Hamiltonian vs. Lagrange mechanics

in Generalized Curvilinear Coordinates (GCC)
(Unit 1 Ch. 12, Unit 2 Ch. 2-7, Unit 3 Ch. 1-3)

. Review of Lectures 9-12 procedures: :
Lagrange prefers  Covariant gmn with Contravariant velocity 4"

Hamilton prefers Contravariant g™ with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using g™ and covariant momentum pm,
Polar-coordinate example of Hamilton s equations
Hamilton's equations in Runga-Kutta (computer solution) form

Examples of Hamiltonian mechanics in effective potentials

Lsotropic Harmonic Oscinaior I polar coordinates and effective potential (Simulation)
Coulomb orbits in polar coordinates and effective potential (Simulation)

Parabolic and 2D-IHO orbital envelopes

Clues for future assignment (Simulation)

Examples of Hamiltonian mechanics in phase plots

1D Pendulum and phase plot (Simulation)
ID-HO phase-space control (Simulation)

Wednesday, October 8, 2014



Quick Review of Lagrange Relations in Lectures 9-11

=y (" and I*' equations of Lagrange and Hamilton and their geometric relations

Wednesday, October 8, 2014



Quick Review of Lagrange Relations in Lectures 9-11

0" and 15" equations of Lagrange and Hamilton

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”

Lagrangian and Estrangian Hamiltonian and Estrangian Lagrangian and Hamiltonian
have no explicit dependence have no explicit dependence have no explicit dependence
on momentum p on velocity v On speedinum V

9L _=9F o _n29E L _g291

dp,  Op, dv, v, ov, a9V,

Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections

0L 9 veMey 0H 9 pM'sp
V .= = V H=v= = (Forget Estrangian for now)
“oodv dv 2 ’ dp dp 2
:MoV:p :M_lop:V
oL oH
v, om 0 vi || A~ Jp, ~ m Lo ol v
oL oo 4 V2 ) 1) o || o m P2 l g
v, ap,
Lagranges 1" equation(s) Hamilton's 15" equation(s)
oL _ . 9L_ o _ o 9
R R M op, kT op
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Unit 1

Fig. 12.2
Lagrangian plot
(a) L(v)=const.=veMev/2 (b) poFm,v, /
E -
%\ )
L=constF E |h\/T
/N \\ |
/ \ (C) Overlapping plots Lagrangian tangent at velocity v
f \ - | I equation of Lagrange is normal to momentum p
[ ]\ ‘\ L=const = E |
[N \/
/ \ |
{I v,= |] St equation of Hamilton | ;'1\
o E
0=\ \I} p] /m]
\J/ %

I
1/
\ / ’ (d) Less mass | Hamjiltoni Lm tangent/at momentum p

\ / | = {/ X/\ is normal to velocity v
\/ 1]
_ (6) More mass\ /
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(Review of Lecture 12)

Review of Lagrange Equations in Lecture 11

Lagrange prefers Covariant gm, with Contravariant velocity ¢

GCC Lagrangian definition
GCC “canonical” momentum pm definition
=3 GCC “canonical”  force Fun definition

Coriolis “fictitious” forces (... and weather effects)
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity. ( Review Of Lecture 12 )

L(v)=;Mvev—U = ; Mii-U =;M(E,¢")E, ¢")V-U=;M(g,,q"¢")-U=L(g)

Use polar coordinate Covariant gmn, metric (1-page back) [ 8 8rp
8or 80

Wednesday, October 8, 2014 6



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity. ( Review Of Lecture 12 )

L(V)=;Mvev—U = ;Mi+r—U = ;M (E, ¢")(E, ¢)-U=7M(g,,q"¢")-U=L(q)

Use polar coordinate_ Covariant gm, metric (1-page back) [ 8 8 ]:[ E, -
Eor 8o

This gives polar GCC form (Actually it's an OCC or Orthogonal Curvili
L(7,0) ——M(g,,,,r + g¢¢¢ ) =U(r,0) ——M(l 7247’

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity. ( Review Of Lecture 12 )

L(V)=;Mvev—U = ;Mi+r—U = ;M (E, ¢")(E, ¢)-U=7M(g,,q"¢")-U=L(q)

Use polar coordinate_ Covariant gm, metric (1-page back) [ 8 8 ]:[ E, -
Eor 8o

This gives polar GCC form (Actually it's an OCC or Orthogonal Curvili
L(7,0) ——M(g,,,,r + g¢¢¢ ) =U(r,0) ——M(l 7247’

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation involves total time derivative pm for each momentum pm:

aL M ag¢¢ oU Y _B_U Centrifugal b =8_L 0 oU  Angular momentum pq is conserved if
o 2 or (P ar B r¢ or force Mro* 0 o) 8¢ potential U has no explicit §-dependence

b, =
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity. ( Review Of Lecture 12 )

L(V)=;Mvev—U = ;Mi+r—U = ;M (E, ¢")(E, ¢)-U=7M(g,,q"¢")-U=L(q)

Use polar coordinate_Covariant gmn metric (1-page back) [ 8
g(pr

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mri¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation invglves total time derivative pm for each momentum pm:

. ol. M ag¢¢ U M rd? ol Centrifugal . 8_L _0— a_U ngular momentum pg is conserved if
Pr= o 2 on 0" - 3 ro—- S force Mro? Po 0] d0¢  [potential U has no explicit §-dependence
. g : : . _dp, d o L o
Find pw directly from 15! L-equation:p,, = % = M(8,4")=M(8,,4"+ 8,d")
i R S : N |
= A . . . dp, . .. lorque relates to two distinct parts.
" ar Centrifugal (center flecing) force Po="gp ~HMITOHME®  Coriolis and angular.aceeleration
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity. ( Review Of Lecture 12 )

L(V)=;Mvev—U = ;Mi+r—U = ;M (E, ¢")(E, ¢)-U=7M(g,,q"¢")-U=L(q)

Use polar coordinate_Covariant gmn metric (1-page back) [ 8
g(pr

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mri¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation invglves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ o a_U Mo a_U Centrifugal e JL _0- U ngular momentum pg is conserved if
pr= o 2 on 0 or ro or force Mro* * 99 0¢ [potential U has no explicit ¢-dependence
L. : : . _dp, d o . v : . :

Find pm directly from 15! L<equation: p, = % = M8,,q")=MG,.q°F 8,,4") Equate it to Pin 2" L-equation:
dp d .................................. T l . |

y = L= M ¥ . . . ﬂ [ . , - lorque relates to two distinct parts.
br dt Centrifugal (center-fleeing) force Po="1" ZM’;WP+ Mr¢ Coriolis and angular. acceleration

equals tOtal o ---------: ............................
=M r(bz— — Centripetal (center-pulling) force =0- a—U Angular momentum pgy is conserved if
ar 9P potential U has no explicit ¢-dependence
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Rewriting GCC Lagrange equations :

(Review of Lecture 12)

dp - d Tor ; Jicti
) =L = M¥ . . . p - lorque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Py = dt 2MW¢+ Mr’g Coriolis and angular. acceleration
' aU equalS total aU I-----------;---;---- -------------------------------
=M r¢2— — Centripetal (center-pulling) force -0 - — Angular momentum py is conserved if
ar 9P potential U has no explicit O0-dependence
Conventional forms U U
radial force: Mi=Mr@°— o> angular force or torque: Mr*g =—=2Mri¢ — %
r
Field-free (U=0) o
radial acceleration: ¥ =r¢ angular acceleration: ¢ = —2—-
r
Coriolis acceleration w1th (]) >() and r<0
(1) =-27 q) /r makes & pdsitive) Eﬁect on
Inward flow|to pressre Low Northern
<0 Hemisphere
..makes\wind| turn/fo the right local weather
Cyclonic flow

Northérn hemzsphere otation

6|>0
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Rewriting GCC Lagrange equations :

(Review of Lecture 12)

dp - d Tor ; Jicti
) =L = M¥ . . . p - lorque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Py = dt 2MW¢ +Mr’9 Coriolis and angular. acceleration
. aU equalS l‘OtaZ aU I-----------;---;---- -------------------------------
=M r¢2— — Centripetal (center-pulling) force -0 - — Angular momentum py is conserved if
ar 9P potential U has no explicit O0-dependence
Conventional forms U U
radial force: Mi=Mr@°— o> angular force or torque: Mr*g =—=2Mri¢ — %
r
Field-free (U=0) o
radial acceleration: ¥ =r¢ angular acceleration: ¢ = —2—-
r
Coriolis acceleration w1th (]) >() and r<0
q) =-27 q) /r makes & pdsitive) Eﬁect on
Inward flow|to pressre Low Northern
<0 Hemisphere
.makes\wind| turn/fo the right local weather
Cool North Cyclonic flow

> L < winds foltow var ’
q

storms inds precede around lows
(with & =

Northérn hemzsphere otation

6|>0
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Hamilton prefers Contravariant g™ with Covariant momentum p,

—)Deriving Hamilton's equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using g™ and covariant momentum pm

Wednesday, October 8, 2014
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity(q ...

\
dL 9L dg™ 9L dg"
= +

dt  ggm di - ggm di

L(g.4.1)=

Wednesday, October 8, 2014
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq\
\

dL 0L dqm+ dL dg™
dt  gg™ dt g™ dt

L(g.4.1)=

...OfCOOVdinal‘eS and velocity and time, too. (You can safely drop last chain-rule factor [1=dt/dt])

T T
dL  JL dqm+ oL dq'm+aL dt
dt  gg™ dit  9ggm dt ot di

Wednesday, October 8, 2014
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq’.\‘
\

dL _ oL dg" 3L dg"

La.d. )= dt  ggm di - ggm di

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U(t)-dial.)

\-> \
dL_ L dg" oL WL

dt  gg™m dt  ggm dit  dt

...smaller!

NO,BIGGER!

...NO,smaller!

;) T P 0

Cartoonish way to imagine
explicit time dependence

Wednesday, October 8, 2014 16



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq’.\‘
\

L(q.4. )=

...0f coordinates and velocity and

\
dL  JL dqm+ oL dqm+aL

L(q.4.t)=

dL _ oL dg" 3L dg"

dt  ggm di

aqm dt

Recall Lagrange equations.

dt o.M dt .m dt ot
aQ¢ aq+

L[ oL

" ag™ Em g™

dL v dg" b aim oL

L(g,g,t)=—=p ——+ +
(qq) dt P dt P dt ot

time, too. (Imagine Mad Scientist turning U-dial.)

...smaller!

NO,BIGGER!
..NO,smaller!
1 \Vr Z

! : ) L \\2
[ | A

man
-

5 &

7am W[
LDl

;R T 1 0

Cartoonish way to imagine
explicit time dependence

Wednesday, October 8, 2014
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocityq ...

dL _ oL d¢"™ 3L dg"

La.d. )= dt og™ dt  ggm dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL 0L dg™ oL d¢" OJL
+ +

dt aq! dt  ggm dt ot

\
oL |[ oL

Recall Lagrange equations: | Pm= aq—m Pm = 9"

o dL v dg™ b am oL
L(QaQat):_:pm 1 +pm 1 +
, dt dt dt ot
Use product rule.
Ya ar o a dt dr\" ™" ot

...smaller!

NO,BIGGER!
..NO,smaller!
1 \Vr Z

! : ) L \\2
[ | A

man
-

5 &

7am W[
LDl

;R T 1 0

Cartoonish way to imagine
explicit time dependence

Wednesday, October 8, 2014
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity 4 ...

dL _ oL d¢"™ 3L dg"

La.d. )= dt og™ dt  ggm dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

L(q.0ut)= dL _ oL dq" L oL dqg"” L oL y e
dt a%m dt aqfﬁ dt ot L HRET ¢ (ol
oL |[ oL Rl 4 r
Recall Lagrange equations: | Pm= " pm—aq,—m | ._2“ d

\

L v dg" L agm oL

-

L ’ .9t - = —+ -+ SLQ v
U. : (a:3:1) ai Tmar TP Ta Ty -
se product rule.
dv dv d dL—d m 7oL W B 3\
i S = () S L (NN L7
dt dr dt dt < adt-\ m y at Cartoonish way to imagine

explicit time dependence

and switch the dL/dt and OL /0t to define the Hamiltonian function H(p)=pev— L(V)

d oL dH

E(pmq.m—[/):—g—? Where:Hzpmq'm—L

Wednesday, October 8, 2014 19



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL 0L dqm+ dL dg™
dt  gg™ dt g™ dt

L(q.4. )=

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

L( . t) . dL _ aL dqm n aL dqm n aL L ...smaller!
D)= T og™ dt  ggm di ot © YO & | Nomalert
v ¥ ~\ e ‘
| . _OL || oL " (I r
Recall Lagrange equations: | £m 9" Pm = 2" ,‘\{f! | ek d /

dl v dq™ ldq”” oL m\

L(g,g,t)=—=p ——+ +
(qq) dt P dt P dt ot

Use product rule:

v Ay d _dLTd “dL
T e - dt < dt(pmq ) MY
Define the Hamiltonian function H(p)=pev— L(V) (That's the old Legendre transform)
—(pmqm—L):——z— where: H=p ¢" -1
dt Jat  dt

Wednesday, October 8, 2014 20



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity .

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q.q.t)= + €= \\GhiGeER
dt a%m dt aqfﬁ dt ot P& -NOsmaler
Sy — aL aL - SRS, -
Recall Lagrange equations: | Pm Togm ||Pm T e | s &
q dg"" A @ ||-=n=a-
a Vg™ bagm oar (1)
L(g,G,t)= 2= pp et Pyt =
, dt dt dt ot
Use product rule. |
A A d _dL_ (p,a") oL
dt  dt dt dt «—dt—"— E)t? __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
. Recall: =—=0 and: ——0
d aL dH ------ / ap,, g™ /
pmq — L |=——=——  where: H P, m_L
dr Jof dt
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity .

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q.q.t)= + €= \\GhiGeER
dt a%m dt aqfl dt ot P& -NOsmaler
. _ 0L JL n 1
Recall Lagrange equations: | Pm™ o |[|Pm T | ; -
q dg" S Y [[-ESRE
a Vg™ bagm oar (4]
L(g,G,t)= 2= pp et Pyt =
, dt dt dt ot
Use product rule. ;
lev+udv— d(m'/) =%= i(p q ) _:B_L
dt  dt  dt dt «—dt-—"—, ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
. Recall: =—=0 and: ——0
d aL dH ------ / ap,, g™ /
pmq — L )|=——=—  where: H P, "7 A
dr Jof dt 50: 2L P ym_

apm_apm
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity .

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q.q.t)= + €= \\GhiGeER
dt a%m dt aqfﬁ dt ot P& -NOsmaler
: — aL aL - SRS~ Ve
Recall Lagrange equations. pm_a—m Pm=". | ; o e
q dg"" A @ ||-=n=a-
i b dgm bagm o ar (4
L(g,G,t)= == ppy ot Pyt
, dt dt dt ot
Use product rule. |
PRI - i(p q ) oL
dt — dr dr dt «—dt—"— ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
. Recall: =—=0 and: ——0
d aL dH ------ / ap,, g™ /
pmq — L |=——=—— Where: H P, Ly .
dt ot dt so: 22 _Pm m_,
Hamilton's 1" GCC equationé
op |
Pm
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL _ oL d¢"™ 3L dg"

La.d. )= dt og™ dt  ggm dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

L(q,q',t)z i _ oL dq” + oL dq” + oL o NG BIGGER!
dt a%m dt aqfﬁ dt ot L HRET ¢ (ol
oL |[ oL S r
Recall Lagrange equations: | Pm= 2" Pm—aq,—m """"""""" ;,'i*‘ | .2“ d

\

dl v dg" Vg™ oL

-

L 1.f]=—= e SLO e
. (441 at PmTagr TPy Ty -
Use product rule. o
lev+udv—d(m>) =%= i(p qm) +a—L
dt  dr dr dt «—dt—""1— Of |
Define the Hamiltonian function H(p)=pev— L(V)  (That's the old Legengz’lie tmnsforgfz
Recall: ——=0 and:——=0
i o\ L dil | el St and )
—\p,d —L|=——=—=—— Where:H=p g — L -
dt ot dt 50: 20 _Pm m_

1 - M
Hamilton's I GCC equation: Note;%so and:aLEO

, dq dq
op 1
Pm
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity .

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q.q.t)= + ;€= \nShiser
dt g m dt mdt Ot 2Q® o [ .NOsmaler!
aq+ 8q+ , AYE .. °

. dL oL n
Recall Lagrange equations: | Pm= M Pm=". | ; T
q dg" Vo R
i b dgm bagm o ar (4

L(g,G,t)= == ppy ot Pyt

, dt dt dt ot

Use product rule. |

PRI - i(p q ) oL

dt — dr dr dt «—dt—"— ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
. Recall: =—=0 and: ——0
d aL dH ------ / ap,, g™ /
pmq — L |=——=—— Where: H P, Ly .
dt ot dt so: 22 _Pm m_,

Hamilton's It GCC equatiori | Note: aL_O and: 99" _
,x"" an E aqln :
aH 77 FA |

=q - oH i~ dL :

dp o =00 == by,
m g dq
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity .

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q.q.t)= + €= \\GhiGeER
dt a%m dt aqfﬁ dt ot P& -NOsmaler
Sy — aL aL - SRS, -
Recall Lagrange equations: | m _a—m Pm=". | ; o e
q dg" S g [il-20:0e-
i bdgm Lagm oar (4
L(g,G,t)= == ppy ot Pyt
, dt dt dt ot
Use product rule. |
i Ly 2 Ly - i(p q ) oL
dt  dr dt dt «—dt\ """ ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
. Recall: =—=0 and: ——0
d aL dH ------ / ap,, g™ /
pmq — L |=——=—— Where: H P, Ly .
dt ot dt so: 22 _Pm m_,
Hamilton's I GCC equation: Note: 2L_O and: 3L_o Hamilton s 2 GCC equation
,x"' Qm E Qm :
O | o1
— e H R .",' L p—
ap q _mfo.o__m:_pm a m pm
m og" i 9g™ | oq
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL _ oL d¢"™ 3L dg"

La.d. )= dt og™ dt  ggm dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL 0L dg™ oL d¢" OJL
+ +

...smaller!

B O,BIGGER!
dt aqin dt aqm dt at k- , - ,\.{Ng,lsmaIIErI}
¥ : v 4
, =9L JIL (il Liol - 5 &7
Recall Lagrange equations: | Pm=73 | \Pm =" [~ | B O N
9 S g e

n

-

5 &
i W[
LDl

o dL v dgm b agm o ar
Hasdt)=G = Pn g+ P 5,

Use product rule:

dv dv_d dL—d [ L
y — ‘ =—= — +—
T ™ dt «—dt (pmq ) Ot |
Define the Hamiltonian function H(p)=pev— L(V)  (That's the old Legengz’lie tmnsforgz
Recall: =—==0 and:~——=0
d m 0. dH - m ( Py, g™ )
—\p,d —L|=|——=—=——| where:H=p, g —L S
dt at dt a most peculiar relation SO IH _9Pm q’:"_()
—imvolvingpartialysiotal .. Py 9Pm_
Hamilton's I GCC equationé Hamilton s 2 GCC equation

apm aqm "
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Hamilton prefers Contravariant g™ with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
) [xpressing Hamiltonian H(pm,q") using g"" and covariant momentum pm
Polar-coordinate example of Hamilton s equations
Hamilton's equations in Runga-Kutta (computer solution) form

Wednesday, October 8, 2014
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Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pw

We already have: H = pmqm — L and: L(¢g)=3Mg ~"¢"-U and: P, = 3" =Mg,.q"

Now we combine all these:

Wednesday, October 8, 2014

29



Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = pmq'm — L and: L(¢)=3Mg ~"¢"-U  and._-p,, = aq"" =Mg,,q"

Now we combine all these:

. . . 1 - -
H=p,q"—L= (Mgmnq”)q’" —(5 Mg,,q"q"=U )

1 - -
=Mg,,q"q"— Mg,,q"q" +U
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Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = p, g m_[ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"

Now we combine all these:

H=p,q" - L= Mgmnq Cund 4~ U

1 - -
=Mg,,q"q"— Mg, qmq”+U

This gives an “illegal dependence” for the Hamiltonian (It musnt be “explicit” in velocityq".)

1 -m - n _ Numerically
H -2 Mgmnq g +U=1+U ( correct ONLY! )
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Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = p, g m_[ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" - L= Mgm,,,q Cund 4~ U

1 - -
=Mg,,q"q"— Mg, qmq”+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq™)

_l .M -7 _ Numerically
H -2 Mgmnq g +U=1T+U ( correct ONLY! )
An inverse metric relation ¢" = ﬁ g™ p_ gives correct form that depends on momentum pnm.
1 ( Formally and Numerically )
H = ZMg pmpn+U r+U=~Et correct
details on next pages
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Details of metric tensor algebra:

1
Given. H—zMgmnq\ g +U Lefq Y, g pn
H == M i mn’ L n_l_ U Metric tensor symmetry:
2 ME M g Pyd g, =g
/ mn’ __  n'm
=%gmngmn pn,q'n +U § =8
‘ (Always applies)
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Details of metric tensor algebra:

-
-
-
-
-
-
-
-
-

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

Metric tensor symmetry:
Emn = Enm
mn’ __  n'm
§ =8
(Always applies)

Metric inversion symmetry:

M : ’ ’

T gmngmn =5"

n
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Details of metric tensor algebra:

m 1 mn
Given: | :% Mgmnq'jnqn +U Le_f_______q = Mg Py
7 ——Mg i gmn,pqn+U Metric tensor symmetry:
1 mn’ g7 = g
=28mnE i Pyd T U 5 o
1 i , (Always applies)
=50 n pn/q +U where: q — & m . Py Metric inversion symmetry:
| o i | Emn& n
:anq —|-U:§pnMg pmz-l-U
1 U
2 1Y, —g" Pmpn T
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Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = p, g m_[ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" - L= Mgmnq Cund 4~ U

1 - -
=Mg,,q"q"— Mg, qmq”+U

This gives an “illegal dependence” for the Hamiltonian (It musnt be “explicit” in velocityq".)

_l .M -7 _ Numerically
H -2 Mgmnq g +U=1+U ( correct ONLY! )
An inverse metric relation ¢" = ﬁ g™ p_ gives correct form that depends on momentum pnm.
1 ( Formally and Numerically )
H = ZMg pmpn+U r+U=~Et correct

Polar coordinate Lagrangian was given as:

Lgrg)=  sM(g, 2 +8,0)-Ur¢)= ;MG +r*9>)-U(r.9)
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Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = p, g m_[ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" - L= Mgmnq Cund 4~ U

1 - -
=Mg,,q"q"— Mg, qmq”+U

This gives an “illegal dependence” for the Hamiltonian (It musnt be “explicit” in velocityq".)

_l .M -7 _ Numerically
H -2 Mgmnq g +U=1+U ( correct ONLY! )
An inverse metric relation ¢" = ﬁ g™ p_ gives correct form that depends on momentum pnm.
1 ( Formally and Numerically )
H = ZMg pmpn+U r+U=~Et correct

Polar coordinate Lagrangian was given as:
LUgrg)= Mg, +8,0)=Ur$)= ;M@ +r’¢)=U(r.9)

Polar coordinate Hamiltonian is given here:

1 , , 1
H(p,spsr$)= (8", + g% p)+U(r, ¢)—2—(p,, +— p)+U(r,9)
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Hamilton prefers Contravariant g™ with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using g™ and covariant momentum pm
Polar-coordinate example of Hamilton s equations
Hamilton's equations in Runga-Kutta (computer solution) form

Wednesday, October 8, 2014
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Polar coom’ina{e example of Hamiltonliv equatlions

Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) 2M(g p,+8 py)+U.0) 2M(pr > p)+Ur,0)

: . 1 1 . : .
Hamiltonian — H(p,,p,.r.¢)= W(pf +— -p§)+ U(r,¢) in 2D-polar coordinates satifies:
r

0H

~; oH
Jp,.

Hamilton's 2nd equations.: =—D,,

dg™"

Hamilton s 1st equations:
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Polar caom’lnate example of Hamlltonls equatlzons
EHEJ%J¢%=——@¢ﬁ+gW2%HHr@—§—%nﬂ"—pp+UU¢)

. . 1 . . .
Hamiltonian — H(p,,p,,r,§)= W(p + p¢)+U(r ¢) in 2D-polar coordinates satifies.:

0H JdH

=g Hamilton's 2nd equations.: == pm

p,, dqg"”"

Hamilton s 1st equations:
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Polar caom’ina{e example of Hamiltonliv equatlions

EHEJ%JﬁfjﬁZ@¢ﬁ+gw2%HHr@—§—%nﬂ"—pp+Uw¢)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= W(p +—2 p¢)+U(r ¢) in 2D-polar coordinates satifies.:

0H JdH

=g Hamilton's 2nd equations.: == pm

p,, dqg"”"

Hamilton s 1st equations:

doH . d0H . oH . dH

" o T % T
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Polar caom’ina{e example of Hamiltonliv equatlions

H(p,,p,r.9)= ﬁ(g”pf +8"p)+U(r.9)= 2—(1% +— ) +U(r,9)
Hamiltonian — H(p,,p,,r,§)= ﬁ(p +i2 p¢)+U(r ¢) in 2D-polar coordinates satifies.:
oH | | oH ,
Hamilton's 1st equations. =q Hamilton's 2nd equations.: = Dy,
apm dq
o _ oH _, of _ . oH_
Ip, 0 Py or o¢ ?
OH  py
dp, M
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Polar coom’mate example of Hamilton s equations

p,t8

H(p,.p,.r-$)= —(g” ;
Hamiltonian — H(p,,p,.r, ¢)—ﬁ(l9 t 2
5 dH
Hamlltangs 1st equations
i Py,
OH o
" — =
Jp, 0 Py
ol _ pf OH Py
or, M Ipy  Mr?

Hamilton's 2nd equations.:

o
or

: PDHUCH)

=P,

“p+U(r, ¢)—2—(pr +— p)+U(r.9)

in 2D-polar coordinates satifies:

dH ,
:—pm
dg™"
dp 9
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Polar coordinate example of Hamilton s equations

1

p,t8

H ’ 7, _ 2
Hamiltonian — H(p,,p,.r.¢)= ﬁ(pf +
. o OdH .
Hamzltangb 1st equations: —q
apm ;
I o
=5 =
oIl _ pf OH Py
op, M Ipy  Mr?

“p)+U(r¢)=

1
oM

2 1 2
(pr +I"_2 'p¢)+U(I’,¢)

1 © . .
— p,)+U(r,¢) in 2D-polar coordinates satifies.
r‘\l’ ‘\‘

| dH .
“ Hamilton's 2nd equations: == Py
, dg™"
Al _ ‘ o _
or AN P e
ar _ . Py N oU(r,0)
or 2 M dr
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Polar coordinate example of Hamilton s equations

1 , 1 1
Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+U(r,0)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,9) in 2D-polar coordinates satifies.
r‘\:' ‘\ ~“~~~~

2M
. ' . aH -m ‘\\ .‘\\ s ) aH .

Hamiltonis 1st equations: =q " v Hamilton's 2nd.equations: =" Pp

o _, | i a1l _ a1l _

p, P, o ~3p 0

; g ", M .

I L o __, N g | LINUCD

Py 8p¢ Mr? ar Y Mo or 0 0
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Polar coordinate example of Hamilton s equations

1 , 1 1
Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+U(r,0)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,9) in 2D-polar coordinates satifies.
r‘\:' ‘\ ~“~~~~

2M
. ' . aH -m ‘\\ .‘\\ s ) aH .
Hamiltonis 1st equations: =q " v Hamilton's 2nd.equations: =" Pp
o _, | i a1l _ a1l _
p, P, o ~3p 0
; i ':' \* 2 \{ \“\*
e S L o __, N g | LINUCD
Py 8p¢ Mr? or 2 M or ? ?
p,.=Mr
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Polar coordinate example of Hamilton s equations

1 , 1 1
Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+U(r,0)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,9) in 2D-polar coordinates satifies.
r‘\:' ‘\ ~“~~~~

2M
. ' . aH -m ™, .‘\\ s ) aH .
Hamiltonis 1st equations: =q " ~ Hamilton s 2rd.equations: =" Pp
. op, . . 3
o _, | i a1l _ a1l _
p, P, o ~3p 0
v g R o b Ty
§ B S N O __, Po  9U(r,9) 31{ = aUg’"’@
Py P EMr2 or > M or ? ?
: v. . 2
; Py =Mrg
p,.=Mr
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Polar coordinate example of Hamilton s equations

1 5 1 1
Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+U(r,0)
Hamiltonian — H(p,,p,,r,§)= ﬁ(pf + riz '°p§)+ U((,ﬁb) in 2D-polar coordinates satifies:
. ' . aH -m ™, .‘\\ s ) aH .
Hamiltons st equations: =q ~ Hamilton s 2rd.equations: =" Pp
o1 _, 0H Al o1
apr ap(P o 7 a¢ p(p
v g B o M ey
e B LN o __y h e | AU
P; 8p¢ EMrz dr > M a,, ¢ ¢
E \ ) : E
; Py =Mr=¢ 5 :
: P
M or
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Polar coom’ina{e example of Hamiltonli? equatlians

H(p,,p,r.9)= W(g”pf +8"p)+U(r.9)= 2—(1% +—p)+UT.9)
Hamiltonian — H(p,,p,,r,§)= ﬁ(p +i2 p¢)+U(r q)) in 2D-polar coordinates satifies:
OH & S e oH
Hamilton:s 1st equations: =q ~ Hamilton s 2rd.equations: = Dy,
Dy e 9q
o1 _, 0H Al o1
apr ap(P o 7 | a¢ p(p
; g ¥
gH L OH _i_ Py o __, Py, 0U(re) gH :aUg’” 9)
P; 8p¢ EMrz dr > M a,, ¢ ¢
p :MI"ZQS V . VaU(I",¢)
pr =Mr pr _ ¢ (7",¢)
M or
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Polar coom’ina{e example of Hamiltonli? equatlians

H(p,,p,r.9)= W(g”pf +8"p)+U(r.9)= 2—(1% +—p)+UT.9)
Hamiltonian — H(p,,p,,r,§)= ﬁ(p +i2 p¢)+U(r q)) in 2D-polar coordinates satifies:
OH & S e oH
Hamilton:s 1st equations: =q ~ Hamilton s 2rd.equations: = Dy,
Dy e 9q
o1 _, 0H Al o1
apr ap(P o 7 | a¢ p(p
; g ¥
gH =§; o _i Py OH__5 Po , dU(9) gH :BUgr 0)
P; 8p¢ EMrz dr > M a,, ¢ ¢
p :MI"ZQS V . VaU(I",¢)
przMV -------------------------------------------------- >pr:Mr — ¢3 I”,¢
Mr or
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Polar coordinate example of Hamilton s equations

1 , 1 1
Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+Ur,0)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,9) in 2D-polar coordinates satifies.
r\,' ‘\ ~“~~~~

2M
. ' . aH -m ™, .‘\\ s ) aH .
Hamiltonis 1st equations: =q ~ Hamilton s 2rd.equations: == P
9 _. 9H _ oH _ “ oH
apr i ap(p 7 ¥ a¢ : Po
g B =§4 o _i Po O __, Po  9U(r,9) 31{ =§aU.(§’”’¢)
Py P Mr? or > M or ? ?
o T T v ¢ — -
N p 0
pr—MI"-------- T -)pr =My = (p — aU(7,¢) ¢
~~~~~~~~ My or

~
~
~
~
~
~
~
~
~
S
~
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Polar coom’mate example of Hamlltonls equatllans
EﬂnJ%J¢%=——@¢ﬁ+gw2%HHr@—5—%nﬂ"—pw+Uﬁ¢)

Hamiltonian — H(p,,p,.r.¢)= ﬁ(p +— ! p¢)+U(r q)) in 2D-polar coordinates satifies:
8H’,mf/\\ F\*\\ - 9H
Hamilton:s 1st equations: =q v Hamilton's 2nd.equations: == D,
Opy A R TR g
o1 _, 0H Al o1
J D, J Py o r P ¢ P¢
v - oo
o :Epr dH :E p(p 8_H:_ p¢ +aU(I”,¢) gH :aUa(I” ¢)
Ip, M ap¢ EMr2 ar Y Mo E?r 0 0
_ LT p oU
pl/' =My oo feeeeeeeees i""""'"""'*:::;‘::“*l‘?r =My = ¢3 (7’,¢) ¢
T Mr or
= Mr¢?-0,U(r.9)
p¢=Mr2 ............................................... > p¢—2Mrf(ﬁ+qu)— d,U(r,0)
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Hamilton prefers Contravariant g™ with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using g™ and covariant momentum pm
Polar-coordinate example of Hamilton s equations
=y Hamilton's equations in Runga-Kutta (computer solution) form

Wednesday, October 8, 2014
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Polar coordinate example: Hamilton's equations in Runga-Kutta form

2
Py dU(r,9)
M or
= Mrg®—09,U(r.9)

pr:M? prsz=

p¢=Mr2(b p(p :2Mrfq5+ Mr2g5:—8¢U(r,q))

Runga-Kutta form:

D P
I/‘:I"(I/‘,pr,¢,p¢) — Mr
2
. _ Py
pr_pr(rapra¢ap¢) o Mr3 —arU(l’,¢)
o Py
¢_¢(r9pr9¢9p¢) _Mrz

p¢=p¢(r,p,,,¢,p¢) = —8¢U(I”,¢)
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Examples of Hamiltonian mechanics in effective potentials

» Lsoropic Harmonic Oscinaor T polar coordinates and effective potential (Simulation)
Coulomb orbits in polar coordinates and effective potential (Simulation)
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and p,-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2:
1 1 1 k-r’

Hp ,p..r.0)=— (" p>+"p N+ kr’/2=—(p° +—p. )+ ——=FE = const.
(P,sDys1-0) 2M(g P +8p,) 2M(pr 3 Py) 5
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pm-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
Hp ,p..r.0)=— (" p>+"p N+ kr’/2=—(p° +—p. )+ ——=FE = const.
(D,sPysT>9) 2M(g p.+gpy) 2M(pr 3 Py) 5
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —aa—]; =0

Thus momentum py is conserved constant. p o= ¢ = const.
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pm-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
Hp ,p..r.0)=— (" p>+"p N+ kr’/2=—(p° +—p. )+ ——=FE = const.
(D,sPysT>9) 2M(g p.+gpy) 2M(pr 3 Py) 5
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%—]Z =0

Thus momentum py is conserved constant. p o= ¢ = const.

2 ) 2 2 ) 2
k- Y k-
p_r+ p(p + 4 = pr + -+ ! — E = const.
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pm-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,r.0)=— " p>+"p)+kr’2=—(p>+—p,)+——=E = const.
PysDystsQ g &P TP, YA 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pgy is conserved constant: p b= ¢ = const. ? radial potential U(r)
_______________________________ “effectiye” PE
2 ' 2 fop? 2 éz fer? ) . ) “real” PE
v r
p’"+ p¢,2+ —p’"+ >+ = E = const. E:pf + £ +U(r)
2M 2Mr 2 2M  2Mr 'M  2Mir?

“centifugal-barrier” PE
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pm-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,r.0)=— " p>+"p)+kr’2=—(p>+—p,)+——=E = const.
PysDystsQ g &P TP, YA 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pgy is conserved constant: p b= ¢ = const. ? radial potential U(r)
“effective” PE
:--2----------------------------: h fJ(\Lt Z”PE‘
2 2 2 2 2 rea
k-r 14 k-r : .
—p”+ p¢2+ :p”+ -+ = E = const E:pf + £ +U(r)
2M  2Mr° 2 2M 2Mr® 2 2M  2Mr?

2

“centifugal-barrier” PE

Solving for momentum : p> = 2ME — — = Mk-r’
r
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pm-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,r.0)=— " p>+"p)+kr’2=—(p>+—p,)+——=E = const.
PysDystsQ g &P TP, YA 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pgy is conserved constant: p b= ¢ = const. ? radial potential U(r)
“effective” PE
I--2----------------------------: h fjp% Z”PE‘
2 2 2 2 2 rea
k-r 14 k-r : .
—p’"+ p¢2+ :p’”+ -+ = F = const. E:pf + ¢ +U(r)
2M  2Mr° 2 2M 2Mr® 2 2M  2Mr?

2
“centifugal-barrier” PE

Solving for momentum : p> = 2ME — — = Mk-r’
r

a — ” ok
pr:M}":\/zME——z_Mkrzz 2M\/E_ 2__.’/,2
r 2 Mr 2
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pm-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,r.0)=— " p>+"p)+kr’2=—(p>+—p,)+——=E = const.
PysDystsQ g &P TP, YA 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pgy is conserved constant: p 0= ¢ = const. ? radial potential U(r)
“effective” PE
I--2----------------------------: h fjp% Z”PE‘
2 2 2 2 2 rea
k-r 14 k-r : .
—p’"+ p¢2+ :p’”+ -+ = F = const. E:pf + ¢ +U(r)
2M  2Mr° 2 2M 2Mr® 2 2M  2Mr?

2

Solving for momentum : p> = 2ME — — = Mk-r’
r

“centifugal-barrier” PE

a — ” ok
pr:M}":\/zME——z_Mkrzz 2M\/E_ 2__.’/,2
r 2 Mr 2

Radial KE is: = F
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and p,-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,r.0)=— " p>+"p)+kr’2=—(p>+—p,)+——=E = const.
PysDystsQ Sy 8 P e P VAR 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pgy is conserved constant: p 0= ¢ = const. ? radial potential U(r)
“effective” PE
2 - ffi 1 pk
2 2 2 2 2 rea
k-r 14 k-r : .
Ly p¢2+ =Ly -+ = E = const. E=fr_ | : +U(r)
2M  2Mr° 2 2M 2Mr® 2 2M  2Mr?

2

Solving for momentum : p> = 2ME — — = Mk-r’
r

“centifugal-barrier” PE

a — ” ok
pr:M}":\/zME——z_Mkrzz 2M\/E_ 2__.’/,2
r 2 Mr 2

-2 2
Radial KE is: Mr - F — ¢ k 2

2
Radial velocity: 2 2Mr 2
r = ﬂ _ |2E a k
dt M M2r2 M
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and p,-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,r.0)=— " p>+"p)+kr’2=—(p>+—p,)+——=E = const.

PysDystsQ Sy 8 P e P VAR 5
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%—H =0 | Same applies to any
Thus momentum pgy is conserved constant: p 0= ¢ = const. ? radial pofential U(r)

2 - e‘ffecﬂy% Pf’PE
2 2 2 2 2 rea
k-r 14 k-r : .
Ly p¢2+ =Ly -+ = E = const. E=fr_ | : +U(r)
2M  2Mr* 2 2M 2Mr° 2 2M  2Mr?
? B ' rrier”
Solving for momentum : p> = 2ME — — = Mk-r’ ol barer
r
p,=Mr = 2ME ——— Mk-r~ =~N2M ,|E - ~——T
r 2Mr= 2
.2 2
Radial KE is: Mr =F — ‘ > = E-I’z
Radial velocity: 2 2Mr 2
2 r>
f:ﬂ: 2E— ¢ —i-r2 Timevsr: t=| dr
d \M Mr M < 2B C ko
M My M
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Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and p,-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2.:

1 . 1 1 k-r’
H(p,,pyst9) = W(g p,+g"p, )+ k2= ﬁ(l?r2 T2 Py )+ o E = const.
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pgy is conserved constant: p 0= ¢ = const. ? radial potential U(r)
............................... _ljectiye PE_
2 ) 2 2 ) o) “real” PE
k-r 14 k-r : .
Ly p¢2+ =Ly -+ = E = const. E=fr_ | ! +U(r)
2M  2Mr° 2 2M 2Mr® 2 2M  2Mr’
2
. “centifugal-barrier”
Solving for momentum : p> = 2ME — — = Mk-r’ el -
r
= Mj = ,|2ME a Mkr* =\2M | |E Lk
p,=Mr= = = oMt E-r Called the “quadrature” or
, , 1/4-cycle solution if
Radial KE is- Mr _E_ 14 _ E-}"z r<=0 and r>=max amplitude
2 2Mr® 2 (- : A
Radial velocity: Time vs r for any radial U(r):
. dr 2F (? kK , , > dr _ 't dr
FZE: M_Mzrz_ﬁ.r Tznfzevsr.'t=;[< TR g .[ 20 ¢ 200
M M M L M M M )
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‘effective” PE

C )
“real” PE <
2 2 ( )
1 k
E=2r 4 —+—r’
2M  2Mr® 2
)

~ o
~
~
-~ .
- =
-
-y
= = mom

1.5 |

2
|

#lp_ (for E=1.65)

2.5

|3

Energy:

c Harmonic Oscillator pOtenthll U(V) :kI”Z/Z

E=k(a®+b%)/2

Angular momentum:

w=(km) ab

Perigee is
faster

turning point
o

Apogee is
slower

I
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Examples of Hamiltonian mechanics in effective potentials

Lsoropic Harmonic Oscinaor T polar coordinates and effective potential (Simulation)
Coulomb orbits in polar coordinates and effective potential (Simulation)
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Energy:
E=k2a

Angular momentum:
{ =N|kmA|=bN(2m|E)|)

]' 05 05 N ]- Hamiltonian dynamics for Coulomb potential U(r) =-k/r
| | I I 11 | .I | | I | | lx
Bl e
. |
95 |
j: : Apogee is
| DI : slower
- 1L
.l | turning point
Perigee is {l : o
faster an |
turning point : 0 :ll 15 |2
lI 1 1 1 1 1 1 I 1 1 1 1 1 1 1 1
I |
|

/

&

p “effective” PE
_m

—

“recrz_l:__j;jE
p. Lk

= -|— > —_
2M  2Mr r

“centifugal-barrier” PE

E

Wednesday, October 8, 2014

68



45 05 15

Energy - I X

Needed to: .. [as"
Escape from....... p=0.5...1.. to 2 > =

i PN N SN
Orbit at p=0.5 'l - -

: Angular momentum W=1/2
Sit at p=0.5 ' ) B Angular momentum =0
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The
Three
Equal
Steps

o
o0

A

A

A

k=] m= ]

5

05

1

1.2

IE

Minimum';
Energy

Needed to:
Escape from.......

Orbit at p=0.5
Sit at p=0.5

Sitting at p=0.0

at dead-center of a
Sophomore-physics-

o [

>|3

Earth of radius Rs=0.5

e e —

e

Angular momentum w=1/N2

Angular momentum =0

Wednesday, October 8, 2014

70



Parabolic and 2D-IHO elliptic orbital envelopes

Some clues for future assignment (Simulation)
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Exploding-starlet elliptical envelope
and contacting elliptical trajectories

',-?,."r
9

VAl S
I .
e

=T
sl

—
—

; LT TITe . -.,'_:f_—_'_—ﬂ
- ‘-- (—_— .-
-5t g;': o -
.. o
ol 1 -
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Focus ¢ envela

Focus of a=30° orbit

Line to contact point
of a=30° orbit
with envelope
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Examples of Hamiltonian mechanics in phase plots

1D Pendulum and phase plot (Simulation)
ID-HO phase-space control (Simulation)
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1D Pendulum and phase plot
(a) Force geometry (b) Energy geometry (c) Time geometry

=-MgRcos0

! /5,(Mg/R )x2 0

~ Mgh
x=R sin® X
____________ h
2 NOTE: Very common
x“=h(2R-h) ~ 2hR loci of + sign blunders
(Euclid mean) l

Lagrangian function L= KE - PE = T - U where petential energy is U(0) = —MgRcos0

L(0,0) = %19’2 ~U(6) = %192 + MgRcos 0
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1D Pendulum and phase plot

(a) Force geometry

(b) Energy geometry

=-MgRcos0

x=R sin®

Lagrangian function L= KE - PE = T'- U where

1

! /Z(Mg/R)x2

x2=h(2R-h) ~ 2hR
(Euclid mean)

1

L(0,0) = 519'2 ~U(6) = 5192 + MgRcos 0

(c) Time geometry

NOTE: Very common
loci of £ sign blunders

|

ential energy is U(0) = —MgRcos 6

Hamiltonian function H= KE + PE = T +U where potential energy is U(0) = —MgRcos6

1

1

H(pgy,0) = Epgz +U(0) = Zpez — MgRcos6 = E =const.
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1D Pendulum and phase plot
(a) Force geometry (b) Energy geometry (c) Time geometry

=-MgRcos0

! /Z(Mg/R)x2

x=R sin®

x2=h(2R-h) ~ 2hR

NOTE: Very common
loci of £ sign blunders

(Euclid mean)

|

Lagrangian function L= KE - PE = T - U where petential energy is U(0) = —MgRcos0

L(,6)= %19‘2 ~U(0) = %192 + MgR cos0

Hamiltonian function H= KE + PE = T +U where potential energy is U(0) = —MgRcos6

1 1
H(pgy,0) = Epgz +U(0) = Zpez — MgRcos6 = E =const.

lWlleeS Po = \/2I(E+ MchosH)
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Saddle
Point

O=+1T

Saddle
Point

6=0
Stable
Point

Example of plot of Hamilton for 1D-solid pendulum in its Phase Space (0,pg)

1

H(pQ,Q):E:Epez—MgRCOSQ, or: pg =21(E + MgRcos)

(unstable

“balancing”

point)
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O=+1T

Sgggf f Saddle
Point
69 6=0
Stable
Point
Example of plot of Hamilton for 1D-solid pendulum in its Phase Space (0,pg)

I
H(p9,9):E:Ep92—MgRCOSQ, or: pg =21(E + MgRcos)

Funny way to look at Hamilton's equations.

q J,H . .
= 3 H = ey X (—VH ) =(H-axis) x (fall line), where:
P g

(H-axis)=ey =€ X e,
(fall line)=-VH

(unstable

“balancing”

point)
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2. Examples of Hamiltonian dynamics and phase plots
1D Pendulum and phase plot (Simulation)

» Phase control (Simulation)
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U(Y)=(1/2)kY?+Mg Y
u=> /

u@)= (1/4)y° +y ,

/

/

u=2 )
f)=-(172)y -1 S Su)=y
’ Unit 1
/ Fig. 7.4

y=-6  y=-5  y=- y=-3 0 y5-2 oy y=1  y=2  y=8
Ushifi= -(M2)? /2k SEREERTAS"

Simulation of atomic classical (or semi-classical) dynamics using varying phase control

Resét atom K™

05 Ls | 2

.‘:1'i;|:§|'l:-|§||| |||||.|||| ||11|-|

25 1.

o Lo RN

Reset Field gE
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