Hamiltonian vs. Lagrange mechanics

in Generalized Curvilinear Coordinates (GCC)
(Unit 1 Ch. 12, Unit 2 Ch. 2-7, Unit 3 Ch. 1-3)

Review of Lectures 8-9 procedures:
Lagrange prefers  Covariant gmn with Contravariant velocity ¢

Hamilton prefers Contravariant g"" with Covariant momentum pm
Deriving Hamilton s equations from Lagrange s equations
Expressing Hamiltonian H(pm,q") using g™ and covariant momentum pm
Polar-coordinate example of Hamilton s equations compared to Lagrange s
Hamilton's equations in Runga-Kutta (computer solution) form

Examples of Hamiltonian mechanics in effective potentials
Lsotropic Harmonie Oscinaior I polar coordinates and effective potential (Web Simulation: OscillatorPE - IHO)
Coulomb orbits in polar coordinates and effective potential (Web Simulation: OscillatorPE - Coulomb)

Examples of Hamiltonian mechanics in phase plots (Mostly for next Lecture 11)
1D Pendulum and phase plot (Web Simulations: Pendulum, Cycloidulum,)



http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=3
http://www.uark.edu/ua/modphys/markup/PendulumWeb.html
http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html

Quick Review of Lagrange Relations in Lectures 9-11

=y (" and I*' equations of Lagrange and Hamilton and their geometric relations



Quick Review of Lagrange Relations in Lectures 8-9

0" and 15" equations of Lagrange and Hamilton

Starts out with simple demands for explicit-dependence, “loyalty” or ‘‘fealty to the colors”™

Lagrangian and Estrangian
have no explicit dependence

on momentum p
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Hamiltonian and Estrangian

have no explicit dependence

on velocity v

Lagrangian and Hamiltonian
have no explicit dependence
ON speedinum V
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Such non-dependencies hold in spite of “under-the-table” matrix and partial-differential connections
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Hamilton's 15" equation(s)
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Estrangian is neglected for now.
(It is related to dual ellipse geometry
in Lecture 8 p. 71-79 and 99-101 )

"non-dependency due to
stationary-value effects
as shown on p. 28-31
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(Review of Lecture 9)

Review of Lagrange Equations in Lecture 9

Lagrange prefers Covariant gmn, with Contravariant velocity ¢"

GCC Lagrangian definition
GCC “canonical” momentum pm definition
= GCC “canonical”  force Fu definition

Coriolis “fictitious” forces (... and weather effects)




Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity. ( Review Of Lecture 9 )
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate Covariant gmn, metric (1-page back) [ 8 8rp ]
8or 80
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This gives polar GCC form (Actually it's an OCC or Orthogonal Curvili
L(7,0) ——M(g,,,,r + g¢¢¢ ) =U(r,0) ——M(l 7247’

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising; 9L Wow! gee gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg¢¢(p Mrid  factor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr-o.

2" [ -equation invglves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ U U ré? B_U Centrifugal b = 8_L 0o a_U ngular momentum pq is conserved if
Pr= o 2 on (P ar =Mr¢- or force Mro? 0 o) d¢p [potential U has no explicit ¢-dependence
C g : : . _dp, d n . v : e :

Find pm directly from 15" L<equation:p, = % EM (&md")=M(8,.4"F 8,.,d") |[Equate it to P,,in 2" L-equation:
i d ................................... T l p

) =25 — M ¥ . . . L ﬂ .- lorque relates to two distinct parts:

Pr dt Centrifugal (center-fleeing) force Py = dt 2Mrr¢+ Mr 0 Corzolzs and angular. acceleration
equals total T s Sttt
=M r¢ - Centripetal (center-pulling) force —0— a_U Angular momentum pq is conserved if
or 99 potential U has no explicit O-dependence



Rewriting GCC Lagrange equations :

(Review of Lecture 9)

dp ' d : e .
s = i . . . L aps y ,+ lorque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force Py = dr 2MI:’T¢ N Mr 0 Coriolis and angular. acceleration
oy equals total . T ey nteecetni oot
=M r¢)2— — Centripetal (center-pulling) force =0—— Angular momentum py is conserved if
or 99 potential U has no explicit O-dependence
Conventional forms U U
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Hamilton prefers Contravariant g™ with Covariant momentum p,

—)Deriving Hamilton's equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using g™ and covariant momentum pm




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocityq ...

nates and veloeiyd ..

m -m
Lg.qr)= e =2t O 4
dq dq




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U

that is explicit function of coordinates and velocilyq\
\

m -m
Lg.qr)= e =2t O 4
dq dq

...OfCOOVdinal‘eS and velocity and time, too. (You can safely drop last chain-rule factor [1=dt/dt])

T T
dL  JdL dqm+ oL dq'm+aL dt
dt  gg™ dit  9ggm dt ot di

L(g.4.1)=



Deriving Hamilton s equations from Lagrangian theory
Consider total time derivative of Lagrangian L=T-U

T

that is explicit function of coordinates and veloci

\

L(q.q, )=

dL _ oL dg" 3L dg"

St ggm di

aqm dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U(t)-dial.)

\-> \
dL _ L dg" BLWL

L(g.4.1)=

dt  ggm di

0
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ot

...smaller!

NO,BIGGER!

..NO,smaller!

Cartoonish way to imagine
explicit time dependence



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U

that is explicit function of coordinates and velocilyqﬁ\‘
\

m .M
L(q,q, ): dL _ BL dq n aL dq
dt  gg™ dt g™ dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

\
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity g ...

dL _ oL dg"™ 3L dg"

La.d. )= dt og™ dt  ggm dt

dt aq! dt  ggm dt ot

\
oL |[ oL

Recall Lagrange equations: | Pm= aq—m Pm = 9"

o dL v dg™ b am oL
L(QaQat):_:pm 1 +pm 1 +
, dt dt dt ot
Use product rule.
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity 9 ...

dL _ oL dg"™ 3L dg"

La.d. )= dt og™ dt  ggm dt

...smaller!

NO,BIGGER!

..NO,smaller!

dt aq! dt  ggm dt ot

X ~\ et 1 G
s aL aL . § @ | ) @) (N ‘,’
Recall Lagrange equations: | Pm = w Py = 2" | '.E.'_E!__! d

\

L v dg" L agm oL

-

L ’ ) 9t - = —+ -+ SLQ v
U. : (a:3:1) ai Tmar TP Ta Ty -
se product rule.
dv dv_d dL_d [ il vl ¥ :
u—+u—=—(uv) =—= —(p q ) +— e WAL
dt dt dt dt < adt-\ m y at Cartoonish way to imagine

explicit time dependence

and switch the dL/dt and OL /0t to define the Hamiltonian function H(p)=pev— L(V)
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where:H=p ¢ -1
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Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity 9 ...

dL 0L dqm+ dL dg™
dt  gg™ dt g™ dt

L(q.4. )=

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

L( . t) . dL _ aL dqm n aL dqm n aL - — ...smaller!
D)= T og™ dt  ggm di ot 9 RO & [ Nosmaler
+ * e\ - = r :
. . _ ai . aL . £ | i F c\l
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dt dt a dt dt < dt m at Cartoonish way to imagine

\ ' explicit time dependence

and switch the dL/dt and OL /0t to define the Hamiltonian function H(p)=pev— L(V)

a
di

(pmq'm—L):——57 where: H=p ¢" -1



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL 0L dqm+ dL dg™
dt  gg™ dt g™ dt

L(q.4. )=

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

L( . t) . dL _ aL dqm n aL dqm n aL - — ...smaller!
D)= T og™ dt  ggm di ot 9 RO & [ Nosmaler
+ * e\ - = r :
. . _ ai . aL . £ | i F c\l
Recall Lagrange equations: | Pm 9" Py = 2" ,‘\{f! | ek d «'

L dq™ ldq”” oL m\

L(g,g,t)=—=p ——+ +
(qq) dt P dt P dt ot

Use product rule:

v Ay d _dL_d[ T m TIL
T e - dt < dt(pmq ) MY
Define the Hamiltonian function H(p)=pev— L(V) (That's the old Legendre transform)
—(pmqm—L):——E— where: H=p 4" -1
dt Jat  dt



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q,q’,t) — + 5 &= NGBIGGER!
dt a%m dt aqfﬁ dt ot  H9E> ~NOsmaller!
Sy — aL aL - SRS, -
Recall Lagrange equations: | Pm Togm ||Pm T e | s &
q dg"" A @ ||-=n=a-
d b odgm L dgm oL (1)
L(g,G,t)= 2= pp et Pyt =
, dt dt dt ot
Use product rule. |
lev+udv— d(m'/) =%= i(p q ) +)a—L
dt  dr dt dt «—dt\-"", E)t? __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
. Recall: =—=0 and: ——0
d aL dH ------ / ap,, g™ /
pmq — L |l=——=——  where: H P, m_L
dt Jof  dt



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

_LQLQJ): + g’ffﬁfgz ) NGBIGGER!
dt a%m dt aqfl dt ot  H9E> ~NOsmaller!
ol oL .~
Recall Lagrange equations: | Pm™ ™M Pmw=—",. | ; a
q dg" S Y [[-ESRE
a Vg™ bagm oar (4]
L(4:4:0) == P+ Pt 5
, dt dt dt ot
Use product rule. ;
lev+udv— d(m'/) =%= i(p q ) _:B_L
dt  dt  dt dt «—dt-—"—, ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
. Recall: =—=0 and: ——0
d aL dH ------ / ap,, g™ /
pmq — L )|=——=—  where: H P, "7 A
dr Jof dt 50: 2L P ym_

apm_apm



Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q,q’,t) — + 5 &= NGBIGGER!
dt a%m dt aqfﬁ dt ot  H9E> ~NOsmaller!
Sy — aL aL - SRS, -
Recall Lagrange equations: pm_a—m Pm=" " | s &
q dg"" A @ ||-=n=a-
d b odgm L dgm oL (1)
L(g,G,t)= 2= pp et Pyt =
, dt dt dt ot
Use product rule. |
A A d _dL_ (p,a") L |
dt  dr dt dt «—dt\-"", E)t? __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
. Recall: =—=0 and: ——0
d aL dH ------ / ap,, g™ /
pmq — L |=——=—— Where: H pmq — L .
dt at dt so: 22 _Pm m_,
Hamilton's 1" GCC equationé

—q

Jp,.




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL 0L dqm+ dL dg™
dt  gg™ dt g™ dt

L(q.4. )=

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

L( . t) . dL . aL dqm n aL dqm n aL gy — ...smaller!
AT og™ dt  ggm di ot % P> & [ Nosmaer
+ * e\ - = r :
Recall Lagrange equations: | Pm= 9" P = aq—m """"""""" ' '.E.'_E!__ d
dL b dg" b agm oL g N

L(Q)Qﬂt)z_zpm—‘FPm +
Use product rule: dt dt dt ot

dv dv _d dL—d [ >9L

y — ‘ =—= — +—
" a ™ dt < dt(pmq ) Ot |
Define the Hamiltonian function H(p)=pev— L(V) (That’s the old Legendre tmnsforgfz

e
d(  m_ ) oL _dil o (Recall: 5 and:2s0)

— I l=——="— where:H=p ¢" =1
dt(p””q y P4
g™

Hamilton's I GCC equation NOte:%EO and- 29—

, dq dq
aH e m'/x,,"' m m
op.
Pm




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ JL

L(q,cj,t): + 5 &= NGBIGGER!
dt oM dt Mmoo dt ot 2Q® o [ .NOsmaler!
aq+ 8q+ , AYE .. 2

. dL oL n 1
Recall Lagrange equations: | Pm= a—m Pm="_ | ; v 7
q dg" Vo R
i b dgm Lam oar (4

L(g,G.t)=="= Pyt Pyt ="

, dt dt dt ot

Use product rule. |

b d JALTTAT ) vk

dtdrdt dt «—dt\—"— E)t? __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
n Recall: —=0 and.: I
d aL dH ------ / ap,, g™ /
pmq —L|=——=— where: H P, "L .
dt ot dt so: 22 _Pm m_,

Hamilton's It GCC equatiori | Note: aL_O nd:- 29—
,x"" an E aqln :
aH -m S I

=g - oH i dL .

dp =00 =y,
m g dq




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL  JdL dq" BL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L(q,q’,t): + 5 &= NGBIGGER!
dt  3,m dt M dt ot 2O & [ .NOsmaller
aq+ 8q+ , AYE .. o

Sy — aL aL - SRS, -
Recall Lagrange equations: | m _a—m Pm=". | ; o e
q dg" S g [il-20:0e-
i V" Lam oar (4
L(g,G,t)= == ppy ot Pyt
, dt dt dt ot
Use product rule. |
PRI - i(p q ) oL
dt  dt dr dt «—dt\—"—, ati __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsfornfz
. Recall: =—=0 and: ——0
d aL dH ------ / ap,, g™ /
pmq — L |=——=—— Where: H P, Ly .
dt ot dt so: 22 _Pm m_,
Hamilton's I GCC equation: Note: 2L_O and: 3L_o Hamilton s 2 GCC equation
,x"' Qm E Qm :
o _ g o1
— e H R .",' L p—
ap q _mfo.o__m:_pm a m pm
m aq" i og" | o




Deriving Hamilton s equations from Lagrangian theory

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL  JdL dq" aL dgq™
dt dg™ dt aqm dt

L(q.4. )=

...of coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL  JdL dq" aL dq™ oL

L . )= 4 o 8 —— ...smaller! '
(94:t)=—"= Sl o di G Qo o YNosseH
¥ N\ g
oL oL n fif @
Recall Lagrange equations: | Pm =3 m [|Pm= 7, |77 g T
dq g™ Y & eI .
a boagm L am oan
L(q.4:t) === byt Py T
, dt dt dt ot
Use product rule. |
PRI - i(p q ) oL
dt  dr dt dt «—dt """ E)ti __________________________________________________________________________________________
Define the Hamiltonian function H(p)=pev— L(V) ( That’s the old Legengz’lie tmnsformlg
. Recall: =—=0 and: ——0
d aL dH | . = ( ap,, g™ )
P4 " _|=-—="—| where: H D, qg" — L S
dt at dt a most peculiar relation SO IH — P q’:"_()
M imvolving partialystoal 9Py OPm__
Hamilton's I GCC equationé Hamilton s 2 GCC equation
q - — == Py
d da™
P q




Hamilton prefers Contravariant g™ with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
) [xpressing Hamiltonian H(pm,q") using g"" and covariant momentum pm
Polar-coordinate example of Hamilton s equations compared to Lagrange s
Hamilton s equations in Runga-Kutta (computer solution) form




Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pw

We already have: H=p ¢" —L and: L(q)= Mg “a"q"-U  and: P, = 3" =Mg,.q"

Now we combine all these:



Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U wzth covariant metric definitions of L and pm

} \

We already have: H=p 4" —L and: L(G)=> Mgmnq q"-U and._-p, = p —=Mg,.q"
Now we combine all these: %

H=p,q" - L= Mgm,,,q Cund 4~ U

1 .
=Mg q"q"— Mg qmq”+U



Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = p, g m_[ and:L(§)= Mg q g -U and:._-p, =

=Mg,,q"
Now we combine all these:
H=p,q" == Mgmnq g md 4= U
1 . .
=Mg,,q"q"— Mg,,q"q" +U

This gives an “illegal dependence” for the Hamiltonian (It musnt be “explicit” in velocityq".)
1 -m - n _ Numerically
H -2 Mgmnq g +U=1+U ( correct ONLY! )



Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = p, g m_[ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" - L= Mgm,,,q Cund 4~ U

1 . .
=Mg q"q"— Mg qmq”+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq™)

_l .M -7 _ Numerically
H -2 Mgmnq g +U=1+U ( correct ONLY! )
An inverse metric relation ¢" = ﬁ g™ p_ gives correct form that depends on momentum pnm.
1 ( Formally and Numerically )
H = ZMg pmpn+U r+U=~Et correct
details on next pages




Details of metric tensor algebra:

1
Given: H =5 Mgmnq\ g +U Lefq = Y, g pn
H == M. i mn;\ """" n_l_ U Metric tensor symmetry:
2 gmn Mg pn,q Emn = Enm
_1 mn’ ) mn’ — oh'm
=28mm&  Pyd tU g g

(Always applies)



Details of metric tensor algebra:
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Metric tensor symmetry:
Emn = Enm
mn’ __  n'm
§ =8
(Always applies)

Metric inversion symmetry:

M : ’ ’

T gmngmn =5"

n



Details of metric tensor algebra:

1
1 M -n m __ - _mn
Given: H —ZMgan\ g + U Letq = [y, g pn
=1 Mg i o mn,pqn-l-U Metric tensor symmetry:
2emn n Emn = Enm
1 mn’ g7 m’ o nm
—28mn& | Pyd +U 5 5
Always applies
L . (Always applies)
=50 pn/q +U where: q — 8 Py Metric inversion symmetry:
M i’ _gn'
1 Emn& n

1 : 1
=p,q" +U=5p — v g""p +U



Details of metric tensor algebra:

m 1 mn
Given: H :% Mgmnq'jnqn +U Le_f_______q = Mg Py
7=l i mn’ L n+ U Metric tensor symmetry:
2 MEmn Mg Ppd Emn = Enm
1 - o mn’ — n'm
=28mnE i Pyd T U 5 o
1 i , (Always applies)
__5n P n'q +U where: q M g m ! Py Metric inversion symmetry:
| o i 1 Emn& n
:anq —|—U:§pnMg pm'_l_U
1
~——8 " Pyp,+U

2M



Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = p, g m_[ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" - L= Mgmnq Cund 4~ U

1 . .
=Mg q"q"— Mg qmq”+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq™)

_l .M -7 _ Numerically
H -2 Mgmnq g +U=1+U ( correct ONLY! )
An inverse metric relation ¢" = ﬁ g™ p_ gives correct form that depends on momentum pnm.
1 ( Formally and Numerically )
H = ZMg pmpn+U r+U=~Et correct

Polar coordinate Lagrangian was given as:

Lgrg)=  sM(g, 7 +8,0)—U(r.9)



Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = p, g m_[ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" - L= Mgmnq Cund 4~ U

1 . .
=Mg q"q"— Mg qmq”+U

This gives an “illegal dependence” for the Hamiltonian (It musnt be “explicit” in velocityq".)

_l .M -7 _ Numerically
H -2 Mgmnq g +U=1+U ( correct ONLY! )
An inverse metric relation ¢" = ﬁ g™ p_ gives correct form that depends on momentum pnm.
1 ( Formally and Numerically )
H = ZMg pmpn+U r+U=~Et correct
Polar coordinate Lagrangian was given as: See covariant polar metric g, on next page (p35)

Lgrg)=  sM(g, 2 +8,0)-Ur¢)= ;MG +r*9>)-U(r.,9)



Covariant polar metric g

[from p53 of Lecture 9]

Contravariant polar metric g™

Covariant gmn ~ vs. Invariant s, vs. Contravariant g""
Jr or ar dJq”" dg™ dq”"
Em.En: m‘ . Egmn Em°En: m‘ q :5:1 Em.En: q o q Egmn
dg" dq dg" or or or
Covariant Invariant Contravariant
metric tensor Kroneker unit tensor metric tensor
Emn - g
1 ifm=n
5:15 3 4
0O ifm#n
Polar coordinate examples (again):
[~ 1 1)
d %) ( A ( A
xl xz a—x:cosqb a—xz—rsin¢ i=<:os¢ ﬁ:sinq) «—E =FE'
<J>= aq aq _ or 8¢ <K>=<J_1>= 0x ay
2 2 0 —sing 0 COS
a.x ax g_yzsin¢ g_y:VCOS¢ af: r¢ a¢: r¢ %E¢:E2
TE, TE, TE, TE,
Covariant gmn Invariant 8" Contravariant g""

grr grq) . Er ¢ Er Er ¢ E¢ 6:
Eor 8o E,-E, E,-E, o,

o ?)

5’ E.E E.E’ §" & |_[ EE EE
5¢¢ - E, E’ E¢.E¢ g” g% E’«E E’.E’

{10] {40 ]



Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U with covariant metric definitions of L and pm

We already have: H = p, g m_[ and:L(§)= Mg q g -U and:._-p, =

=Mg,.q"
Now we combine all these:

H=p,q" - L= Mgmnq Cund 4~ U

1 . .
=Mg q"q"— Mg qmq”+U

This gives an “illegal dependence” for the Hamiltonian (It musnt be “explicit” in velocityq".)

_l .M -7 _ Numerically
H 2 Mgmnq q U=T+U ( correct ONLY'! )
An inverse metric relation ¢" = ﬁ g™ p_ gives correct form that depends on momentum pnm.
1 ( Formally and Numerically )
H = ZMg pmpn+U r+U=~Et correct
Polar coordinate Lagrangian was given as: See covariant polar metric g, on p39
o 1 .2 12 1 2, 2 02
Lrg.r,0)=  ;M(g,7" +8,07)-U(r,0)= ;MG +r07)=U(r.9)
Polar coordinate Hamiltonian is given here:
1 rr
H(p,pysr ) =——(g"p," +g" p, ) +U(r,0)

2M



Hamilton prefers Contravariant g"" with Covariant momentum pm
Using Legendre transform of Lagrangian L=T-U wzth covariant metric definitions of L and pm

} \

We already have: H=p 4" —L and: L(G)=> Mgmnq q"-U and._-p, = p —=Mg,.q"
Now we combine all these: %

H=p,q" - L= Mgm,,,q Cund 4~ U

1 . .
=Mg q"q"— Mg qmq”+U

This gives an “illegal dependence” for the Hamiltonian (It musn't be “explicit” in velocityq".)

_l .M -7 _ Numerically
H 2 Mgmnq q U=T+U ( correct ONLY'! )
An inverse metric relation ¢" = ﬁ g™ p_ gives correct form that depends on momentum pnm.
1 ( Formally and Numerically )
H = ZMg pmpn+U r+U=~Et correct
Polar coordinate Lagrangian was given as: See covariant polar metric g, on p39
o 1 .2 12 1 2, 2 02
Lrg.r,0)=  ;M(g,7" +8,07)-U(r,0)= ;MG +r07)=U(r.9)
Polar coordinate Hamiltonian is given here: Contravariant polar metric g"° on p35

1 , , 1
H(p,spsr$)= (8", + g% p)+U(r, ¢)—2—(p,, +— p)+U(r,9)



Hamilton prefers Contravariant g™ with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using g™ and covariant momentum pm
Polar-coordinate example of Hamilton s equations compared to Lagrange s
Hamilton s equations in Runga-Kutta (computer solution) form




Polar coom’lnate example of Hamilton s equations

o 1 1
H(p,,p,.T ¢>——(g pi+e"p)+U(r, ¢)—2—(pr +— ) +U(r,9)
Hamiltonian — H(p,,p,,r,§)= ﬁ(p +i2 p¢)+U(r ¢) in 2D-polar coordinates satifies.:
oH o

Hamilton's st equations: Hamilton s 2nd equations.: =—D,,

—q
dg™"

Jp,.



Polar caom’ina{e example of Hamiltonliv equatlions

Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) waznﬁézpp (r,0) yw“% rznﬂ (r,0)

: . 1 1 . : .
Hamiltonian — H(p,,p,.r.¢)= W(pf +— -p§)+ U(r,¢) in 2D-polar coordinates satifies:
r

=g Hamilton's 2nd equations.: =~ Py

p,, dqg"”"

Hamilton s 1st equations:




Polar caom’ina{e example of Hamiltonliv equatlions

EHEJ%JﬁfjﬁZ@¢ﬁ+gw2%HHr@—§—%nﬂ"—pp+Uw¢)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= W(p +—2 p¢)+U(r ¢) in 2D-polar coordinates satifies.:

0H JdH

=g Hamilton's 2nd equations.: == pm

p,, dqg"”"

Hamilton s 1st equations:

doH . d0H . oH . dH

" o T % T




Polar coom’ina{e example of Hamiltonliv equatlions

H(p,,p,r.9)= ﬁ(g”pf +8"p)+U(r.9)= 2—(1% +— ) +U(r,9)
Hamiltonian — H(p,,p,,r,§)= ﬁ(p +i2 p¢)+U(r ¢) in 2D-polar coordinates satifies.:
o0H ., | | oH ,
Hamilton's 1st equations. =q Hamilton's 2nd equations.: = Dy,
AP, dq
OH . oH _, OH . oH_
Ip, | 0 Py or o¢ ?
OH  py
dp, M




Polar coom’ina{e example of Hamiltonliv equatlions

H(p,,p,r.9)= W(g”pf +8"p)+U(r.9)= 2—(1% +— ) +U(r,9)
Hamiltonian — H(p,,p,,r,§)= ﬁ(p +i2 p¢)+U(r ¢) in 2D-polar coordinates satifies.:
Hamilton's 1st equations. =q " Hamilton's 2nd equations.: = Dy,

apm ',," aq
oM _. LN I o _
ap, d Dy o P o¢ 0
ol _ pf OH Py
o, M 0Py Mr?




Polar coom’ina{e example of Hamiltonliv equatlians

H(p.,p.,rd)=—=(~" 0"+ 2"pH)+U(r,0)=—(p° +—p)+U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+U(r,0)
Hamiltonian — H(p,,p,,r,§)= ﬁ(pf + riz '°p§)+ U((,qb) in 2D-polar coordinates satifies:
. ' . aH -m ™, .‘\‘ . aH .
Hamiltonis 1st equations: =q " ~ Hamilton s 2nd equations: = Dy,
' ap m "," “\“ “\“ aq
0H _. 0H _ 9l _ dH _ ;
Jp, 9P, ) or 7 8L ¢
; g Yoo
gH :Z d/! _ Py aH _ Py _I_aU(r,q))
Py 8p¢ Mr? or S A or




Polar coordinate example of Hamilton s equations

1 , 1 1
Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+U(r,0)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,9) in 2D-polar coordinates satifies.
r‘\:' ‘\ ~“~~~~

2M
. ' . aH -m ‘\\ .‘\\ s ) aH .
Hamiltonis 1st equations: =q v Hamilton's 2nd.equations: =" Pp
, J D, ; . § dq
o _, | i a1l _ a1l _
apr ap(P o 7 a¢ p(p
i y L) B e
I L Uy o g | LINUCD
Py 8p¢ Mr? ar S A or 0 0




Polar coordinate example of Hamilton s equations

1 , 1 1
Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+U(r,0)

: . 1 1 . : .
Hamiltonian — H(p,,p,,r,§)= — (P’ +— -p§)+ U(r,9) in 2D-polar coordinates satifies.
r‘\:' ‘\ ~“~~~~

2M
. ' . aH -m ‘\\ .‘\\ s ) aH .
Hamiltonis 1st equations: =q v Hamilton's 2nd.equations: =" Pp
. op, . . 3
o _, | i a1l _ a1l _
apr ap(P o 7 a¢ p(p
; i ':' \* 2 \{ \“\*

§H =0 | T A __§ Po  9U(r,9) 31{ = aUg’"’q))

Py P Mr? or S M or ? ?

p,.=Mr




Polar coordinate example of Hamilton s equations

1 5 1 1
Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,

(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+Ur,0)
Hamiltonian — H(p,,p,,r,§)= ﬁ(l?f + riz '°p§)+ U((,ﬁb) in 2D-polar coordinates satifies:
Hamiltons st equations: =q ~ Hamilton s 2rd.equations: =" Pp

o1 _, 0H Al o1
apr ap(P o 7 a¢ p(p
v g B o M ey
e B LN o __g P e | D)
Pr | 0Py i My o s or ? ?
E \
; py=Mr¢
p,.=Mr




Polar coom’ina{e example of Hamiltonli? equatlians

Hp ,p..r.0)=—(2"p>+ 2" pHN+U@r,0)=——(p> +— )+ U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+Ur,0)
Hamiltonian — H(p,,p,,r,§)= ﬁ(l?f + riz '°p§)+ U((,ﬁb) in 2D-polar coordinates satifies:
. ' . aH -m ™, .‘\\ R ) aH .
Hamiltons st equations: =q ~ Hamilton s 2rd.equations: =" Pp
o1 _, 0H Al o1
apr ap¢ ; al" r \\a\? p¢
v g N o M ey
e B LN o __g P e | D)
P; 8p¢ EMrz dr 2 13 a,, ¢ ¢
: N ! :
; Py =Mr=¢ 5 :
: P
p,=Mr p, = o dU(r,9)

M or



Polar coom’lnate example of Hamilton s equations

- 1 1
H(p,,p,.T ¢)——(g pi+e"p)+U(r, ¢)—2—(pr +—p)+UT.9)
Hamiltonian — H(p,,p,,r,§)= ﬁ(p +i2 p¢)+U(r q)) in 2D-polar coordinates satifies:
OH i S e oH
Hamilton:s 1st equations: =q v Hamilton's 2nd.equations: = Dy,
Dy e 9q
o1 _, 0H Al o1
J D, J Py o AN P ¢ P¢
; g ¥
gH =.§; o1 _| Py AH o Py U9 gH :aUg” .9)
P; ap¢ EMrz dr 2 13 a,, ¢ ¢
p :MFZQS V . VaU(I",¢)
pr =Mr pr _ ¢ (7",¢)




Polar coom’lnate example of Hamilton s equations

- 1 1
H(p,,p,.T ¢)——(g pi+e"p)+U(r, ¢)—2—(pr +—p)+UT.9)
Hamiltonian — H(p,,p,,r,§)= ﬁ(p +i2 p¢)+U(r q)) in 2D-polar coordinates satifies:
OH i S e 9H
Hamilton:s 1st equations: =q v Hamilton's 2nd.equations: = Dy,
Dy e 9q
o1 _, 0H Al o1
J D, J Py o AN P ¢ P¢
; g ¥
gH =.§; o1 _| Py AH o Py U9 gH :aUg” .9)
P; ap¢ EMrz dr 2 13 a,, ¢ ¢
p :MFZQS V . VaU(I",¢)
przMV -------------------------------------------------- >pr:Mr — 0 I”,¢




Polar coordinate example of Hamilton s equations

1 5 1 1
H(p ,p. . r,0)=—(2" 0>+ 2" p+U(r,0)=—(p> +— )+ U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+Ur,0)
Hamiltonian — H(p,,p,,r.¢)= ﬁ(pr2 + riz :p§)+ U((,ﬁb) in 2D-polar coordinates satifies:
Hamiltonis 1st equations: =q ~ Hamilton s 2rd.equations: = Dy,
, apm , § . g
o1 _, 0H Al o1
op, P, o ~3p ;0
gH =L 01 i P A __ P U9) gH :;aUa(’”’q’)
Pr | Ay | Mr? or e o o 99
Dy =M1 i PRI X
T T Py oU(r ¢ J
pr—Ml" “““*pr :MI" — ¢3 _ (V,¢) ¢
~~~~~~~~~~~~~ Mr or



Polar coom’ina{e example of Hamiltonli? equatlians
H(p,,p,r0)=——(g"p>+ " pH)+U@r,0)=——(p>+—p)+U(r,
(D, sDysT>P) Y, (& p,+g p;)+U(T.0) Y, (p; > p)+Ur,0)

Hamiltonian — H(p,,p,,r,§)= ﬁ(l?f + riz '°p§)+ U((,ﬁb) in 2D-polar coordinates satifies:
o CUUOH A s CaH
Hamiltonis 1st equations: =q v Hamilton's 2nd.equations: == D,
o1 _, 0H Al o1
apr ap¢ ; al" r \\a\? p¢
oH _ip; OH _| Py A __§ Py, () gH :;aUg’”’@
Ip, M 8p¢ iMr2 or S A c?r 0 0
N T p U (7 0 0
pr =My - "pr =My = ¢3 — (7’,¢) ¢
T Mr dr
2 Mrg?-93,U(r,9)
v . . 7. v
p¢=Mr2 _______________________________________________ . Py =2Mrig+Mr ¢=—3¢U(V,(P)

Compare these Hamilton s equations to Lagrange s on next page...



Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity. ( Review Of Lecture 9 )
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate Covariant gmn, metric (1-page back) [ 8 8rp ]
8or 80

Il
7~ N
= =

This gives polar GCC form (Actually it's an OCC or Orthogonal Curvili
L(7,0) ——M(g,,,,r + g¢¢¢ ) =U(r,0) ——M(l 7247’

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising; 9L Wow! gee gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg¢¢(p Mrid  factor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr-o.

2" [ -equation invglves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ U U ré? B_U Centrifugal b = 8_L 0o a_U ngular momentum pq is conserved if
Pr= o 2 on (P ar =Mr¢- or force Mro? 0 o) d¢p [potential U has no explicit ¢-dependence
C g : : . _dp, d n . v : e :

Find pm directly from 15" L<equation:p, = % EM (&md")=M(8,.4"F 8,.,d") |[Equate it to P,,in 2" L-equation:
i d ................................... T l p

) =25 — M ¥ . . . L ﬂ .- lorque relates to two distinct parts:

Pr dt Centrifugal (center-fleeing) force Py = dt 2Mrr¢+ Mr 0 Corzolzs and angular. acceleration
equals total T s Sttt
=M r¢ - Centripetal (center-pulling) force —0— a_U Angular momentum pq is conserved if
or 99 potential U has no explicit O-dependence



Hamilton prefers Contravariant g™ with Covariant momentum p,

Deriving Hamilton s equations from Lagrange's equations
Expressing Hamiltonian H(pm,q") using g™ and covariant momentum pm
Polar-coordinate example of Hamilton s equations compared to Lagrange s
=y Hamilton's equations in Runga-Kutta (computer solution) form




Polar coordinate example: Hamilton's equations in Runga-Kutta form

2
Py dU(r,9)
M or
= Mrg®—09,U(r.9)

pr:Mf. prsz:
p(p:Mrz(b p¢ :2Mrfq5+ Mr2¢5:—8¢U(r,¢)

Runga-Kutta form.
X=X (X, X5, X3,...)

Xy =X5 (X1,X5,X3,...)
X3=X5(X],X5,X3,...)



Polar coordinate example: Hamilton's equations in Runga-Kutta form

2
A/ p
p,=Mr p=Mi=—2 - oU(r,9)
My or
= qu52 -3 .U(r,0)
p(p:Mrng p¢ =2 Mrig+ Mr2¢5:—8¢U(r,¢)
Hamiltonian egs. in Runga-Kutta form:

Runga-Kutta form: )'cl le ()c1 3 X5 5 X35 )

- D
r r(rapr9¢9p¢) - M xzzxz(xlpngx:Sg---)
0 L.
pr:pr(rapra¢ap¢) - Mr?’ —arU(l",¢) .
. Py
0=0(r,p,.0,p,) =
vl M2

p¢=p¢(r,p,,,¢,p¢) = —8¢U(r,¢)



Examples of Hamiltonian mechanics in effective potentials

» Lsotropic Harmonie Oscinator I polar coordinates and effective potential (Web Simulation: OscillatorPE - IHO)
Coulomb orbits in polar coordinates and effective potential (Web Simulation: OscillatorPE - Coulomb)



http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=3

Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pm-conservation

Consider polar coordinate Hamiltonian for Lowopic Hamonie Oscinaor potential U(r) =kr?/2:
1 1 1 k-r’

Hp ,p..r.0)=— (" 0>+ "p N+ kr’/2=—(p° +—p. )+ ——=FE = const.
(P,sDys1>0) 2M(g P +8 D) 2M(pr 3 Py°) 5



Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Homonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
Hp ,p..r.0)=— (" 0>+ "p N+ kr’/2=—(p° +—p. )+ ——=FE = const.
(D,sPysT>9) 2M(g p.+gpy) 2M(pr 3 Py) >
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%—I(Z =0

Thus momentum py is conserved constant. p o= ¢ = const.



Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Homonie Oscinaor potential U(r) =kr?/2.:
1 1 1 k-r’

Hp ,p..r.0)=— (" 0>+ "p N+ kr’/2=—(p° +—p. )+ ——=FE = const.
(D,sPysT>9) Y & p +g p,°) Y (p, 3 Py) >
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%—]Z =0

Thus momentum py is conserved constant. p o= ¢ = const.

2 ) 2 2 ) 2
k- Y k-
p_r+ p(p + 4 = pr + -+ ! — E = const.




Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Homonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,ra0)=— " p>+"p)+kr’2=—(p’+—p,)+—=E = const.
PysDystsQ g &P TP, YA 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pg is conserved constant: p yp = L= const. ? radial potential U(r)
_______________________________ “effectiye” PE
2 -2 k72 2 ljz k72 5 . 5 “real” PE
r T
p’"+ p¢,2+ =p’”+ >+ = £ = const. E:pf + ¢ +U(r)
2M  2Mr 2 2M  2Mr 2 M 2Mr’

“centifugal-barrier” PE




Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Homonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,ra0)=— " p>+"p)+kr’2=—(p’+—p,)+—=E = const.
PysDystsQ g &P TP, YA 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pg is conserved constant: p yp = L= const. ? radial potential U(r)
“effective” PE
2 - ﬁLT 1 pk
2 2 2 2 2 red
k-r 14 k-r 2 2
—p”+ p¢2+ :p”+ -+ = E = const. E:pf + £ +U(r)
2M  2Mr* 2 2M  2Mr* 2 2M  2Mr’

2
“centifugal-barrier” PE

Solving for momentum : p> = 2ME — — = Mk-r’
r



Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Homonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,ra0)=— " p>+"p)+kr’2=—(p’+—p,)+—=E = const.
PysDystsQ g &P TP, YA 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pg is conserved constant: p p = L= const. ? radial potential U(r)
“effective” PE
2 - ﬁLT 1 pk
2 2 2 2 2 red
k-r 14 k-r 2 2
—p’"+ p¢2+ :p’”+ -+ = E = const. E:pf + £ +U(r)
2M  2Mr* 2 2M  2Mr* 2 2M  2Mr’

2

“centifugal-barrier” PE

Solving for momentum : p> = 2ME — — = Mk-r’
r

a — ” ok
pr:M}":\/zME——z_Mkrzz 2M\/E_ 2__.’/,2
r 2 Mr 2



Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Homonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’
H(p.,p,,ra0)=— " p>+"p)+kr’2=—(p’+—p,)+—=E = const.
PysDystsQ g &P TP, YA 5
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pg is conserved constant: p p = L= const. ? radial potential U(r)
“effective” PE
2 - ﬂLf 1 pk
2 2 2 2 2 red
k-r 14 k-r 2 2
Ly p¢2+ =Ly -+ = E = const. E=2r_ 4 ! +U(r)
2M  2Mr* 2 2M  2Mr* 2 2M  2Mr’

2

“centifugal-barrier” PE

Solving for momentum : p> = 2ME — — = Mk-r’
r

a — ” ok
pr:M}":\/zME——z_Mkrzz 2M\/E_ 2__.’/,2
r 2 Mr 2

Radial KE is: = F




Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Homonie Oscinaor potential U(r) =kr?/2.:

1 1

H(p,,post ) =——(8"p  + 8" )+ kr?i2=—(p +

2M 2M

H is not explicit function of ¢ , and so Hamilton s 2nd says: p(p = —

Thus momentum py is conserved constant. p o= ¢ = const.

2 ‘2 2 2 ) 2
k- / k-
Ly p¢2+ L=y -+ = E=const.
2M  2Mr 2 2M  2Mr 2

2

Solving for momentum : p> = 2ME — — = Mk-r’
r

1 k-r’
— -p¢2) + —— = E = const.
r 2
H
8_ =0 | Same applies to any
d¢ radial potential U(r)
“effectiye” PE
o “real”B?
2 2
/
E= Py + =+ U(r)
2M  2Mr

“centifugal-barrier” PE

, 0’ ) 0’ k
p,=Mr=,2ME —— — Mk-r* =~2M | E — ~——T

r 2 Mr 2

«2 2
Radial KE is: Mr = F — ¢ k 2

2
Radial velocity: 2 2Mr= 2
r = ar _ |2& a k
dt M M2r2 M




Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Homonie Oscinaor potential U(r) =kr?/2.:

1 1 1 k-r’

Hp ,p..r.0)=— (" 0>+ "p N+ kr’/2=—(p° +—p. )+ ——=FE = const.
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%—H =0 | Same applies to any
Thus momentum pg is conserved constant: p p = L= const. ? radial pofential u(r)

2 - ()ﬁe%v% Pf’PE
2 2 2 2 2 red
k- ! k- 2 2
—p’"+ p¢2+ r:p”+ -+ r=E=COFlSt. E:p” + £ +U(r)
2M  2Mr* 2 2M  2Mr* 2 2M  2Mr’
? B ' rrier”
Solving for momentum : p> = 2ME — — = Mk-r’ el -
r
p,=Mr=,2ME —— — Mk-r* =~2M | E — ~——T
r 2Mr= 2
.2 2
Radial KE is: Mr = F — ‘ > = E-I’z
Radial velocity: 2 2Mr 2
2 r>
;%:ﬂ: 2E_ ‘ _i.rz Timevsr:t=J' dr
dt M Mr M < 2B ko,

M MY M




Effective potential analysis (Reducing 2D-problem to 1D-problem)

Polar coordinate Hamiltonian can take advantage of H-conservation and pn-conservation

Consider polar coordinate Hamiltonian for Lowopic Homonie Oscinaor potential U(r) =kr?/2.:

1 . 1 1 k-r’
H(p,,pyst9) = W(g p,+g"p, )+ k)2 = ﬁ(l?r2 T2 Py )+ o E = const.
H
H is not explicit function of ¢ , and so Hamilton's 2nd says: p(p = —%— =0 | Same applies to any
Thus momentum pg is conserved constant: p p = L= const. ? radial potential U(r)
............................... _ljectiye PE_
9) ' 2 2 2 '2 2 “real” PE
k-r 14 k-r 2 2
—p’"+ p¢2+ :p”+ -+ = E = const. E:p” + £ +U(r)
2M  2Mr* 2 2M 2Mr° 2 2M  2Mr?
2
. “centifugal-barrier”
Solving for momentum : p> = 2ME — — = Mk-r’ e -
r
= Mi = ,[2ME a Mk-r* =2M | |E £k
p, = Mr= o = oMt 5-1’ Called the “quadrature” or
i P . 1/4-cycle solution if
Radial KE is- r _E_ B —-}"2 r<=0 and r>=max amplitude
2 2Mr® 2 (- : A
Radial velocity: Time vs v for any radial U(r):
. dr 2F (? kK , , > dr _ 't dr
FZE: M_Mzrz_ﬁ.r Tznfzevsr.'t=;[< TR ! .[ 2% ¢ 200
M MY M 4 L M M M y




“effective” PE

“real”m:_ _
2 2 ( )
14 k i
E=2r 4 —+—r’ 11
2M 2Mr- 2 ;
)

~O
~
~
~
.. -
-
-~ m

Han/lefOnlCln dyndWllCSfOI" ]sotrop:c Harmonic Oscillatorpotential U(V) :kl”2/2



“effective” PE

© “real ”Ng_t.s & /
2 2 R
2% it .
p=P = 11 o, (for E=165)
oM 2Mr® 2 - |
v 0F |
|

3

............ : -;V' | 1 1 1 1 |1-5I II 1 1 | 1 1 1 1 IEEI 1 1 1 |
- ! !.,L =21
HCZWZZZtOI/llClTl dynan/llCSfOI" ]sotrop-c Harmonic Oscillatorpotential U(V) :kI”Z/Z r
Energy:

E=k(a®+b%)/2

0.5 Angular momentum:

............ M:\/(km) ab

Apogee is
slower

A

Perigee is
faster _1
turning point |
05—
1 | e FP

Looropic Harmonic Oseinator T polar coovdinates and effective potential (Web Simulation: OscillatorPE - [HO)



http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=2

Examples of Hamiltonian mechanics in effective potentials

Lsotropic Harmonie Oscinator I polar coordinates and effective potential (Web Simulation: OscillatorPE - IHO)
» Coulomb orbits in polar coordinates and effective potential (Web Simulation: OscillatorPE - Coulomb)



http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=2
http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=3

[

Perigee is

=

faster
turning point

Energy:
E=k2a

Angular momentum:
{ =N|kmA|=bN(2m|E)|)

05 — Hamiltonian dynamics for Coulomb potential U(r) =-k/r

Apogee is
slower

|2

/

p “effective” PE
e —
< “recrz_l:_];E
_p Uk
QM 2Mr®  r
“centifugal-barrier” PE
and effective potential (Web Simulation: OscillatorPE - Coulomb)

I
|
|
I
|
|
I
| turning point
I
|
I
|
|
I
I
I

E



http://www.uark.edu/ua/modphys/markup/OscillatorPEWeb.html?&scenario=3

k=] m=] _

-I:IE LD | 1.2 |

Energy - I X

Needed to: .. [as"
Escape from....... p=0.5....1.. to 2 > =

E V. A p_
Orbit at p=0.5 'l = —

Angular momentum w=1/N2

Sit at p=0.5

Angular momentum \L=0



0.5

1

1.2

IE

k=1 m=1
o
Minimums,
Energy %
Needed to:
Escape from.......
A
TZZ/; Orbit at p=0.5
Equal 1
Steps Sit at p:05
o A
» Sitting at p=0.0

o L

at dead-center of a
Sophomore-physics-

Earth of radius Rs=0.5

From p. 74 Lect. 6 on next page

3 p=0.5.....1.. to© 2 > S
Dy - 1 | C ol oa
Al -
: Angular momentum W=1/2
| - Angular momentum L=0
K
Y



Sophomore-physics-

Earth(inside)a

...and surface orbit at§r=

F romp. 75 Legto

Centifugal force = surface gravity:

ot

%

l

-

hd(our) 3

b N\

lsurface gravity: g=—-G

R@Dissociation threshold : PE=0

-steps out of orime) Hell”

MG—)
Rs

escape

,uV um
R, He=G
_ C_Ja_@?@_\@ SO
1
Orbit[KE=— pv2 =G L@
2 ZR@ B
| T M M %
Orbit ETOMZ s 2 — G'u Zy
R, 2R,
(r=R )—orb1t angular frequency: IS S-S | e UM
¢ M, M Bottom potential: PE= -G ; -
2
W R=G —F = 0,=,|G—" KE = PE relation: ®
\ |
Geometric(x,y) N Scaling mks%arzables l (v 2 3:UM
(Dimensionless) | relations (meter-kg-sec) 2 bottom ™ 2 R@
space coord.: x r=Ryx x=r/R, ® :
R A Y 77772 N B — (r=0)-escape-velocity
PE for|x|>1: PE"™(r) PE"(r)= ; PE for|x|<1: M
_ &
PE:i :GM/J PE GMu 1 PE_ x> 3 ks GM,LL( r’ 3 Voottom = 3G
» R - — | Y= —Z | PE™(r)= —-= R,
® R@ X 2 2 R@ kZR@) 2 ( R ) 1 t
"""""""""""""""""""""""""""""""""""""""""""" eIl (F = g )-€SCApPe VEIOCILY .
FO}"C@fOI'|X|21: kaS(r) kas( ): Gi\fu F0rcef0r|X|<1. GM M
Force__ 1 _GM‘LL Fo GM“ 1 yForce: X kaS( )_ _ 3:u r v — 2G —(_D
y _? _ R2 —— R@ escape R
@ R@ X ®

Zi’Oma
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Sophomore-physijcs-Earth\inside and out: “3-steps to Hell”
Suppose Earthradius crushed to 1/2: (R.=6.4-10°m crushed to R./2=3.2-10m )

All formulas
o Lo R@ . f .
identical to
Escape level : PE=0 .
ones derived

onp.l5to27.

D Imagine
| e reducing
x> " M R@ 1o R@/Z
\ & Orbit at R level : PE=-G—2
_ g a 2R, ",
2 times O-orbit energy: E_ =—G —2
2R,
_\_\\_ u 5 _/_z: |
X y J2 times O-orbit speed: v, = |G—=
\\ // M R@
2 N — (Sit at R, )-level : PE= —GK—@
X Crushed Earth , ° M,
172 radius 2 times the surface potential: PE= -G —=

RG—)
oM,

8 times as dense \

1/8 focal distance or A
& minimum radius of curvature

' ' . 3M
8 times maximum curvature (Sit at r=0)level : PE= -G Me

/2 times surface escape speed: v, = \/ G

®

R@
J8 times (r =R, )-orbit frequency? | | v
Mg V] 4 times the surface gravity: g = -G —-

/ >
Do™ G Rci) \\\ /l/ / fo
/

— — — — — e—M  — — — — —




Next Hamiltonian Lecture 11 ...

Examples of Hamiltonian mechanics in phase plots
1D Pendulum and phase plot (Web Simulations: Pendulum, Cycloidulum, Jerklt (Vertically Driven Pendulum))
ID-HQO phase-space control (Classic Simulation of “Catcher in the Eye”’, Web Simulation:Jerklt)



http://www.uark.edu/ua/modphys/markup/PendulumWeb.html
http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=FVPlot

1D Pendulum and phase plot
(a) Force geometry (b) Energy geometry (c) Time geometry

=-MgRcos0

! /5,(Mg/R )x2 0
~ Mgh

x=R s5in0)| X
____________ h
2 NOTE: Very common
x“=h(2R-h) ~ 2hR loci of + sign blunders
(Euclid mean) l

Lagrangian function L= KE - PE = T - U where petential energy is U(0) = —MgRcos0

L(0,0) = %192 —U(6) = %192 + MgRcos 0



