skateboard wheel swings

Generic URL - http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html



http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html?scenario=AnimateFlinger
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html

Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

( ) V(er):lmu)Q’Q lm(ogr’g

R Pl

. 1
Assume: Constant beam _,m,U? —V
‘/—I\ 2 fbeam
rame
)
beam
g frame

\ /
\
\ . \ g //
AN | R \\ /
6

- \
~Q clock “Imtzal/
"6 o'clock position)

Final

( 3 o'clock
position)

Lo, (trebuchet) = Final Trebuchet KEbeam

2 frame

mme

Assume: Constant beam

P

Q)

1
—mu? (flinger) = Final F linger KE beam

2 frame frame




Trebuchet model in rotating beam frame Flinger model in rotating beam frame

Assume: Constant beam 0 l’m’vg _ V( ) 1% (rf> _ lmu)g 2 _ lm(ogr’g

S
i 2 Al 2 S 2 0
o

Assume: Constant beam

beam
14 Jrame Final /1_\
( 3 o'clock )
A position) Initial

\ /
\
\ . \ g //
AN | R \\ /
6

; \
>~ clock

-~ ‘Inztzal/ ;
T (6 o'clock position) \

lmvbeam (trebuchet) = Final Trebuchet KEbeam lmvbeam (flinger) = Final Flinger KE beam

2 frame , frame 2 frame frame
1 1 1 1 1 1

—m(x)g m, + L) — —mmg m, +f = —mO) 21y 4 —m(og(r —|—€) — —m(ogrg = —m(ogﬁ(er +€)
2 2 2 2 b 2 b9 b

Final Initial Final Initial




Trebuchet model in rotating beam frame Flinger model in rotating beam frame

Assume: Constant beam 0 lmvg . (T()) _V (rf> _ lmu)g 2 lm(ogrg

ry —
o 2 phose 2 S 2 0
o

Assume: Constant beam

v
beam

/! frame Final /1_\

( 3 o'clock )

A position) Initial

———
\
\\ . \ g //
\ \ /
\ |R \
\\ 6 \
N /
\\Q ,CIOCk\\ ]nltlal’// .
\\s_ ——’/ L. I
‘(6 O’CIOCkPOSltZOFl) \

lmvfwm (trebuchet) = Final Trebuchet K?beam 1mv§eam07inger) = Final Flinger Klj?ﬂ beam

2 frame , rame 2 frame rame
1 1 1 1 2 1 1
gm(;)'? (fr’b + 5) — gmmg (rbg +€2) — gmw'g (2rb 5) —m(x)g(’rb —I—E) - —m(ogrbg — —mo)gﬁ(?ri) + 6)
Final Initial 2 Final 2 Initial 2
3 o’clock 6 o’clock 3 o’clock 3 o’clock
2
R62=1?)2+E ° Flinger KE is "0 gg more than 6 o ’clock trebuchet

o clock 2 but misdirected




Trebuchet model in rotating beam frame

Flinger model in rotating beam frame

I

Assume: Constant beam

frame

1
Lt =) 1y = et Lo

29 1 99

10 ‘Initigl/’
@6 o'clock position)

2  frame

Smo?, (trebuchet) = Final Trebuchet K?beam

rame

6) v Assume: Constant beam
fr%%gl
Y Final /T\
(3 o'clock )
A position) Initial
/
/// = —.— —————— >
\
\\ . \ g //
\ \ /
\ |R \
\\ 6 \
~o clock g

1 .
—mu? (flinger) = Final F linger Kl*]; beam

2 frame rame

o’clock

2
1 1 1 1 2 1 1
gmmg (fr’b + ﬁ) — gmmg (rbg +€2) — gmmg (2rb f) —m(x)g(’rb —I—E) — —m(ogrbg — —mo)gﬁ(?ri) + 6)
Final Initial 2 Final 2 Initial 2
3 o’clock 6 o’clock 3 o’clock 3 o’clock
2
R62=1?)2+E ° Flinger KE is "0 gg more than 6 o ’clock trebuchet
o clock 2 but misdirected
Initial _ lmo)’g (47?) g) ‘
9 o’clock 2 2
2 9 9 Flinger KE is —w(zr /— g’g) less than 9 o’clock trebuchet
R=p"+07-2r/¢ 2 " — .
9 b b and misdirected




Trebuchet model in lab frame

Assume: Constant beam 0

0)‘/1\ (0(7},+

(Y]
frlg%e

E): Urotation

4

U
beam
frame

—

P ((02 (2rb €) half-cocked 6 o'clock
V7o (Trebuchet) =

frame

L(x)g (4'rb 5) fully-cocked 9 o'clock

Vigh frame (t’r’ebuchet) —

r(11)(7“6 + 0+ %Tb) half-cocked 6 o'clock
1

(D(Tb + L+ 2 Erb) fully-cocked 9 o'clock

H Flinger model in lab frame

rotation

m/r\ (o(erré): v

2r;

9 .
Vo (flinger) = w*(2n,

frame

(

+ )

Ylab frame (ﬂ Z'ngefl“) —

_ (,)\/ (rb + 6)2+ E(Qrb + E): (0\/2(75 + 6)2— n”

/ \

L

{5.000) {5.160) / {5.000)

5.820 6.000 5.820
(,=2,0=1),(r, =15,0=15),(r, =1,£=2]

(compare)

A

= 3.740 = 3.960 = 4120
n :2,@:1), (rb :1.5,6:1.5),(rb :1,2:2)




Physics used to be pretty much bi-polar...

Experiment

Now that situation 1s changing...



Many Approaches to Mechanics (Trebuchet Equations)

Each has advantages and disadvantages

* U.S. Approach
Quick’n dirty
Newton F=Ma Equations
Cartesian coordinates

* French Approach
Tres elegant
Lagrange Equations
in Generalized Coordinates

- d T 9T
dt aq-é Oqg

Iy

* German Approach —

Pride and Precision
Riemann Christoffel Equations
in Differential Manifolds

k_ .k k.m.n
Fr=g" +T _"q"q

* Anglo-Irish Appproach
Powerfully Creative
Hamilton’s Equations
: OH
Phase Space Pj == —""1
Oq’

 Unified Approach

1.
Theoretical

Analysis
graphics /
p A A .
; Post-Modern  \/  \"
Lrmeries 5 Scientific Method
Numerical \ g Laboratory
Synthesis Observation

All approaches have one thing in common:
The Art of Approximation
Physics lives and dies by the art of
approximate models and analogs.

c}k _ OH dS = Ldt = p,dq" — Hdr
P Hamilton-Jacobi-Poincare: , -9 -9
D Pu=aq o



Cheap Trebuchet Theory /~¢-6=¢,

>

R
x=Rcosf + r cos¢
X=-R¢ Lab y=Rsinf + rsing ~X=-RCest! zlo
Y=-Rsinf kLo Y=-Rsind ed

X =+Rsin60 pIvot PIVO

Y = +RcosO0 X=—Rsinf0—rsingg

y = +Rcos@9+rcos¢¢
X?>=+R’sin’06?
Y? =+R?cos’ 66>

x=Rcosf + r cos¢
y=Rsinf - rsing



Cheap Trebuchet Theory /~¢-6=¢,

R
0
R x=Rcosf + r cos¢
x=Rcost + r cosg y=Rsinf - rsin¢
X=-R¢ Lab y=Rsinf + rsing ~X=-RCest! zlo
Y=-Rsinf kLo Y=-Rsind <lo

X =+Rsin00 PIVOL | | PIVO
Y =+RcosHO X=—Rsin00—rsinggo
y=+RcosO0+rcosgg

X*=+R*sin’06° || x* = (—R sin@ 0 — rsin¢q§)(—R sin6 0 — rsin¢q5) = R*sin’ 00°+ 2 Rrsin0singO¢ + r’ sin” ¢ ¢’
Y?=+R*cos’66° | j2 = (R cos06 + rcos¢gf))(+R cos 06+ rcos¢q§) = R* cos” 060°+ 2 Rr cos 8 cos pOp+r’cos’ ¢ @’



Cheap Trebuchet Theory /~¢-6=¢,

>

R x=Rcosf + r cos¢

x=Rcost + r cosg y=Rsinf - rsin¢
=-R¢ Lab y=Rsinf + rsing ~X=-RCest! Al
Y=-Rsinf kLo Y=-Rsind ed
X =+Rsin00 PIVOL PIVO

Y =+Rcos66

X=—-Rsin060 - rsing¢
y = +Rcos@9+rcos¢¢

X?=+R%*sin’ 06 || x* = (—R sin@ 0 — rsin¢q§)(—R sin@ 0 — rsin¢q5) = R*sin’ 00°+ 2 Rrsin0singO¢ + r’ sin” ¢ ¢’
Y?=+R*cos’66° | j2 = (R cos06 + rcos¢gf))(+R cos 06+ rcos¢q§) = R* cos” 060°+ 2 Rr cos 8 cos pOp+r’cos’ ¢ @’
X*+Y?=R%6’ *+y’= R6> +2Rrcos(0—9¢)0¢+r’¢’



Cheap Trebuchet Theory /~¢-6=¢,

>

R x=Rcosf + r cos¢

x=Rcosf + r cos¢ y=Rsin® - 7sin¢

X=-R¢ Lab y=Rsinf + rsing ~X=-RCest! zlo

Y=-Rsin# fixed Y=-Rsin# ed
X =+Rsin66 pivot DIVE
Y =+Rcos00

X=—-Rsin060 - rsing¢
y = +Rcos@9+rcos¢¢

X?=+R*sin’00” || x> = (—R sin@0 — rsin¢q§)(—R sin@0 — rsin¢q5) = R’sin” 06+ 2RrsinOsingO¢ + 1’ sin’ ¢ ¢’
Y?=+R’cos’ 06’ y’ = (R cos60 + rcos¢gf))(+R cos60 + rcos¢q§) = R?cos’ 06°+ 2 Rrcos 0 cospOg+r’cos’ ¢ ¢’
X*+Y? =R’ *+y’= R6> +2Rrcos(0—9¢)0¢+r’¢’
KE of driver M plus projectile m

T=IM(X*+Y)+im(x*+y*)= %M(R292)+%m(R2 6  +2Rrcos(0—¢)0p+r’ q52)



Cheap Trebuchet Theory /~¢-6=¢,

R
0
R x=Rcosf + r cos¢
x=Rcost + r cosg y=Rsinf - rsin¢
X=-R¢ Lab y=Rsinf + rsing ~X=-RCest! zlo
Y=-Rsinf kLo Y=-Rsind <lo

X =+Rsin00 PIVOL | | PIVO
Y =+RcosHO X=—Rsin00—rsinggo
y=+RcosO0+rcosgg

X*=+R*sin’06° || x* = (—R sin@ 0 — rsin¢q§)(—R sin6 0 — rsin¢q5) = R*sin’ 00°+ 2 Rrsin0singO¢ + r’ sin” ¢ ¢’
Y?=+R*cos’66° | j2 = (R cos06 + rcos¢gf))(+R cos 06+ rcos¢q§) = R* cos” 060°+ 2 Rr cos 8 cos pOp+r’cos’ ¢ @’

X +Y'=R0° *+y’= R6> +2Rrcos(0—9¢)0¢+r’¢’
KE of driver M plus projectile m is explicit function of beam-relative coordinate -¢, = (6 —¢) only

T:%M(XZ-I-Y.Z)"‘%IH(Xz +)’/2):%M(R29.2)+%m(R29.2 +2RFCOS(9—¢)9¢5+T2¢}2)
T=4{M(X*+Y*)+4m(x* +§*) = 1(M + m)(R*6*)+ mRrcos(6 - ) 6¢+ L mr’ ¢



Cheap Trebuchet Theory /~¢-6=¢,

R
0
R x=Rcosf + r cos¢
x=Rcost + r cosg y=Rsinf - rsin¢
X=-R¢ Lab y=Rsinf + rsing ~X=-RCest! zlo
Y=-Rsinf kLo Y=-Rsind <lo

X =+Rsin00 PIVOL | | PIVO
Y =+RcosHO X=—Rsin00—rsinggo
y=+RcosO0+rcosgg

X*=+R*sin’06° || x* = (—R sin@ 0 — rsin¢q§)(—R sin6 0 — rsin¢q5) = R*sin’ 00°+ 2 Rrsin0singO¢ + r’ sin” ¢ ¢’
Y?=+R*cos’66° | j2 = (R cos06 + rcos¢gf))(+R cos 06+ rcos¢q§) = R* cos” 060°+ 2 Rr cos 8 cos pOp+r’cos’ ¢ @’

X*+Y’ =R’ *+y’= R6> +2Rrcos(0—9¢)0¢+r’¢’
KE of driver M plus projectile m is explicit function of beam-relative coordinate -¢, = (6 —¢) only

T:%M(X2+Y.2)+%m(x2 +)’/2):%M(R29.2)+%m(R29‘2 +2RTCOS(9—¢)9¢+F2¢2)
T=4M(X*+Y")+4m(x* + %) = (M + m)(R*6°) + mRrcos(6 )6+ + mr* §°
For symmetric (R=r) trebuchet: T = R’ [@ 0° + %¢52 +m 9¢5 COS ¢B:|



Force, Work, and Acceleration (compare to Cheap Trebuchet Theory)

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | ¥ || % & [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—6d0+FX—¢d¢ = MX8—9d9+MX8—¢d¢ dy 0 _rsin@  fsing
y Y 224 . dY . dY
+F, dY + MY dY +Fy0~,—9d9+Fy—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢
. dy dy . dy . dy
+F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢
STEP 2 2 .2 )
, MX* MY’ Mi® M
Add up first and last columns for each variable 0 and ¢ for: T=—"—+—"—+——+ 2y
Lagrange L OX Y 9x 0y — Let.F¢9_X+F9_Y+F@+F@
trickery: | " ix gt ot Thog Y00 a0 tap g
. daT T doT oT
=F;9:——,—— EF;):——_——
dt 96 90 dt 96 9o

FyRcosO +F,Rsinf — F rcos6 — Frsin6 F,-0+F,-0+F./{cos¢ + Fyfsmfp
5= S 3T _podor_or
Y drdo 98 T4 b ap
Add Fy gravity given =f Add F, gravity given

(Fx=0, Fy=-Mg)
(Fy=0, F,=-mg)
o _doT_aT

| | : 5 =————=—mg/lsin
Fy=—————=—MgRsin0 + mgrsin0 | : Cdtdp dp grsmg

(Fx=0, Fy=-Mg)
(F:=0, Fy=-mg)

These are competing torques on main beam R... ... and a torque on throwing lever {



Forces: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
o ,
r | ConstrainNFofce
Centrifugal Force

Constraintt Force

Centrifugal ’A

Force
V) o2
~ 0 UPDOT't ans ~0
Steadying Foree Gravitational Force
Gravitational Force ~mg .
M For conservative forces
~ Mg

Acceleration A’pplie'd Constraint  |,}ore- F,=- B_V and: B_V _

and Real 'Internal’ 00 00

'Fictitious' Forces: Forces: F oV 1 oV
. Gl"(lVﬂy Stresses —_-— and. —=

CSGOIZZOLiSN Friction... g)oonnoo; Zintribute.
' d&aT—a—T+FI:+0‘/ ) p,=— P
Po= i 96 ~ 0 =38 P T

d T _dT oL .~ JdL

p, = —=—+F, +0 Py =5
peose | dtdp 99 "0 0f
(modified) Lagrange Force equations Lagrange Potential equations

(See also derivation Eq. (2.4.7) on p. 23, Unit 2) L — 7"_ V
Compare to derivation Eq (12.25a) in Ch. 12 of Unit I and Eq. (3.5.10) in Unit 3.

Py =

oL . dL

0

0



