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GCC Lagrange and Riemann Equations for Trebuchet
(Ch. 1-5 of Unit 2 and Unit 3)

Review (Mostly Unit 2.): Was the Trebuchet a dream problem for Galileo? Not likely.
Forces in Lagrange force equation: total, genuine, potential, and/or fictitious

Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
Trebuchet Cartesian projectile coordinates are double-valued
Toroidal “rolled-up” (q1=0, g2=0 )-manifold and “Flat” (x=0, y=0 )-graph

Review of covariant E,, and contravariant Em vectors: Jacobian J vs. Kajobian K

Covariant metric gmn vS. contravariant metric gmn (Lect. 9 p.53)

langent {E,}space vs. Normal {Em}space

Covariant vs. contravariant coordinate transformations
Metric gmn tensor geometric relations to length, area, and volume

Lagrange force equation analysis of trebuchet model (Mostly from Unit 2.)
Review of trebuchet canonical (covariant) momentum and mass metric Ymn (Lect. 14 p. §2)

Review and application of trebuchet covariant forces Fg and Fy (Lect. 14 p. 74)
Riemann equation derivation for trebuchet model
Riemann equation force analysis

2nd-guessing Riemann equation?



This Lecture s Reference Link Listing

Web Resources - front page

UAF Physics UTube channel

Quantum Theory for the Computer Age

Principles of Symmetry, Dynamics, and Spectroscopy

2017 Group Theory for QM
2018 Adv CM

Classical Mechanics with a Bang!

2018 AMOP

Modern Physics and its Classical Foundations

2019 Advanced Mechanics

Lectures #12 through #15

In reverse order

Trebuchet Web Animations:
Default/Generic URL, Montezuma's Revenge, Seige of Kenilworth,

'

'Flinger",
Position Space (Course), Position Space (Fine)

Punkin Chunkin - TheArmchairCritic-2011

Jersey Team Claims Title in Punkin Chunkin - sussexcountyonline-1999

Shooting range for medieval siege weapons. Anybody knows? - twcenter.net/forums
The Trebuchet - Chevedden-SciAm-1995

NOVA Builds a Trebuchet
Smith Chart, Invented by Phillip H. Smith (1905-1987)

Excerpts (Page 44-47 in Preliminary Draft) from the
Geometric Algebra- A Guided Tour through Space and Time - Reimer-www-2019

Select, exciting, and related Research & Articles of Interest:
(Many of these may be a bit beyond this course,
but are included to lend added insight):

Clifford_Algebra_And_The Projective_Model Of Homogeneous_Metric_Spaces -
Foundations - Sokolov-x-2013

Geometric Algebra 3 - Complex Numbers - MacDonald-yt-2015

Biquaternion -Complexified Quaternion- Roots of -1 - Sangwine-x-2015

An_Introduction_to_Clifford Algebras and Spinors_-_Vaz-Rocha-op-2016

Unified View on Complex Numbers and Quaternions- Bongardt-wemms-2015

Complex Functions and the Cauchy-Riemann Equations - complex?2 - Friedman-columbia-2019

Pirelli Relativity Challenge (Introduction level) - Visualizing Waves:
Using Earth as a clock,
Tesla's AC Phasors ,
Phasors using complex numbers.
CM wBang Unit 1 - Chapter 10, pdf page=135
Calculus of exponentials, logarithms, and complex fields,
RelaWavity Web Simulation - Unit Circle and Hyperbola (Mixed labeling)

Smith Chart, Invented by Phillip H. Smith (1905-1987)

An assist from Physics Girl (YouTube Channel):

Posted this year:
How to Make VORTEX RINGS in a Pool

Crazy pool vortex (new inclusion with more background)
Crazy pool vortex - pg-yt-2014

Posting with the best visuals:
Fun with Vortex Rings in the Pool - pg-vt-2014

She covers it beautifully!

An_sp-hybridized Molecular Carbon_Allotrope-_cyclo-18-carbon - Kaiser-s-2019

An_Atomic-Scale View_of Cyclocarbon_Synthesis - Maier-s-2019

Discovery_Of Topological Weyl Fermion Lines And Drumhead Surface States in a
Room_Temperature Magnet - Belopolski-s-2019

"Weyl"ing_away_Time-reversal Symmetry - Neto-s-2019

Non-Abelian_Band_Topology in_Noninteracting_Metals - Wu-s-2019

What Industry Can Teach Academia - Mao-s-2019

Rovibrational quantum_state_resolution_of the C60_fullerene_-_ Changala-Ye-s-2019 (Alt)
A_Degenerate_Fermi_Gas_of Polar_molecules_-_DeMarco-s-2019



https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2018.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2019.html
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2017/Smith_Chart.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_sp-hybridized_Molecular_Carbon_Allotrope-_cyclo-18-carbon_-_Kaiser-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_Atomic-Scale_View_of_Cyclocarbon_Synthesis_-_Maier-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Discovery_Of_Topological_Weyl_Fermion_Lines_And_Drumhead_Surface_States_in_a_Room_Temperature_Magnet_-_Belopolski-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/-Weyl-ing_away_Time-reversal_Symmetry_-_Neto-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Non-Abelian_Band_Topology_in_Noninteracting_Metals_-_Wu-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/What_Industry_Can_Teach_Academia_-_Mao-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Rovibrational_quantum_state_resolution_of_the_C60_fullerene_-_Changala-Ye-s-2019-Alt.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Degenerate_Fermi_Gas_of_Polar_molecules_-_DeMarco-s-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Clifford_algebra_and_the_projective_model_of_homogeneous_metric_spaces_-_Foundations_-_Sokolov-x-2013.pdf#page=20
https://modphys.hosted.uark.edu/ETC/MISC/Clifford_algebra_and_the_projective_model_of_homogeneous_metric_spaces_-_Foundations_-_Sokolov-x-2013.pdf#page=20
https://youtu.be/f3zM6THQDRA?list=PLLvlxwbzkr7igd6bL7959WWE7XInCCevt&t=65
https://modphys.hosted.uark.edu/ETC/MISC/Biquaternion_-Complexified_Quaternion-_Roots_of_-1_-_Sangwine-x-2015.pdf
https://modphys.hosted.uark.edu/ETC/MISC/An_Introduction_to_Clifford_Algebras_and_Spinors_-_Vaz-Rocha-op-2016.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Unified_View_on_Complex_Numbers_and_Quaternions-_Bongardt-wcmms-2015.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Complex_Functions_and_the_Cauchy-Riemann_Equations-_complex2.pdf
https://www.youtube.com/channel/UC7DdEm33SyaTDtWYGO2CwdA
https://www.youtube.com/watch?v=_18avidXxqY
https://www.youtube.com/watch?v=pnbJEg9r1o8
https://youtu.be/72LWr7BU8Ao
https://pirelli.hosted.uark.edu/html/clocks_segue.html
https://pirelli.hosted.uark.edu/html/phasors_segue.html
https://pirelli.hosted.uark.edu/html/complex_phasors_1.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Text_2012/CMwBang_Unit_1_2019.pdf#page=135
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=0,9&taLinesInd=2&ctLinesInd=2&refSquareInd=-1&showInstructions=0&labelingInd=3
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2017/Smith_Chart.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Geometric_Algebra-_A_Guided_Tour_through_Space_and_Time_-_Reimer-www-2019.pdf#page=44
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=AnimateFlinger
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceCourse
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceFine
http://thearmchaircritic.blogspot.com/2011/11/punkin-chunkin.html
http://www.sussexcountyonline.com/news/photos/punkinchunkin.html
http://www.twcenter.net/forums/showthread.php?358315-Shooting-range-for-medieval-siege-weapons-Anybody-knows
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Trebuchet-SciAm_273_66_July_1995_chevedden1.pdf
https://www.pbs.org/wgbh/nova/lostempires/trebuchet/builds.html

Running Reference Link Listing

Lectures #11 through #7

Eric J Heller Gallery:

Main portal, Consonance and Dissonance II, Bessel 21, Chladni

The Semiclassical Way to Molecular Spectroscopy - Heller-acs-1981

Quantum_dynamical tunneling in_bound states - Davis-Heller-
jcp-1981

Pendulum Web Simulation
Cycloidulum Web Simulation

Links to previous lecture: Page=74, Page=75, Page=79
Pendulum Web Sim
Cycloidulum Web Sim

JerkIt Web Simulations: Basic/Generic: Inverted, FVPlot
CMwithBang Lecture 8, page=20

WWW.sciencenewsforstudents.org: Cassini - Saturnian polar vortex

“RelaWavity” Web Simulations:
2-CW laser wave, Lagrangian vs Hamiltonian,
Physical Terms Lagrangian L(u) vs Hamiltonian H(p)
Coullt Web Simulation of the Volcanoes of lo
Bohrlt Multi-Panel Plot:
Relativistically shifted Time-Space plots of 2 CW light waves

BoxlIt Web Simulations:
Generic/Default
Most Basic A-Type
Basic A-Type w/reference lines
Basic A-Type A-Type with Potential energy
A-Type with Potential energy and Stokes Plot
A-Type w/3 time rates of change
A-Type w/3 time rates of change with Stokes Plot
B-Type (A=1.0. B=-0.05. C=0.0. D=1.0)

RelaWavity Web Elliptical Motion Simulations:
Orbits with b/a=0.125
Orbits with b/a=0.5
Orbits with b/a=0.7
Exegesis with b/a=0.125
Exegesis with b/a=0.5
Exegesis with b/a=0.7
Contact Ellipsometry

In reverse order

Coullt Web Simulations:
Basic/Generic
Exploding Starlet
Volcanoes of 1o (Color Quantized)

Jerklt Web Simulations:
Basic/Generic
Catcher in the Eye - IHO with Linear Hooke perturbation - Force-potential-Velocity Plot

OscillatorPE Web Simulation:

Coulomb-Newton-Inverse_Square,
Hooke-Isotropic Harmonic,
Pendulum-Circular_Constraint

AMOP Ch 0 Space-Time Symmetry - 2019
Seminar at Rochester Institute of Optics, Aux. slides-2018

NASA Astronomy Picture of the Day -
[o: The Prometheus Plume (Just Image)
NASA Galileo - lo's Alien Volcanoes
New Horizons - Volcanic Eruption Plume on Jupiter's moon 10
NASA Galileo - A Hawaiian-Style Volcano on lo

Pirelli Site: Phasors animimation
CMwithBang Lecture #6, page=70 (9.10.18)

Select, exciting, and related Research & Articles of Interest:
Burning a hole in reality—design for a new laser may be powerful enough to pierce space-time - Sumner-KOS-2019
Trampoline mirror may push laser pulse through fabric of the Universe - Lee-ArsTechnica-2019
Achieving Extreme Light Intensities_using Optically Curved Relativistic Plasma Mirrors - Vincenti-prl-2019

A_Soft Matter_Computer_for_Soft Robots -_Garrad-sr-2019
Correlated Insulator Behaviour _at Half-Filling in_Magic-Angle Graphene Superlattices - cao-n-2018

Sorting ultracold _atoms _in_a_three-dimensional optical lattice in_a_

realization_of Maxwell's_Demon - Kumar-n-2018

nthetic_three-dimensional_atomic_structur mbl tom tom - Barr -n-201
Older ones:
Wave-particle_duality_of C60_molecules - Arndt-1tn-1999

tical_Vortex Knots_- One_Photon__ At A Time - Tempone-Wiltshire-Sr-201

Baryon_Deceleration_by _Strong Chromofields_in_Ultrarelativistic_,
Nuclear_Collisions - Mishustin-PhysRevC-2007, APS Link & Abstract

Hadronic Molecules - Guo-x-2017

Hidden-charm_pentaquark_and_tetraquark_states - Chen-pr-2016



https://modphys.hosted.uark.edu/markup/BoxItWeb.html
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0&wantBallsNItsPhi2=0&wantBallsNItsPhi2=0&wantPELevels=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3&wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?&AU2=1.0&BU2=-0.05&CU2=0.0&DU2=1.0
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.5&velocity=0.85
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,2
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=70
https://modphys.hosted.uark.edu/pdfs/QTCA_Pdfs/QTCA_Text_2013/AMOP_Ch_0_SpaceTimeSymm.pdf
https://modphys.hosted.uark.edu/pdfs/Talk_Pdfs/Rochester_Auxilary_Slides.pdf
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=4,5&sigmaInd=0&swordLineWidth=3
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo
https://modphys.hosted.uark.edu/markup/BohrItWeb.html?scenario=-30104&xPhasorFactor=0.5
http://apod.nasa.gov/apod/ap970818.html
http://apod.nasa.gov/apod/image/9708/prometheus_gal_big.jpg
https://science.nasa.gov/science-news/science-at-nasa/1999/ast04oct99_1/
https://www.youtube.com/watch?v=wmQHOUFIuzQ
https://science.nasa.gov/science-news/science-at-nasa/1999/ast05nov99_2/
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2019/CMwithBang_Lect.8_9.23.19.pdf#page=22
https://www.sciencenewsforstudents.org/article/cassini-spacecraft-takes-its-final-bow%22
https://www.dailykos.com/stories/2019/9/14/1885432/-Burning-a-hole-in-reality-design-for-a-new-laser-may-be-powerful-enough-to-pierce-space-time
https://arstechnica.com/science/2019/09/trampoline-mirror-may-push-laser-pulse-through-fabric-of-the-universe/
https://modphys.hosted.uark.edu/ETC/MISC/Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Wave-particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_-_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.76.011603
https://modphys.hosted.uark.edu/ETC/MISC/Hadronic_molecules-_Guo-x-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/hidden-charm_pentaquark_and_tetraquark_states-_chen-pr-2016.pdf
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=74
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=75
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=79
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=3
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=2
https://modphys.hosted.uark.edu/markup/OscillatorPEWeb.html?&scenario=0
https://modphys.hosted.uark.edu/markup/CoulItWeb.html
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=ExplodingStarlet
https://modphys.hosted.uark.edu/markup/CoulItWeb.html?scenario=VolcanoesOfIo_ColorQuant
https://modphys.hosted.uark.edu/markup/JerkItWeb.html
https://modphys.hosted.uark.edu/markup/JerkItWeb.html?scenario=FVPlot
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Consonance%20and%20DissonanceII.html
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Bessel%2021.html
http://ejheller.jalbum.net/Eric%20J%20Heller%20Gallery/slides/Chladni.html
http://homepage.univie.ac.at/mario.barbatti/papers/heller/heller_acs_14_368_1981.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_dynamical_tunneling_in_bound_states_-_Davis-Heller-jcp-1981.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Quantum_dynamical_tunneling_in_bound_states_-_Davis-Heller-jcp-1981.pdf
https://modphys.hosted.uark.edu/markup/PendulumWeb.html
https://modphys.hosted.uark.edu/markup/CycloidulumWeb.html

Running Reference Link Listing

Lectures #6 through #1

In reverse order

, , , , Bouncelt Web Animation - Scenarios:
RelaWavity Web Simulation: Contact Ellipsometry Generic Scenario: 2-Balls dropped no Gravity (7:1) - V.vs V Plot (Power=4)

BoxlIt Web Simulation: Elliptical Motion (A-Type) [-Ball dropped w/Gravity=0.5 w/Potential Plot: Power=1, Power=4
CMwBang Course: Site Title Page 7:1 - Vvs V Plot: Power=1

Pirelli Relativity Challenge. Describing Wave Motion With Complex Phasors 3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=4

UAF Physics UTube channel 3-Ball Stack (10:3:1) w/Newton plot (y vs t) - Power=1
3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=1 w/Gaps

Velocity Amplification in Collision Experiments Involving Superballs - Harter, 1971 4-Ball Stack (27:9:3:1) w/Newton plot (v vs t) - Power=4
MIT OpenCourseWare: High School/Physics/Impulse and Momentum 4-Newton's Balls (1:1:1:1) w/Newtonian plot (v vs t) - Power=4 w/Gaps
Hubble Site: Supernova - SN 19874 6-Ball Totally Inelastic (1:1:1:1:1:1) w/Gaps: Newtonian plot (t vs x), V6 vs V5 plot

5-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Minkowski plot (t vs x1) w/Gaps
1-Ball Totally Inelastic Pile-up w/ 5-Stationarv-Balls - Vx2 vs VxI plot w/Gaps

Bounceltlt Web Animation - Scenarios:

_ Bouncelt Dual plots

49:1yvst 49:1 V2 vs VI, 1:500:1 - 1D Gas Model w/ faux restorative force (Cool), mimy =3:1

1:500:1 - 1D Gas (Warm), 1:500:1 - 1D Gas Model (Cool, Zoomed in), vovsviand V2vs Vi (vi, v2)=(1, 0.1), (vi. v2)=(1, 0)
Farey Sequence - Wolfram y2vs yiplots: (vi, vo)=(1, 0.1), (v, v2)=(1, 0), (vi, vJ)=(1, -1)
Fractions - Ford-AMM-1938 Estrangian plot V> vs V. (vi, v2)=(0, 1), (vi, v2)=(l, -1)
Monstermash Bounceltlt Animations: mpmz=4:1

1000:1 - V2 vs VI, 1000:1 with t vs x - Minkowski Plot v2vsvl, y2vs yl
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-2013 mp:my =100:1, (v, v2)=(1, 0): V2 vs VI Estrangian plot, y2 vs yI plot

Quantum_Revivals_of Morse_Oscillators _and _Farey-Ford Geometry - Li-Harter-cpl-2015 . .

Quant. Revivals of Morse Oscillators and Farey-Ford Geom. - Harter-Li-CPL-2015 (Publ,) Yith g=0 and 70:10 mass ratio . _
Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971 With non zero g, velocity dependent damping and mass ratio of 70:35
Wavelt Web Animation - Scenarios: - - M,=49, M>=1 with Newtonian time plot

Quantum_Carpet, Quantum_Carpet wMBars, Mi=45. M .:] W.lth. V2 vs V) plot

Quantum_Carpet_BCar, Quantum_Carpet BCar_wMBars Lxample with fr zctzon. . _

Wave Node Dynamics and Revival Symmetry in Ouantum Rotors - Harter-JMS-2001 Low force constant with drag displaying a Pass—{hru, Fall—fhru, Bounce-Off

Wave Node Dynamics and Revival Symmetry in Quantum Rotors - Harter-jms-2001 (Publ.) ml:m2=3:1 and (vL. v2) = (1. 0) Comparison with Estrangian

X2 paper: Velocity Amplification in Collision Experiments Involving Superballs - Harter, et. al. 1971 (pdf)
Car Collision Web Simulator: https://modphys.hosted.uark.edu/markup/CMMotionWeb. htm!

AJP article on superball dynamics Superball Collision Web Simulator: https://modphys.hosted.uark.edu/markup/BounceltWeb.html; with Scenarios: 1007
AAPT Summer Reading List Bouncelt web simulation with g=0 and 70:10 mass ratio
Scitation.org - AIP publications With non zero g, velocity dependent damping and mass ratio of 70:35
HarterSoft Youtube Channel Elastic Collision Dual Panel Space vs Space: Space vs Time (Newton) , Time vs. Space(Minkowski)

Inelastic Collision Dual Panel Space vs Space: Space vs Time (Newton), Time vs. Space(Minkowski)
Matrix Collision Simulator:M =49, M>=1 V> vs Vi plot <<Under Construction>>

More Advanced QM and classical references will soon be available through our: Mechanics References Page
(Now in Development)


http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=1,2
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/CMwBang_TitlePage.html
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2072
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2073
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2075
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2176
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2177
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2179
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3106
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3107
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4011
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4012
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4020
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
http://ocw.mit.edu/high-school/physics/exam-prep/systems-of-particles-linear-momentum/impulse-and-momentum/
http://hubblesite.org/newscenter/archive/releases/2007/10/image/a/
https://modphys.hosted.uark.edu/markup/CMwBang_Refs_2019.html
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20003
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20005
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20004
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20006
https://modphys.hosted.uark.edu/markup/BounceMatWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1112
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1113
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1214
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1224
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1016
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1026
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1024
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1015
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1025
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2081
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20810
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20811
http://mathworld.wolfram.com/FareySequence.html
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3000
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3004
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Quantum_Revivals_of_Morse_Oscillators_and_Farey-Ford_Geometry_-_Li-Harter-cpl-2015.pdf
http://www.sciencedirect.com/science/article/pii/S0009261415003784
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_wMBars
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar_wMBars
http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.sciencedirect.com/science/article/pii/S0022285201984498
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://www.scitation.org/
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA

Review (Mostly Unit 2.): Was the Trebuchet a dream problem for Galileo? Not likely.
Forces in Lagrange force equation: total, genuine, potential, and/or fictitious

4 J

Trebuchet Simulator
Default URL: https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html

(a) What Galileo Might
Have Tried to Solve

Fig.2.1.2 Galileo's (supposed) problem

Trebuchet Web Simulations:
Default/Generic URL, Montezuma's Revenge, Seige of Kenilworth,

'

'Flinger",
Position Space (Course), Position Space (Fine)



https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=AnimateFlinger
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceCourse
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceFine

Forces in Lagrange force equation: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
o )

r | ConstrainNFofce

Constraintt Force

Centrifugal ’A

Force Centrifugal Force
02 Y,
N UDDOTt ans ¢
Steadying Force Gravitational Force
Gravitational Force ~mg
~ Mg
Acceleration Applied Constraint
and 'Real’ 'Internal’
'Fictitious' Forces: Forces:
Forces: K sreses

Cgaot:ll:O&Li?N FricTn... g)o not cozt)ribute.
49T o i
Do = =—+F,+0

dt 00 90

d 0T JT
) = — = FE+0
peoes (D0 dr 36 09 ot

(modified)

Lagrange Force equations
(See also derivation Eq. (2.4.7) on p. 23, Unit 2)

Compare to derivation Eq (12.25a) in Ch. 12 of Unit I and Eq. (3.5.10) in Unit 3.



Forces in Lagrange force equation: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
o ,
r | ConstrainNFofce
Centrifugal Force

Constraintt Force

Centrifugal ’A

Force
V) o2
~ 0 UPDOT't ans ~0
Steadying Foree Gravitational Force
Gravitational Force ~mg .
M For conservative forces
~ Mg

Acceleration A’pplie'd Constraint  |,}ore- F,=- B_V and: B_V _

and Real 'Internal’ 00 00

'Fictitious' Forces: Forces: F oV 1 oV
. Gravity Stresses —_-— and. —=

CSGOIZZOLiSN Friction... g)oonnoo; Zintribute.
' d&aT—a—T+FI:+0‘/ ) p,=— P
Po= i 96 ~ 0 =38 P T

d T _dT oL .~ JdL

) = — = FFE +0 p., =
e 0T dr 0 a9 :

(modified)

o T 90
Lagrange Force equations Lagrange Potential equations

(See also derivation Eq. (2.4.7) on p. 23, Unit 2) L — 7"_ V
Compare to derivation Eq (12.25a) in Ch. 12 of Unit I and Eq. (3.5.10) in Unit 3.

oL . dL

0

0



Review (Mostly Unit 2.): Was the Trebuchet a dream problem for Galileo? Not likely.
Forces in Lagrange force equation: total, genuine, potential, and/or fictitious

Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
— Trebuchet Cartesian projectile coordinates are double-valued
Toroidal “rolled-up” (q1=0, g2=0 )-manifold and “Flat” (x=0, y=0 )-graph
Review of covariant E, and contravariant Em vectors: Jacobian J vs. Kajobian K
Covariant metric gmn vs. contravariant metric gmn (Lect. 9 p.53)
langent {E,}space vs. Normal {Em}space
Covariant vs. contravariant coordinate transformations
Metric gmn tensor geometric relations to length, area, and volume



Trebuchet Cartesian projectile coordinates are double-valued

Left-handed Right-handed
gumtion configuration —

Fig. 2.2.3 Trebuchet configurations with the same coordinates x and y of projectile m.



Trebuchet Cartesian projectile coordinates are double-valued...(Belong to 2 distinct manifolds)

Left-handed Right-handed
gumtion configuration —

Fig. 2.2.3 Trebuchet configurations with the same coordinates x and y of projectile m.

So, for example, are polar coordinates ... (for each angle there are two r-values)

Fig. 3.1.4 Polar coordinates and possible embedding space on conical surface.



Review (Mostly Unit 2.): Was the Trebuchet a dream problem for Galileo? Not likely.
Forces in Lagrange force equation: total, genuine, potential, and/or fictitious

Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
Trebuchet Cartesian projectile coordinates are double-valued
= Joroidal “rolled-up” (q1=0, g2=0 )-manifold and “Flat” (x=0, y=0 )-graph
Review of covariant E, and contravariant Em vectors: Jacobian J vs. Kajobian K
Covariant metric gmn vs. contravariant metric gmn (Lect. 9 p.53)
langent {E,}space vs. Normal {Em}space
Covariant vs. contravariant coordinate transformations
Metric gmn tensor geometric relations to length, area, and volume



Fig. 3.1.2 Trebuchet torus.

(a) (¢1=86, g°=0 ) coordinate lines. (b)Trebuchet position map and equators.

q2= ¢ = -145° - .. ql=06=-60°

Fig. 3.1.1b (¢! =0, g2=¢ )Coordinate manifold for trebuchet (Right handed sheet.)



“Flat” (q1=6, g2=0¢ )-graph of trebuchet loci compared to “rolled-up” toroidal manifold

Fig. 3.1.2 Trebuchet torus.
(a) (¢1=6, g2=0 ) coordinate lines.(b) Trebuchet position map and equators.

Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.

Trebuchet Web Simulations:
Fig. 3.1.3 "Flattened"” (qg1=0, g2=4 ) coordinate manifold for trebuchet Default/Generic URL, Montezuma's Revenge, Seige of Kenilworth,

'Flinger",
Position Space (Course), Position Space (Fine)



https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=MontezumasRevenge
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=SeigeOfKenilworth
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=AnimateFlinger
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceCourse
https://modphys.hosted.uark.edu/markup/TrebuchetWeb.html?scenario=PlotPosSpaceFine

Toroidal “rolled-up” (¢ =0, g2=¢ )-manifold of trebuchet positions

(a) Coordinate lines

\J

lines

Covariant tangent-space
GCC vectors

E1=Ey and E=E,

Y

| &0

(e_l_q) — CO"St) Fig. 3.1.2 Trebuchet torus.

(a) (¢1=6, g2=0 ) coordinate lines.(b) Trebuchet position map and equators.

Y

/

Py .
Vs

K °
. 1
j\ Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.
50
I |

N



Toroidal “rolled-up” (¢ =0, g2=¢ )-manifold of trebuchet positions and “Flat” (¢/=0, g2=¢ )-graph

(a) Coordinate lines

0 Fig. 3.1.2 Trebuchet torus.
; i (a) (=0, g°=0 ) coordinate lines. (b)Trebuchet position map and equators.

q%= ¢ = -145°

Fig. 3.1.1b (¢! =6, g2=¢ YCoordinate manifold for trebuchet (Right handed sheet.)



Review (Mostly Unit 2.): Was the Trebuchet a dream problem for Galileo? Not likely.
Forces in Lagrange force equation: total, genuine, potential, and/or fictitious

Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
Trebuchet Cartesian projectile coordinates are double-valued
Toroidal “rolled-up” (q1=0, g2=0 )-manifold and “Flat” (x=0, y=0 )-graph
= Review of covariant E, and contravariant Em vectors: Jacobian J vs. Kajobian K
Covariant metric gmn vs. contravariant metric gmn (Lect. 9 p.53)
langent {E,}space vs. Normal {Em}space
Covariant vs. contravariant coordinate transformations
Metric gmn tensor geometric relations to length, area, and volume



A dual set of quasi-unit vectors show up 1n Jacobian J and Kajobian K. ( from p. 45 of Lect. 9 )

J-Columns are covariant vectors {E,=E, E,=Ej

( ! ox! \
aql an
=l
ox“ ox
\d¢'  9q” )
TE, TE,

( Ox ox

or ol

TE,

—=COSQ) —=-

TE¢

¥ sin ¢

\

K-Rows are contravariant vectors {E'=E" E’=E’}

Derived from polar definition: x=r cos ¢ and y=r sin ¢

() Polar coordinate bases

K, (C) Contmr

4

(Tangent)

(Normal)

g'=100

dqg'=1.0

1ant bases {E!' E?}
F \F=F,E'+F,E

( A
QZCOS¢ i Sil’l¢ %Er:El
ox dy
d0p —singg d¢ coso ,
\ Ox r )y ro

Inverse polar definition:
r2=x2+y2 and ¢ =atan2(y,x)

(b) Covariant bases {E E,}
dr=E dq'+E.dg’

E,

NOTE:These
are 2D drawings!
No 3D perspective

Unit 1
Fig. 12.10



or dq"

Comparison: Covariant E,- VS Contravariant £'==-=vq"
. geometric unit ( from p. 50 of Lect. 9 )
Covariant bases {E, E,} match,cell walls
(langent) AI‘ZElAq] ‘|‘E2Aq2 is based on chain rule: dr :% dql+% dqzzEldq1+E2dq2
q q
ar E; follows tangent to g?=const. ...
dg° since only q! varies in ;}_;
while g2, remain constant
K, are convenient bases for extensive quantities like distance and velocity.
VoVE,+VE, =V 120
dg.  dq
Contravariant {E' E?} match reciprocal cells
(Ngrmal) NOTE:These
ppe: — 1 9 are 2D drawings!
861{ = Vc] ’ :Ezl /F F FI E —I_FZ E No 3D perspective
{
I ; . dq'
_v,! E! is normal to q!=const. since n
gradient of g!is vector sum Vq' = o
. . . . q
7200 of all its partial derivatives 3y

E" are convenient bases for intensive quantities like force and momentum.

9" . 9q

F=FE' +EE’=F . +Fz¥:FIVq1+FZVq2



or
Comparison: Covariant E,=

geometric unit

Covariant bases {E E,} match,\cell walls

am

0q"
—V,"
or 1

vs. Contravariant e'=

(Tangent) Ar= ElAq ‘|‘E2Aq is based on chain rule: dr —i dq +aal‘2 dq2 =3 1dq1+E quz
ar E; follows tangent to g?=const. ...
q° since only q! varies in aa -~
while g2, ¢-°,... remain constant
E,, are convenient bases for extensive quantities like distance and velocity. Co-Contra dot
VoVE +VE, =2 20 products k.- Er are
dg'  9q’
, orthonormal:
Contravariant {E' E?} match reciprocal cells 9
(Normal) E =" %9 _5"
ve-gy,  FO\FEFEAHRE A
r {
. . dq’
_ E! is normal to gl=const. Since
=Vq . : | ox
gradient of g’is vector sum Vq' = o
. . . . q
72200 of all its partial derivatives 5

E" are convenient bases for intensive quantities like force and momentum.

1
F=FE +EE =F % 4+ 599 9 = FVq' + Vg
or or




Review (Mostly Unit 2.): Was the Trebuchet a dream problem for Galileo? Not likely.
Forces in Lagrange force equation: total, genuine, potential, and/or fictitious

Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
Trebuchet Cartesian projectile coordinates are double-valued
Toroidal “rolled-up” (q1=0, g2=0 )-manifold and “Flat” (x=0, y=0 )-graph
= Review of covariant E)and contravariant Em vectors{ Jacobian J ys. Kajobian K
Covariant metric gmn vs. contravariant metric gmn (Lect. 9 p.53)
langent {E,}space vs. Normal {Em}space
Covariant vs. contravariant coordinate transformations
Metric gmn tensor geometric relations to length, area, and volume




Coordinate geometry, kinetic energy, and dynamic metric tensor ~vmn Coordinates of mass m

=-rsint 4; (SIng X = —rsinf + £sin¢ (Payload or projeétile): |
Coordinates of M xr=-rsint Xe={Sin¢ X =xp+xe=-rsin®+Lsind
(Driving weight Mg): {2, y=rcost—Llcos¢ y=yr+ye= rcos6-Lcosp
X= Rsin6 7 . Ye=-LCOSP
r=Reso  yreost " [ (Lfromp. 20of Lect. 14 )
X=-Rsin0 0 ‘ Ty =rcos0-0cos

geometry of trebuchet simplified somewhat...

Cartesian
Y coordinate
Axis

 Z yg:-fcosq)

. . /R 0O YY=-RcosH
X= R sin 6 S

L / | Cartesian
Vi . X coordinate
A .
Axis
|
|
0 \J

Based on Fig. 2.2.1



Jacobian transformation matrix

| X =—rsin6+ {sing
Ox’

— )= y=rcosO—/Lcoso
dq

1 2

ozt Oz’ 0z Oz E E

dq¢"  0q° g 3_¢ _ d -

= = | —rcosf Llcos¢

2 2 8 a
Zzl 2—22 G_Z 8_;1 —rsinf  £sin ¢
| Covariant vectors E,
E —rcosb E — Ccoso
0 . ) 6 .
—rsinf ¢sin ¢




Jacobian transformation matrix

| X =—rsm6+ /s
Ox’

— )= y=rcosO—/lcosp
dq

1 2

ozt Oz 0z Oz E E

o of || o | f—— 5

= = | —rcosf {lcos¢

2 2 a 8
Zzl g; a_z 8_Z —rsinf  £sin ¢
“ | Covariant vectors E,
E — —rcosb E — Ccos¢
0 . ? 6 .
—rsinf {sin ¢

Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.




Review (Mostly Unit 2.): Was the Trebuchet a dream problem for Galileo? Not likely.
Forces in Lagrange force equation: total, genuine, potential, and/or fictitious

Geometric and topological properties of GCC transformations (Mostly from Unit 3.)
Trebuchet Cartesian projectile coordinates are double-valued
Toroidal “rolled-up” (q1=0, g2=0 )-manifold and “Flat” (x=0, y=0 )-graph
=3 Review of covariant E, and Contravariant Em)vectors: Jacobian J vs(Kajobian K)
Covariant metric gmn vs. contravariant metric gmn (Lect. 9 p.53)
langent {E,}space vs. Normal {Em}space
Covariant vs. contravariant coordinate transformations
Metric gmn tensor geometric relations to length, area, and volume




Kajobian transformation matrix versus
oq" Using 2x2 inverse| p s
- ) = A B) |C 4

or’ C D) AD-BC

1 1
3_(]1 36]2 E 00 00 lsing —fcos¢ E’
83:2 (9562 ox 0y _ | rsinf -rcos6 E’
8_q 9q E? op O Crsinf cosp-Lrsing cost
oz' 02 a. A

: : ox 0y

Jacobian transformation matrix

ox’ B
0q"

X =—rsin6+ {sing

y=rcosO—/lcosp

E, E,
9z O CL E, E
dq" 0q° | 90 Do | ‘
92" 9y = 9y oy = | —rcosf {lcos¢
82:1 322 EY) 6_¢ —rsinf  £sin ¢
L Covariant vectors E;,
E — —rcost E — lcos¢
0 . ) b .
—rsinf {sin ¢

Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.



Kajobian transformation matrix versus
oq" Using 2x2 inverse| o -s
. p— A B 3 -C A
Ox’ (C Dj ~ AD-BC
1 1
3_(]1 3(]2 | E o9 08 (sing —lcos¢p | E’
gaz ng _ ox 0y _ rsind —rcosf | E?
42 g ) resin(0 — o)
N R R T
Contravariant vectors Em versus

E’ :( ¢sing —Llcoso )/Wsin@—cb)

E’ I( rsinf —rcosf )/Tfsm(g—@

Jacobian transformation matrix

X =—rsin6+ {sing

oz’
Py = y=rcosO—/lcosp
q
8331 8.’171 @ % E E
3¢ of | o o | d 2
92 B = 9y Iy = | —rcosf {lcos¢
(921 322 B (‘9_¢ —rsinf  £sin ¢
P Covariant vectors E,
E —| —rcosf E — tcos¢
o . ) b .
—rsinf ¢sin ¢

Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.



Kajobian transformation matrix versus
oq" Using 2x2 inverse| p -s
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Fig. 3.2.3 Example of contravariant unitary vectors and their normal space.
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\ ) = = | —rcosf {lcos¢
dz” Oz dy 9y : :
oF oF 50 o6 —rsinf  £sin ¢
| Covariant vectors E,
E — —rcost E — lcos¢
0 . ) b .
—rsinf ¢sin ¢

Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.



Kajobian transformation matrix versus Jacobian transformation matrix
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Fig. 3.2.3 Example of contravariant unitary vectors and their normal space. Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.
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Toroidal “rolled-up” (q1=0, g2=0 )-manifold and “Flat” (x=0, y=0 )-graph
Review of covariant E, and contravariant Em vectors(Jacobian J ys. Kajobian K
= @ovariant metric gmrDvs. contravariant metric gmn (Lect. 9 p.53)
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Covariant vs. contravariant coordinate transformations
Metric gmn tensor geometric relations to length, area, and volume
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Kajobian transformation matrix versus Jacobian transformation matrix
oq" Using 2x2 inverse‘ D B 9 X =-rsinb+{sing ]
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F o .| E o o0 lsing —fcos¢ | E ot Ot dz 9z - B
8332 ;32 _| 9z Oy |_|rsin@ —rcosd E’ 8_(]1 8_(12 | o o | 0 ¢
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0 . ) b .
. 0 1 é —rsin 6 ¢sin ¢
E’ = ( rsinf —rcos® )/Tf sin(0 — ¢) EE =1=E -E
Contravariant metric gn=EmeEn=gnm versus Covariant metric gmn=Em*E,=gum
99 90 | | BoEy EpE,
oo I EqE, EqE
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Review (Mostly Unit 2.): Was the Trebuchet a dream problem for Galileo? Not likely.
Forces in Lagrange force equation: total, genuine, potential, and/or fictitious
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Kajobian transformation matrix versus
oq" Using 2x2 inverse| o -s
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1 1
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_ql q2 E’ Jdp 9P résin(0 — @)
8:x 8?@ ox 0y
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Covariant metric gmn=Em*E,=gum
9o 95 | | EoE, EjE,
o Yoo BB, BE-E,
B r?  -rf(cos O cos ¢+ sin O sin @)
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Kajobian transformation matrix versus Jacobian transformation matrix
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Contravariant vectors Em versus

Covariant vectors E,

Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

U=U"E_=U E"'=U"E_=U_E"
where the Um, Vm, .. are contravariant components
U™ =U-E™, V" =V.E™, and U" =U-E™, 7" =V.E™,,

Normal space (Contravariant)

\/g 00 Fig. 3.3.2
Contravariant vector geometry
in a normal space .
\ ¢

Metric gmn or gmn tensor geometric
relations to length, area, and volume

V=V"E_=V E"=V"E_=V_E"

and the Un , Vn,..are covariant components

U =UE_, V =VeE_, and U_=UsE_, ew

Tangent space (Covariant)

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,E¢ ).

Cfrom p. 95 of Lect. 1 4)




Contravariant vectors Em versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

U=U"E_=U E'=U"E_=U_E" V=V"E_=V E"=V"E_=V_E"
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Contravariant vector E” 18 written 1n terms of covariant vectors E,,
as would any vector V= J" E, using dot product /'"=VeE” and metric g, or gmn...

Metric gmn or gmn tensor geometric
relations to length, area, and volume



Contravariant vectors Em versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

U=U"E_=U E'=U"E_=U_E" V=V"E_=V E"=V"E_=V_E"
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Contravariant vector E7 1s written in terms of covariant vectors E,
as would any vector V= J" E, using dot product /'"=VeE” and metric g, or gmn...
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Contravariant vectors Em versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,
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Covariant vector geometry
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Contravariant vector E” 18 written 1n terms of covariant vectors E,
as would any vector V= J" E, using dot product /'"=VeE” and metric g, or gmn...
Emn=(EmyE, implies: (Em)r = EmeEn = gmn
so: Em= gm K,
and:E, = gn, Em ...the same for covariant vectors
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Contravariant vectors Em versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,
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Contravariant vector geometry
A in a normal space .
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Tangent space (Covariant)
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Covariant vector geometry
in a tangent space ( Eg,E¢ ).
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Cfrom p. 96 of Lect. 1 4)




Contravariant vectors Em versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,
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Covariant vector geometry
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Contravariant vectors Em versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,
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Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,E¢ ).
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Contravariant vector E" for frame {61 .q ,--_-}1s_wr1tten in:terms of
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Contravariant vectors Em versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

U=U’"Em=UnE“=UmEIﬁ=UﬁEIl V=VmEm=VnE"=V”’/’Elﬁ=VﬁEn
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Normal space (Contravariant) Tangent space (Covariant)

\/g 00 Fig. 3.3.2
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Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,E¢ ).
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Contravariant vector E" for frame {61 .q ,--_-}1s_wr1tten in:terms of
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Contravariant vectors Em versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,
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Tangent space (Covariant) area spanned by VIE| and V2E; Tangent space (Covariant)

Area(VlEl,VzEz) =V'V2[E, xE,| = V'V 2 [(E, xE, ) (E, xE,)

Area(VlEszEz) =2 (oK, )(E, o E, )~ (E, o E, )(E, o E,

Metric gmn or gmn tensor geometric
relations to length, area, and volume



Tangent space (Covariant) area spanned by VIE| and V2E; Tangent space (Covariant)

Area(VlEl,VzEz) =V'V2[E, xE,| = V'V 2 [(E, xE, ) (E, xE,)

Area(VlElaVzEz) =72 (oK, )(E, o E, )~ (E, o E, )(E, * E,

12
=V \/gngzz_glzgm

where: g,=E*E, =¢g,,

Metric gmn or gmn tensor geometric
relations to length, area, and volume



Tangent space (Covariant) area spanned by VIE| and V2E; Tangent space (Covariant)

Area(VlEl,VzEz) =V'V2[E, xE,| = V'V 2 [(E, xE, ) (E, xE,)

Area(VlElaVzEz) =72 (oK, )(E, o E, )~ (E, o E, )(E, * E,

10 12
=72 2| 1800~ 812851 =V'V7 |det

where: g,=E*E, =¢g,,

Metric gmn or gmn tensor geometric
relations to length, area, and volume



Tangent space (Covariant) area spanned by V/E1 and V2E; Tangent space (Covariant)

Area(VlEl,VzEz) =V'V2[E, xE,| = V'V 2 [(E, xE, ) (E, xE,)

Area(VlElaVzEz) =72 (oK, )(E, o E, )~ (E, o E, )(E, * E,

10 12
=72 2| 1800~ 812851 =V'V7 |det

where: g,=E*E, =¢g,,

Normal space (Contravariant) area spanned by V;Eland V;E?

(VIEI,VZEZ) = Vle‘El ><E2‘ = VIVZ\/(El ><E2)0(E1 sz)

(VIEI,VzEz) = Vle\/(El -El)(E2 OEz)—(El oEZ)(El 0E2)

11 22 12 21 gll g12
=V1V2\/g g —g g =V1V2 det

21 22
g g

12 w2 21
relations to length, area, and volume Where:g "=EeE” =g



Area(VlEl,VzEz) =V'V2[E, xE,| = V'V 2 [(E, xE, ) (E, xE,)

AV@“(VlEszEz) =72 (oK, )(E, o E, )~ (E, o E, )(E, * E,
|

Tangent space (Covariant)

S ) _ 2 &1 812
=172 211820~ 8128y =V'V? |det
821 82
where: g,=E*E, =¢g,, |
EG
g g g gll g12 10
Determinant product rule: det|g . |-det| g“°" |=1 since (g )= g or: etz _
o - g 8 21,22 0 1
21 822 g?l ¢
(Recall: E_<E"=]) €,.,,) @y T = (1)

\_

Normal space (Contravariant)

(VlEl,VzEz) = V1V2|E1 ><E2‘ = Vle\/(El ><E2)-(E1 sz)

(VIEI,VzEz) = Vle\/(El -El)(E2 oEz)—(El oEz)(El 0E2)

11 22 12 21 gll g12
=V1V2\/g g —-g g =1y, det

21 22
g g

o120 o2 21
relations to length, area, and volume Where:g "=E eE” =g




3D Covariant Jacobian determinant J-columns are E;, E2 and Es.

£ o o
aql (96]2 8(_]3
Volume(VlEl,VQEQ,V?’E?)) — VS ‘El % E2 o E3 — VW23 det axf (95132 (9:1::
d¢  dq° 0q
oz’ 0z’ 0z’
o¢" 9¢° 0¢’

Metric gmn or gmn tensor geometric
relations to length, area, and volume




3D Covariant Jacobian determinant J-columns are E;, E2 and Es.

oxr o0z' 01

o¢" 0¢° 9q°

ox® 0x° 0z
Volume(VlEl, V’E,, V3E3) = V'VV’|E xE, ¢ E | = V'V*V* det

o¢" 0¢> 0¢°

oz’ 0z’ 0z’

o¢" 0q¢° 9q°

Covariant metric matrix 1s product of J-matrix and its transpose J7

ozt o0z* 0z’ ozt 0z Oz

dq¢" 0q¢' 0O¢' o¢" 0q¢° 0¢°

gll 912 gl3 1 9 3 9 9 9

e =l g o g |= or Oz Oz . Jz~ Oz~ Oz
cov 21 22 23 aq2 aq2 aq2 aql 6q2 aq3
Iso Iz I ozt 0z 0z’ or* 0x° 0z’

dq¢> 0¢° 0¢q° dq¢" 0q¢° 9q°

Metric gmn or gmn tensor geometric
relations to length, area, and volume

= J'eJ



3D Covariant Jacobian determinant J-columns are E;, E2 and Es.

oxr o0z' 01

o¢" 0¢° 9q°

1 2 3 1y 721/3 17 727/3 oz® 0x° 01
Volume(V'E,,V’E,,V’B,) = V'V'V’|E, xE, o B,| = V'V*V* det

o¢" 0¢> 0¢°

oz’ 0z’ 0z’

o¢" 0q¢° 9q°

Covariant metric matrix 1s product of J-matrix and its transpose J7

ozt o0z* 0z’ ozt 0z Oz

dq¢" 0q¢' 0O¢' o¢" 0q¢° 0¢°
97 Y95 Yy 1 9 3 P 2 2
_ | 0z Oz Ox dz® 0Oz° O _ TeJ
gcov — g21 922 g23 o a 2 a 2 a 2 ¢ a 1 6 2 3 o *
q q q q q¢ 0q
g31 g32 g33

ozt 0z 0z’ or* 0x° 0z’
dq¢> 0¢° 0¢q° o¢" 0q¢° 0¢°

Then determinant product (det|A| det|B| = det|A*B|) and symmetry (det|AT| = det|A|) gives:

Volume(V'E,,V’E,,V'E,) = V'V*V* det|J| = V'V*V* [detg

cov

Metric gmn or gmn tensor geometric
relations to length, area, and volume




3D Contravariant Kajobian determinant K-rows are E!, E2 and E3.

Volume (VlEl, VE, v3E3) S AAY

E'<xE’eE’| = VlVQV;) det

dq¢" 0O0q° 0¢
ox' 0z 0z’
0¢> 0q¢° 0q
oz 0z° 0z’
dq¢° 0q¢° 90¢°
ox' 0x° 0z’

<

J

<

Contravariant metric matrix 1s product of K-matrix and its transpose K7

cont

11

21

31

12

22

32

13

23

33

dq¢" 0q¢' 0O¢q'
ox'  0z> 0z’
0¢° 0q¢° 0q°
oz 0z> 0z’
dq¢° 0¢° 0¢°
oz 0x° 0z’

dq¢" 0q¢° 0z
ox'  0z' 9q¢°
dq¢" 0q¢° 0¢°
ox> 0z° 0z’
o¢" 90q¢° 0¢°
oz’ 02’ 0z’

— KeK"

Then determinant product (det|A| det|B| = det|A*B|) and symmetry (det|A”| = det|A|) gives:

Volume (VE',V,E,V,E') = VV,V, det| K| = V.V, [det

Metric gmn or gmn tensor geometric

relations to length, area, and volume

cont
g




Lagrange force equation analysis of trebuchet model (Mostly from Unit 2.)
=y Review of trebuchet canonical (covariant) momentum and mass metric ymn (Lect. 14 p. 82)

Review and application of trebuchet covariant forces Fo and Fy (Lect. 14 p. 74)

Riemann equation derivation for trebuchet model
Riemann equation force analysis
2nd-guessing Riemann equation?



Canonical momentum and ~mn tensorReview ofpo, ps vs ymn from p. 79 of Lect. 14)

oT : :
Standard formulation of pn = YT The ~vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
| . .. . Y Y :
= 5[( MR? + mr?)0? = 2mrlcos(6 — ) 9¢+m£2¢2J :%( 6 ¢ ) 0.0 10.9 [ 0 ): % o
Yoo Vo0 ¢
3T 9 | where: Yoo Vo0 B MR? + mr? —mrlcos(6—0)
Dy = 5 89( (MR2 + mr )92 — mrlcos(6 —¢) 00 + — m€2¢ ] Ymn tENSOY 1S Yoo Yoo —mrlcos(6—) .
= (MR? + mr*)0 — mridcos(6 — 9) (Momentum Ymn-Matrix theorvem. A
oT 9 or
Py = %3 [ (MR + mr )92 — mrlcos(6 —¢) 00+ — m€2¢ ] Ps 90 Yoo Yoo 0 )
(P ‘P = = : if: Yo.0 = Vo (symmetry)
2 Py or Yoo Voo J\ O
= ml*“$p— mrl6cos(6 — @) ¢ ’ ’
B MR* +mr*  —mrlcos(6—¢) ( 0 J
—mr{cos(0 — @) mé* ¢
\ Y,
(" Momentum Ymn-1€NSOr theorem: (proof here)
L Pm = Ymn 4"
oT |
proof: Given:p, = aq—m where: T = —j/jkqjqk
o1 1 aq 1 ;94"
Then: p, = o S d’d" =27 L 7 ud’ o

ol
= O Y 8 = 27

= ynanq if : ymn = ynm QED



; . T T T
Lagrange equation force analysis j ;,M - 5 P
Dot means total differentiation tog - oq
Everything that can move contributes. (Very easy to miss a term!)

dq"

Dy = %pe ;((MRZ+mr2)9—mr€(ﬁcos(9—¢)) [M,R,rr,7, and / are (thankfully) zero]
d d
p¢ E = E( €2¢ mrl6cos(6 — q)))
Dy = gg aae( (MR? + mr*)0? — mrlcos(6 — ¢) 9¢+ Lo 20 )
=(MR + mr )O—mrfgbcos(e—(b)
Py = 31 aa(p( (MR? + mr*)0? = mrlcos(6 — ) 06 + — mﬁ(p )

= m/ (p— mrl6cos(6 — )

=Py~ =b

p-dot part of
Lagrange
2nd equations

From preceding
Lagrange
[st equations



; . T T T
Lagrange equation force analysis j ;,M - 5 P
Dot means total differentiation tog - oq
Everything that can move contributes. (Very easy to miss a term!)

dq"

Py = %pe jt ((MR2 + mr’ )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]
= (MR + mr* )0 — mr(¢ cos(0 — §)+ mri¢(6 — §)sin(6 — ¢)
. d d 5
—p.= —|\ml 76 cos(6 — )
Py = Py= (%= mrtdcos(6 - )

= m€2¢ — mrl6cos(6 — )+ mrl0(6 —d)sin(6 — )

Jof o
20 06
= (MR* + mr*)6 — mrigcos(6 — ¢)
Jof o
8¢ 8¢
= m/ (/j — mrl6cos(6—¢)

Py = ( (MR? + mr*)0? — mrlcos(6 — ¢) 9¢+ Lo ) )

Py = ( (MR? + mr*)0? = mrlcos(6 — ) 06 + — mf%p)

:pu——:FH’

p-dot part of
Lagrange
2nd equations

From preceding
Lagrange
[st equations



. . T T T
Lagrange equation force analysis 49 9T _, T _p
' ot dt dg" dqg" s H
Dot means total differentiation

dq"

Everything that can move contributes. (Very easy to miss a term!)
. d d
Do = EP@ s
= (MR + mr* )0 — mr(¢ cos(0 — §)+ mri¢(6 — §)sin(6 — ¢)

= (MR + mr* )6 — mr(§ cos(6 — §) + mr(6¢ sin(6 — ) — mrL¢” sin(6 — )

((MR2 + mr* )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

. d d
Py = = — Py~ dt(mé & —mrlBcos(6 — qb))
= ml*$ — mrl6cos(6 — d) + mrl6(6 — §)sin(6 — 9)
= ml*¢ — mrt6cos(6 — ) — mrl 6 sin(0 — o)+ mrl6* sin(6 — )
of 9
Po==7 ae( (MR? + mr*)0? — mrlcos(6 — ¢) 9¢+ Lo ) ]
=(MR + mr )9—mr€¢cos(0—¢)
) or _ 9 (MR2 + mr?)0% — mrlcos(6 — ) 6 + — me%p )
"9 3\ 2

— mgz(p — mrl6cos(6—¢)

p-dot part of
Lagrange
2nd equations

From preceding
Lagrange
[st equations



Lagrange force equation analysis of trebuchet model (Mostly from Unit 2.)
Review of trebuchet canonical (covariant) momentum and mass metric Ymn (Lect. 14 p. §2)

=-(Review)and application of trebuchet covariant forces Fy and F (Lect. 14 p. 74)

Riemann equation derivation for trebuchet model
Riemann equation force analysis
2nd-guessing Riemann equation?




F A
dwo/rce VZ% amle iceleg)ccz t—iollg dy @eview of Fo, Fyvs Fy, F, Fx, Fy from p. 74 of Lect. 14 )

= MXdX + MY dY + midx + mydy
Write work-sums in columns. X( Usmg GCC do and do in Jacobian)

dW= F,dX = MXdX = FX—dH FX—d¢ = w2 ao+ MX&—Xdcp
0 n 90 o6
y 8 224 Y Y
E, dY MY dY de F,—d e go+ v g
+F dx + mX dx +Fx§—d9 Fxg—:;dgb +mx§—9d9 mxg—:;dq)
. dy dy dy dy
+F, dy + my dy + F,—d0 +F,— d¢ +my—d9+my—d¢
_ 90 o 96 o )
STEP 2 2 .2 -2
MX* MY® Mx® M
Add up first and last columns for each vaw 0 and o for: T= 2 + 2 + 2 y
Lagrange v
0X Y 0x % X Y
trickery: | LetiFxoyt B =+ F—0 +F = Y F<Def1nesF< Let : Fy 20 Fyé,—(p F;8—¢ y a F<DeflnesF<
_p 40T _or _p 4T _JT
Y droe 90 Y dr dd I

F Rcos@+l_1j”__]_€__s_}p_q____lj“__rc089 Frsm@ Fy-0+F, -0+ F/(cos¢ +F€s1n_f]_)_.
_p_ddT _JT _p_ddr _dT
Y drdo 98 T4 b ap
Add Fy gravity given Add F, gravity given

(Fx=0, Fy=-Mg)
(F:=0, Fy=-mg)
Fy = 4o _IT _ =—mglsing®

dt ) p gl

(Fx=0, Fy=-Mg)
(F:=0, F, =—mg)

These are competing torques on main beam R. . and a torque on throwing lever {

Used on p.67-71



. . T T T
Lagrange equation force analysis ;,M _5 —=p, —j—f
Dot means total differentiation dt dq 1 1
Everything that can move contributes. (Very easy to miss a term!)

P, = %pgz %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

= (MR + mr* )6 — mr(§ cos(6 — §) + mr(6¢ sin(6 — ) — mrL¢” sin(6 — )

, _d d
p(p—Ep(p_E

= mézd)' — mrlo cos(0 — @)+ mrl 9(9 — ¢5) si(6 — o)
= m€2¢5 — mrlo cos(0 —@)—mr/ 9¢3 sin(6 — @)+ mr/ 6 sin(6 —¢)

( fng — mrl6cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq* terms
py=F,+ g—g: F,+ %(%(MRZ + mr* )9’2 - %mﬁz([)z — mrl6¢cos(6 — ¢))

p¢= F¢ +§—;= F¢ +&%(%(MR2 + mrz)éz +%m€2q52 — mrﬁéq'bcos(@—qb))

F

)

p-dot part of
Lagrange
2nd equations

The rest of
Lagrange
2nd equations



dJr JT . JT _

Lagrange equation force analysis -~ -——"=p,~~=F,
Dot means total differentiation 94 9
Everything that can move contributes. (Very easy to miss a term!)
P, = %pgz %((MR2 + mr* )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]
= (MR + mr* )0 — mr(¢ cos(0 — §)+ mri¢(6 — §)sin(6 — ¢) p-dot part of
; N - B . o Lagrange
= (MR + mr )9 —mrlpcos(0—¢)+mrl0¢ sin(6 —@)—mrlp” sin(6 — Q) 2nd equations
. d d ( 7 :
=—p.= —|mlp—mriOcos(6— )
Py i Py i ¢ (0-0)
= ml*$— mrl6cos(6 — @)+ mrl0(6 — §)sin(6 — )
= ml*¢ — mr6cos(6 — ) — mrl6 sin(6 — @)+ mrl6? sin(6 — )
Set equal to real (gravity) force F, plus fictitious force OT/Oq* terms
- JaT _ ARYPS 2N\g2, 1 2.0 . B The rest of
Dp=F,+ B Fy+ 86(2 (MR + mr )9 + 5 ml=¢p° —mrlO¢pcos(0 q))] Lagrange
= F, + mrl6¢ sin(6 — ) 2nd equations

p¢= F(P +8&—§;= F(P +5%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)]

= F, —mr( 0¢ sin(6 — ¢)




Lagrange force equation analysis of trebuchet model (Mostly from Unit 2.)
Review of trebuchet canonical (covariant) momentum and mass metric Ymn (Lect. 14 p. 77)

=3 Review and(application)of trebuchet covariant forces Fy and Fy (Lect. 14 p. 69)

Riemann equation derivation for trebuchet model
Riemann equation force analysis
2nd-guessing Riemann equation?




dJr JT . JT _

Lagrange equation force analysis -~ -——"=p,~~=F,
Dot means total differentiation 9 9 q
Everything that can move contributes. (Very easy to miss a term!)

P, = %pgz %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

= (MR + mr* )6 — mr(§ cos(6 — §) + mr(6¢ sin(6 — ) — mrL¢” sin(6 — )

. d d
p(p—Ep(p_E

= ml*$ — mrl6cos(6 — d) + mrl6(6 — §)sin(6 — 9)
= ml*¢ — mrt6cos(6 — ) — mrl 6 sin(0 — o)+ mrl6* sin(6 — )

( fng — mrl6 cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq* terms

py=F, +g—g= F, +%(%(MR2 + mr2)92 +%m€2q52 — mrKQQSCOS(H—q)))
= F, + mr(0¢ sin(6 — ¢)

Py= F(P +8&—§;= F(P +5%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)j

= F, —mr( 0¢ sin(6 — ¢)

gravity forces F,, from p.74 of Lect. 14 (or p.63 above)
F, =—MgRsin0+ mgrsin0

Fy=—mglsing



Lagrange equation force analysis
Dot means total differentiation
Everything that can move contributes. (Very easy to miss a term!)

d d

d oT  oT _
di 9§"  9q"

oT

F

Py =—Py= —((MR2 +mr’ )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

Cdt'? dr
= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

Using: p,=F,+

7

ar
dq"

. d d
p(p—Ep(p_E

= ml*$ — mrl6cos(6 — d) + mrl6(6 — §)sin(6 — 9)

( fng — mrl0cos(6 — qb))

= (MR2 + mrz)é— mrl$cos(0 — @)+ mrl0¢ sin(0 — @) — mrl ¢’ sin(0 —¢) = F, +mrl6¢ sin(0 =) -

= m€2¢5 — mrlBcos(0 —p)— mrlO¢ sin(6 — @)+ mrlo ? sin(6 —¢)

=F, —mr(0¢ sin(6 — ¢);

¢

Set equal to real (gravity) force F, plus fictitious force OT/Oq* terms

py=F, +g—g=F9 +%(%(MR2 +mr2)92 +%m€2q52 — mrﬁ@ﬁ)cos(@—Q))]

= F, +mr(0§ sin(6 — )

p¢= F(P +8&—§;= F(P +5%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)]

¢

gravity forces F,, from p.74 of Lect. 14 (or p.63 above)
F, =—MgRsin0+ mgrsin0

Fy=—mglsing



Lagrange equation force analysis
Dot means total differentiation
Everything that can move contributes. (Very easy to miss a term!)

d d

d oT  oT _
di 9§"  9q"

oT

F

Py =—Py= —((MR2 +mr’ )9 — mrf(ﬁCOS(Q — (P)) [M,R,m,7, and ¢ are (thankfully) zero]

Cdt'? dr
= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

Using: p,=F,+

7

ar
dq"

. d d
p(p—Ep(p_E

= ml*$ — mrl6cos(6 — d) + mrl6(6 — §)sin(6 — 9)

( fng — mrl0cos(6 — qb))

= ((MR® +mr* )6 — mrt ¢ cos(6 — ¢) + mrtodsin@=0)— mri§*sin(0 —9) = F, £mrto¢sin(@=p)

= ml*$ — mrt0 cos(6 — 0) — mrtd=sin(@=0)+ mrl6* sin(6 — )

= F, —irt0¢-sin(B=0)

¢

Set equal to real (gravity) force F, plus fictitious force OT/Oq* terms

py=F, +g—g=F9 +%(%(MR2 +mr2)92 +%m€2q52 — mrﬁ@ﬁ)cos(@—Q))]

= F, +mr(0§ sin(6 — )

p¢= F(P +8&—§;= F(P +5%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)]

¢

gravity forces F,, from p.74 of Lect. 14 (or p.63 above)
F, =—MgRsin0+ mgrsin0

Fy=—mglsing



dJr JT . JT _

Lagrange equation force analysis -~ -——"=p,~~=F,
Dot means fotal differentiation 1 9 9
Everything that can move contributes. (Very easy to miss a term!)

. d d ) 2\ 4 : Lo -
Dy = Epg— E((MR + mr )9 —mrlpcos(6 — (P)) [M ,R,m,r, and / are (thankfully) zero]
= (MR + mr* )0 — mr(¢ cos(0 — §)+ mri¢(6 — §)sin(6 — ¢)
= (MR® +mr* )6 — mri¢cos(6 —§) — mrl§” sin(6 — ) = F,
o d d( 5, .
Py = Ep(p— E( 0°¢p— mré@cos(@—gﬁ))
= ml*¢ — mrl6cos(6 — d)+ mrl6(6 — §)sin(6 — 9)
= mfz(ﬁ — mrlBcos(6 — )+ mrl6* sin(6 — ) =F,

Set equal to real (gravity) force F, plus fictitious force OT/Oq* terms

py=F, +g—g=F9 +%(%(MR2 +mr2)92 +%m€2q52 — mrﬁ@ﬁ)cos(@—Q))]

=Fy+mrl O SIN(O — (1) | ---rvmmemmeememmeem e

Py= F(P +8&—§;= F(P +5%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)]

= F, — 70O SIN(6 = ) | -eeeeemeemeeeeeeeeeeee e

¢

gravity forces F,, from p.74 of Lect. 14 (or p.63 above)
F, =—MgRsin0+ mgrsin0

Fy=—mglsing



dJr JT . JT _

Lagrange equation force analysis -~ -——"=p,~~=F,
Dot means total differentiation v 94 9
Everything that can move contributes. (Very easy to miss a term!)
o d d . . o
P, = Epgz E((MRZ +mr’ )9 —mrlpcos(6 — (P)) [M ,R,m,7, and ¢ are (thankfully) zero]
= (MR + mr* )0 — mr(¢ cos(0 — §)+ mri¢(6 — §)sin(6 — ¢)
— (MR2 +mr’ )é —mrl¢cos(0 —d)—mrlo* sin(6 — ) = F, =—MgRsin6 + mgrsin0 |-
d d|{ . .
), =—p, = —|ml p—mri0cos(6— )
Py i Py i ( ¢ (0-0)
= ml*¢ — mrl6cos(6 — d)+ mrl(6 — §)sin(6 — 9) ,
= ml*¢ —mri@cos(6—)+mrl6?sin(6 —o) = by =-mglsm¢g | i

Set equal to real (gravity) force F, plus fictitious force OT/Oq* terms

py=F, +g—g= F, +%(%(MR2 + mrz)é2 +%m€2q52 — mrﬁ@ﬁ)cos(@—Q))]
= F, + mrl0¢ sin(0 — ¢)

Py= F(P +8&—§;= F(P +5%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)]

= F, —mr( 0¢ sin(6 — ¢)

gravity forces F,, from p.74 of Lect. 14 (or p.63 above) -



Lagrange equation force analysis ~+2L T _; T _

- =p ———=F
Y Y O
Dy= (MR2 +mr’ )é — mrfécos(@ —0)— mr€q52 sin(6 — ¢) = F, =—MgRsin0 + mgrsin6

p¢= m€2¢) —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing




Lagrange force equation analysis of trebuchet model (Mostly from Unit 2.)
Review of trebuchet canonical (covariant) momentum and mass metric Ymn (Lect. 14 p. 77)

Review and application of trebuchet covariant forces Fo and Fy (Lect. 14 p. 69)

= Ricmann equation derivation for trebuchet model
Riemann equation force analysis
2nd-guessing Riemann equation?
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Riemann equation force analyvsis — =
9 f Y dt dg" dq" Pu

Riemann equation force analysis solves for GCC accelerations 6 and ¢

D= (MR2 + mr’ )é — mrlgcos(6 — ) —mri¢’ sin(6 — ) = F, =—MgRsin0 + mgrsinf

p¢= m€2¢) —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing
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Riemann equation force analyvsis — =
9 f 4 dt dg" dq" Pu

Riemann equation force analysis solves for GCC accelerations 6 and ¢

D= (MR2 + mr’ )é — mrlgcos(6 — ) —mri¢’ sin(6 — ) = F, =—MgRsin0 + mgrsinf

p¢= m€2¢ —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing

Fy
Fy

In matrix form.

Py | (MR2 + mrz) —mr/cos(6 — o) o B mrl¢” sin(6 — @) ~
Py —mrlcos(6 — ) me 0 —mr(6” sin(6 — ¢)
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dr9g"  ag" "

Riemann equation force analysis F

Riemann equation force analysis solves for GCC accelerations 6 and ¢

D= (MR2 + mr’ )é — mrlgcos(6 — ) —mri¢’ sin(6 — ) = F, =—MgRsin0 + mgrsinf

p¢= m€2¢ —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing
In matrix form.

Pe | (MR>+mr*)  —mrlcos(®©—¢) | é | mrtd?sino-9) | [ F
Py —mrlcos(6 — ) mi’ 0 —mr(6” sin(6 — ¢) F,

This uses the | To.o Yoo | | MR*+mr*  —mrlcos(6—9) —MgRsin6 + mgrsin 0
Ymn l€NSOV : Yoo Yoo —mrlcos(8 — ¢) Y, =

—mg/lsing@




dor 9T . T _
i dg"  ag"

F

Riemann equation force analysis el

Riemann equation force analysis solves for GCC accelerations 6 and ¢

D= (MR2 + mr’ )é — mrlgcos(6 — ) —mri¢’ sin(6 — ) = F, =—MgRsin0 + mgrsinf

p¢= m€2¢ —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing
In matrix form.

Pe | (MR>+mr*)  —mrlcos(®©—¢) | é | mrtd?sino-9) | [ F
Py —mrlcos(6 — ) mi’ 0 —mr(6” sin(6 — ¢) F,

Ymn lENSOT Yoo Voo —mrlcos(6 — @) me?

Po | | Yoo Voo |[ 6 | | Fytmrig’sin(6-¢)
pq) Y¢’Q }/(D,(P ¢ F;Z) — m”'féz Sin(9 — ¢)

Need to invert the ymp-matrix... Lets consolidate ...

This uses the [ Yoo Vo0 }:[ MR*> +mr*  —mrlcos(6—0¢) ] { —MgRsinO + mgrsin }

—mg/{sing
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Riemann equation force analysis <9 9T _; 9T _

dt dg"  dg" " gt *
Po= (MR2 +mr’ )65 —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6
p¢= m€2¢5 —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
Py —mrlcos(6 — ) me 0 —mr(6” sin(0 — ¢)

This uses the [ Vo0 Vo0 }_[ MR* +mr*  —mricos(6—0) ]

Fy
Fy

[ —MgRsin6 + mgrsin0 )

Ymn lENSor . Yoo Voo —mrlcos(6 — @) me?

Po | | Yoo Voo |[ 6 | | Fytmrig®sin(6-¢)
p(p 7¢,9 Y¢’¢ ¢ F;I) — ml’féz Sin(Q — ¢)

Need to invert the Ymn-matrix...

—mg/lsingQ
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rce analysis _A L, 9 _F
Riemann equation forc ySis 0 9 =P o =h

Po=|(MR* + mr* )0 — mr(§ cos(6 — §) — mr(¢” sin(6 — ¢)

=F, =—MgRsin0 + mgrsin6

Py= ml?¢  —mrl6cos(0 — )+ mrl6? sin(6 — ¢)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
Py —mrlcos(6 — ) me 0 —mr(6” sin(0 — ¢)

This uses the [ Vo0 Vo0 }_[ MR* +mr*  —mricos(6—0) ]

= F(p =—mg/lsing@

Fy
Fy

[ —MgRsin6 + mgrsin0 )
Ymn tensor : Yoo Yo —mrlcos(6 — ) il = —mgf sinq)
[ p, ]_[ Yoo oo ]( g ] [ B+ mrtd*sin@-0)
P, B Yoo Voo o | F; — mr(6”sin(6 — ¢)
me’ mr{cos(6—0)
Need to invert the Ymn-matrix... Yoo Voo h [ mrlcos(8—¢)  MR®+mr’ ]
[ Yoo Yoo ] = mfz[MR2+mr2 sin2(9—(p)]( “Super-Inertia”

Is
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Riemann equation force analysis jt;-u —5 7= b g =F, becomes 7" P, =i"--
q q

Po= (MR2 +mr’ )65 —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6

Py~ ml*p  —mrl6cos(6 — )+ mrl6* sin(6 — ¢)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
Py —mrlcos(6 — ) me 0 —mr(6” sin(0 — ¢)

This uses the [ Vo0 Vo0 }_[ MR* +mr*  —mricos(6—0) ]

= F(p =—mg/{sin@

Fy
Fy

[ —MgRsin6 + mgrsin0 )
Ymn tensor : Yoo Yo —mrlcos(6 — ) il = —mgf sinq)
[ p, ]_[ Yoo oo ]( g ] [ B+ mrtd*sin@-0)
P, B Yoo Voo o | F; — mr(6”sin(6 — ¢)
me’ mr{cos(6—0)
Need to invert the Ymn-matrix... Yoo Voo h [ mrlcos(8—¢)  MR®+mr’ ]
... and apply it... [ Yoo Yoo ] ) m(*[ MR* +mr”sin>(0 —¢) | < _ouper }g’/’e’” tia *

1 = . .
Yoo Voo Po a Yoo 7Yoo F, + mrl¢®sin(6 —¢) Riemann
: = - | = . equation
Yoo Yoo Ps 0) Voo Yoo F, —mr(6”sin(6 — ) form
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Riemann equation force analysis jt;-u - 5 = pu—j—u:F# becomes 1" p.=4"--
q q q

Po= (MR2 +mr’ )65 —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6

py=| ml*¢ —mriGcos(6 —¢)+mrl6sin(6 —¢)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
Py —mrlcos(6 — ) me 0 —mr(6” sin(0 — ¢)

This uses the [ Vo0 Vo0 }_[ MR* +mr*  —mricos(6—0) ]

= F(p =—mg/lsing@

Fy
Fy

| —MgRsin6 + mgrsin0
Ymn LSOV . Yoo Voo —mr{cos(6 — @) me? = _mglsing
Po | | Yoo Voo |[ 6 | | Fytmrig®sin(6-¢)
P, Yoo Yoo || O F, — mrt6”sin(6 - ¢)
me’ mr{cos(6—0)
Need to invert the Ymn-matrix... Yoo Voo _ [ mrlcos(8—¢)  MR®+mr’ ]
7/4),0 7/¢ 0 - mfz I:]WR2 + er sin2 (9 - (D)] <€ Super}gnertla
—1 — . .
Yoo Yoy Po 2 Yoo Yoo F, + mrl¢®sin(6 —¢) Riemann
: = - | = . equation
Yoo Voo Ps 1) Voo Yoo F, —mr(6”sin(6 — ) form
Gravity-free case:

Fom(=F = First trebuchet (~3000BCE in China)
§=U= ¢IS[ 9 ]=IS[ Yoo Yoo J ( ¢.2 ]mrésin(e—gb) was Gravity-free...
¢ 7/¢,9 }/¢,¢ —92

.. powered by many Chinese warriors!
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Riemann equation force analysis P g.u Rl Rl becomes 1" p.=d" -
q q

Po= (MR2 +mr’ )65 —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6

py=| ml*¢ —mriGcos(6 —¢)+mrl6sin(6 —¢)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
Py —mrlcos(6 — ) me 0 —mr(6” sin(0 — ¢)

This uses the [ Vo0 Vo0 }_[ MR* +mr*  —mricos(6—0) ]

= F(p =—mg/{sin@

Fy
Fy

[ —MgRsin6 + mgrsin0 )
Ymn tENSOT : Yoo Vo —mrlcos(6 — o) . = _mgt sinq)
[ p, ]_[ Yoo oo ]( g ] [ B+ mrtd*sin@-0)
P, B Yoo Yoo ) - F; — mr(0*sin(6 — ¢) )
m/l mr{cos(6—0)
Need to invert the Ymn-matrix... Yoo Voo h [ mrlcos(8—¢)  MR*+mr’ ]
[=ml* | MR® +mr*sin®(6 —¢) [ Yoo Tog ] T MR 4 sin® (6 - ¢) | €L

1 = . .
Yoo Voo Po a Yoo 7Yoo F, + mrl¢®sin(6 —¢) Riemann
: = - | = . equation
Yoo Yoo Ps 0) Voo Yoo F, —mr(6”sin(6 — ) form

Gravity-free case:

F9:0:F¢ . Vo , -1 5 5 - ,
IS[ ’ ]=IS[ foo Tl ] ( g }mrfsin<9—¢>=[ e mrteos0=0) ]( 4 ]mrfsin(é?—(l))
¢ 7/¢,9 7/¢,¢ —92 mr/ COS(Q — (D) ]\4R2 + mr2 _92




Lagrange force equation analysis of trebuchet model (Mostly from Unit 2.)
Review of trebuchet canonical (covariant) momentum and mass metric Ymn (Lect. 14 p. 77)

Review and application of trebuchet covariant forces Fo and Fy (Lect. 14 p. 69)

Riemann equation derivation for trebuchet model
=3 Ricmann equation force analysis
2nd-guessing Riemann equation?
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Riemann equation force analysis -5 :=p.~5 =5  becomes v h,=i -
-1 — ) .
Yoo Yoo Po 0 Yoo Yoo F, +mrl¢’ sin(6 — o) Riemann
: = e | T . equation
Yoo Voo 2 1) Voo Yoo F, —mr{6”sin(6 — ) form
ravity-free case: I =mf? [ MR + mr” sin’ (6 — ¢)] (“Super-Inertia”)
Fo=0=F .
a) 2 2 _ 5
1| 9 o] oo Tes O resin(0— g)= mt mrtcos@=0) 1 0" | isin@—0)
¢ Voo Voo —6° mr{ cos(6 — @) MR* + mr* _6?
Let:(@—(I)):—% SO: IS=m€2[MR2+mr2] and let: w=60=¢
I 9 =1 Yoo Tos —.(P mr{= mt’ 0 o’ mr/{
¢ Yoo Voo 0" 0 MR +mr’ w’
» m{? 0 , 2
[ 6 ] Voo Voo —¢’ / 0 MR +mr’ ( —mrlw* ] A;;ngw .
.| = L |mrt= = +mr
¢ Yoo Voo 6> mﬁz[MR2 +mr2] mrim* \ ey )

Trying to 2nd-guess Riemann results

L // /
T Centrifugal Force

mlw?=IF10 N(2+(2) w= mw\(r2+12)
| (r,0)-hypotenuse

. . -TU
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©®=0=0, 0==, ¢=0 )
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' ] ] A, _F W =Y
Rlemannlequatlan f0rce Cll’ldl)/Sl:S’ e Py EYT becomes v"'p.=d
Voo Voo Po 0 Voo Voo E, + mr(¢®sin(0 —¢) Riemann
: = e | T . equation
Voo Yoo Py ¢ Voo Yoo F, —mr{6”sin(6 — ) form
ravitfree case: R G gr] (“Super-Tneriia”)
F0=0=F¢

1{ 0 ]:1{ Voo Tog ] ( d ]mrzsin(e—@:[ mt mrtcos(9=9) ][ d ]mrésin(@—q))
¢ Voo Voo -6? mricos(0—¢)  MR*+mr’ _6?

Let:(@—(b):—% S0: IS=m€2[MR2+mr2] and let: w=60=¢

-

a) Y Y _H2 2 2
I 9 =1 B (P ——— 0 O e

¢ Yoo Voo 0° 0 MR+ mr’ w’

» m{? 0 , 2

é 7/9,9 7/94) —¢52 g O MR2 + m1”2 _mrga)z ]\;I:}/zlrfw >
. == mre= =
0 Yoo Yoo 62 mC[ MR +mr* ]| | mrte? o

rit
Irying to 2nd-guess Riemann results . QT
The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-t/N(r*+ (?).

R A triangle proportionality:
c A 5 L= A
~ r

g /
~o L
R Centrifugal Force
ml@?=IF10 [N(r2+02) IFl= m@?N(r2+12)
l_ D> (r,0)-hypotenuse

. . -TU
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©®=0=0, 0==, ¢=0 )
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Riemann equation force analysis

dt 9g"  dq"

=p,

becomes v p,=d" -

- - ; . .
Yoo Yoo Py 0 Yoo Yoo F, +mrl¢’ sin(6 — o) Riemann
, = .. |= . equation
Yoo Voo Py ¢ Voo Yoo F, —mr{6”sin(6 — ) form
Fy=0=F, _1
) 14 14 h? 0 ?cos(6 — )2
I 9 =1 7 7 (P. mr/{sin(6 — @)= m mr CSS( j)) (P.
¢ Voo Voo —6° mrlcos(0—¢) MR+ mr —6?
Let:(@—(b):—% SO: IS=m€2[MR2+mr2] and let: w=0=¢
-1
. v v T , e
I 9 =1 B (P ——— 0 O e
(b yqb,e %p,(p 6> 0 MR* + mr* ®°
. mfz 0 ( 5
é 7/9,9 ye,¢ _¢2 g O MR2 + mrz _mrga)z ]\;]’;era) 5
. = mrr= =
¢ Yoo Voo 6° mﬁzliMR2+mr2:| mri@® 2+mr
’ ’ \ wrlt

Irying to 2nd-guess Riemann results (Gravity-free case)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-t/N(+ ¢?).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

R A triangle proportionality:
c A 5 L= A
~ r

/
L/
/
~ \[\
mlo’=IFI/ /\/(r2+€2)l

~
~
~
~

Centrifugal Force
Fl= mo?N(@?+02)

| (r,0)-hypotenuse

. . -TU
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©®=0=0, 0==, ¢=0 )

mfz(ﬁ = FL=mo’Nr* +(°

or: d')':FL/m(Z:a)zr/é

rt

e+ 02

= ma)zrf

Move to top of page...

]mré sin(6 — )
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o i by B — HY 7 — "V...
Riemann equatzanf0rce dl’ldlySlS 7 9dt 9g" =Py 97" =F, becomes 7" P, =i
-1 -1 . .
Yoo Yoo P, 0 Yoo Yoo F, +mrl¢’ sin(6 — o) Riemann
: = e | T . equation
Yoo Yoo Py ¢ Voo Yoo F, —mr{6”sin(6 — ) form
ravity-free case. I =mf? [ MR + mr” sin’ (6 — ¢)] (“Super-Inertia”)
Fy=0=F, _1
i} " ) - "
1{ 0 ] =I{ Yoo Tos ] [ d ]mrz sin(@—q))z[ mt mrécos(9=9) ][ ¢ ]mwsm(e—(p)
¢ Voo Voo -6* mricos(0—¢)  MR*+mr’ _§?
Let:(@—cp):—% S0: [;=ml*| MR +mr* ] andlet: @=6=¢
I 9 =/ Yoo Tos —.(b mr{= mt’ 0 O e
¢ Yoo Voo 6* 0 MR*+mr’ >
1 méz 0 5 \
( 0 J Yoo Yoo —¢? ] , 0 MR+ mr ( e ] A;};?;era) :
A A : mrt= 2 2 2 |7 +mr A
e e T ) . el A )L il ]
Trying to 2nd-guess Riemann results (Gravity-free case) Move to top of page...

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-t/N(+ ¢?).
This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

triangle proportionality: .. 44
R A %6 = FL = mo*\r? + (2 = mwr/
o L/0=rA(r?+02 me=g n r me-r
c N : (r*+1{%) [2 p

N L/
R4

T Centrifugal Force

mlw?=IF( N(ﬂWIN: mw\(r2+12)

| (r,0)-hypotenuse

or: d')':FL/m(Z:a)zr/é

L -TC Move to top of page...
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©®=0=0, 0==, ¢=0 )
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Irying to 2nd-guess Riemann results (Gravity-free case) Move to top of page...
The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-t/N(+ ¢?).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

triangle proportionality: .. [ r?
I/i= r/\/(r2+€2) mfz(b:FL: mw>Nr* + 0 — mw>r/l

{ e+ 02

/

l or: dizFL/m(zza)zr/f
Centrifugal Force

[Fl= may?N (@2 +0?)

(r,0)-hypotenuse

mloy’ =IFI/ /\/(r2+€2)l

L -TC Move to top of page...
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©®=0=0, 0==, ¢=0 )



Trying to 2nd-guess Riemann results (Gravity-free case)
The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-{/N(?+ ¢2).

This 1s the rate of change of ¢p-angular momentum around the pivot at the top of /.

triangle proportionality: 7 > [ 2 5 a4 0
GR ,{3\\\\ L/t=rNF2+02) ml“p=FL=mw"Nr-+/ =mo-rl
~ ., r

/! N2+ 02
~SA L// ¢ or: &zFL/mfzzwzr/E
A Centrifugal Force
mla?=IF10 N(r2+02) Fl= moN (2 +02)
o> (r,0)-hypotenuse

Fig.2.5.1 Centrifugal force for state of motion (w =06 =9, 9:77:, ¢=0)



Lagrange force equation analysis of trebuchet model (Mostly from Unit 2.)
Review of trebuchet canonical (covariant) momentum and mass metric Ymn (Lect. 14 p. 77)

Review and application of trebuchet covariant forces Fo and Fy (Lect. 14 p. 69)

Riemann equation derivation for trebuchet model
Riemann equation force analysis
= Ond-guessing Riemann equation?



Trying to 2nd-guess Riemann results (Gravity-free case)
The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-{/N(?+ ¢2).

This 1s the rate of change of ¢p-angular momentum around the pivot at the top of /.

triangle proportionality: 7 > [ 2 5 a4 0
GR ,{3\\\\ L/t=rNF2+02) ml“p=FL=mw"Nr-+/ =mo-rl
~ ., r

/| Ve + 02
N L/ w 2 2
ST or: O=FL/ml"=w"r//
S Centrifugal Force ‘Now. . 2 o N
mlw?=IF/¢ N(Mﬁ)l IFl= mo?\(r2+/02) 2nd-guess| 9 n;"’ :
> (r,0)-hypotenuse Riemann (]) =| MR-+ mr
o . . A _i B =TT B 2
Fig.2.5.1 Centrifugal force for state of motion (®=0=¢, 9—7, =0 yoslts: . oT/l )




Irying to 2nd-guess Riemann results (Gravity-free case)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-{/N(?+ ¢2).

This 1s the rate of change of ¢p-angular momentum around the pivot at the top of /.

rt

triangle proportionality: ..
R A 0?¢ = FL = ma*\r? + (? = mw*r/
o L/0=rNr2+0? mt=¢ m r mw-r
c /o\\\\\ = : (r*+1{%) [2 2
S L// ¢ or: &zFL/mfzzwzr/E
R Centrifugal Force ‘Now. . ] D’ A\
mla?=IFI0 N(2+0?) Fl= m@’(r2+?) 2nd-guess| 6 R
> (r,0)-hypotenuse Riemann (]) =| MR-+ mr
Fig.2.5.1 Centrifugal force for state of motion (w =06 =9, 9=%, =0 yoslts: . w’r//f )

It may seem paradoxical that the #-coordinate for main r-arm feels any torque or acceleration at all.



Irying to 2nd-guess Riemann results (Gravity-free case)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-{/N(?+ ¢2).

This 1s the rate of change of ¢p-angular momentum around the pivot at the top of /.

rt

triangle proportionality: ..
R\ 1% = FL=mo*\Nr? + 1 = mw*r!
o L/0= N2 +02 ml=¢ m r mw-r
c /o\\\\\ = : (r*+1{%) [2 2
S L// ¢ or: &zFL/mfzzwzr/E
R Centrifugal Force ‘Now. . ] D’ A\
mlw?=IFl¢ N@2+02) Fl= moN(r?+(?) 2nd-guess| ©
S (r,0)-hypotenuse Riemann (P =\ MR*+mr*
: : : IS 2

Fig.2.5.1 Centrifugal force for state of motion (®=0=¢, 9—7, =0 yoslts: . oT/l )

It may seem paradoxical that the #-coordinate for main r-arm feels any torque or acceleration at all.

Indeed, 1f the device 1s rigid there can be none since the centrifugal force has no moment;

(Its line of action hits the f-axis of the R-arm. )



Irying to 2nd-guess Riemann results (Gravity-free case)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-{/N(?+ ¢2).

This 1s the rate of change of ¢p-angular momentum around the pivot at the top of /.

rt

triangle proportionality: ..
R A 0?$ = FL = mw*Nr? + 0> = mw*r!
. L/0= rN(r2+12 me=¢ mo-Nr mo-r
c /o\\\\\ = : (r*+1{%) [2 2
S L// ¢ or: &zFL/mfzzwzr/E
R Centrifugal Force ‘Now. . ] D’ A\
mlw?=IFI¢ N2 +€2)l Fl= moN(r?+(?) 2nd-guess| ©
S (r,0)-hypotenuse Riemann (P =\ MR*+mr*
: : : I 2

Fig.2.5.1 Centrifugal force for state of motion (®=0=¢, 9—7, =0 yoslts: . oT/l )

It may seem paradoxical that the #-coordinate for main r-arm feels any torque or acceleration at all.

Indeed, 1f the device 1s rigid there can be none since the centrifugal force has no moment;

(Its line of action hits the f-axis of the R-arm. )

However, this device isn't rigid. The ¢-leg pivot is frictionless and can only transmit a component

m-{®? of force along /.



Irying to 2nd-guess Riemann results (Gravity-free case)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-{/N(?+ ¢2).

This 1s the rate of change of ¢p-angular momentum around the pivot at the top of /.

rt

triangle proportionality: ..
R A 1% = FL=mo*\Nr? + 1 = mw*r!
o L/0= N2 +02 ml=¢ m r mw-r
c /o\\\\\ = : (r*+1{%) [2 2
S L// ¢ or: &zFL/mfzzwzr/E
R Centrifugal Force ‘Now. . ] D’ A\
mlw?=IFl¢ N@2+02) Fl= moN(r?+(?) 2nd-guess| ©
S (r,0)-hypotenuse Riemann (P =\ MR*+mr*
: : : IS 2

Fig.2.5.1 Centrifugal force for state of motion (®=0=¢, 9—7, =0 yoslts: . oT/l )

It may seem paradoxical that the #-coordinate for main r-arm feels any torque or acceleration at all.

Indeed, 1f the device 1s rigid there can be none since the centrifugal force has no moment;

(Its line of action hits the f-axis of the R-arm. )

However, this device isn't rigid. The ¢-leg pivot is frictionless and can only transmit a component

m-{®? of force along /.

This causes a negative torque -mrf ®? on the big r-arm.



Trying to 2nd-guess Riemann results (Gravity-free case)
The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-{/N(?+ ¢2).

This 1s the rate of change of ¢p-angular momentum around the pivot at the top of /.
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(Its line of action hits the f-axis of the R-arm. )

However, this device 1sn't rigid. The /-leg pivot is frictionless and can only transmit a component
m-£®? of force along /.

This causes a negative torque -mr{ ®? on the big r-arm.
It reduces f-angular momentum to exactly cancel the rate of increase in ¢-momentum.

(MR2 + mr? )9 = —mrlw? Checks with 6 Riemann equation-------- - --c--wwwemeee-. 5
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Note the time derivative of total momentum 1s zero 1f outside torques are zero.(twirling skater analogy)

Pot+ Py =0, 11 Fy=0=F, End of Lect. 15 (Finally!)



