Lecture 28

Multi-particle and Rotational Dynamics
(Ch. 2-7 of Unit 6 12.06.12)

2-Particle orbits
Copernican view

Ptolemetric view

2-Particle scattering Lab-vs.-Body frame views

Ruler & compass construction

Rotational momentum and velocity tensor relations

Quadratic form geometry and duality (again)
angular velocity w-ellipsoid vs. angular momentum L-ellipsoid
Lagrangian w-equations vs. Hamiltonian momentum L-equation

Symmetric-top dynamics (Constant L)
BOD-frame cone rolling on LAB frame cone
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2-Particle orbits and center-of-mass (CM) coordinate frame

m

r=ri{-r _
Iy _Tom 3@ Fem= m Tyt mory
% ry n; +m2

Defining relative coordinate vector

r=r, —r,
and mass-weighted-average or center-of-mass coordinate vector rcy
_ _omyry +myr,
r = rCM =
ml + m2
The inverse coordinate transformation.
H=Tm™ ’ I =Tem ~

m1+m2 ml +m2
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Reduced mass: Ptolemetric views
Radial inter-particle force Fi2 1s on m; due to m> and F21 = -F12 1s on m> due to m;

. F
F12=F(r)er =-F21 = F(r)r = F(r)£ = (r) (r1 — rz)
r r
L . r  F(r)
F1; acts along relative coordinate vector r=r; - r> Fy =mfy = Flr=F@r)—= (1 —1,)
Depends only upon the relative distance » =| r; - r> | . r  F(r)
By = myy = =F(r)f ==F(r)—=-— (r,-1,)
Sum F12+F2; yields zero because of Newton's 3™ -law action-reaction cancellation.
(my +m, ¥y = Myt +m,t, =0
. ) . mym, .
Difference Fi2-F21 reduces to u#=F@) using reduced mass: — H=———— fepg =90
1 2
| m iy -1 m,k, 1= 2P (rl _rz)
. m,m,t B . mymt | 2F(r) B l_ 1 1 m+m, H= T [1—%~ ] (m,>>m,)
{merMerl +m2} {merMerl +m2:|_ r (rors) T ' my  mm, Hmj |
m m
. A p=—" =m1[1——1. ] (m,>>m,)
ur=F@)r=F(r)e =F() 1M ™,
m2
Re-scaled force: A Copernican view , __"™" _H, L L
. . 1 m, + m2 I’I/ll ’ 2 m, + m2 m2
relative radius vector ! !
T T
each particle keeps it original mass m/ or m2, but feels
coordinate-re-scaled force field F(m; ri/\\) or F(m2 r2/\) field
. m R 2
Fip =miy = F(jrl)rlz_Fﬂ F(”)=i2 becomes: F(%”l)=u—2% ; F(r)=—kr becomes: F(ﬁ7’1)=—ﬁkr1 ;
mn H H

r
m A
F21=mzi~'2=F(72r2)r2=—F12 k—)klzk,uz/mlz, k%kzzk‘uz/mg k—=>k=km/u, k—=>k,=kmy,/u
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Examples of Coulomb and harmonic oscillator 2-particle “Ptolemetric” orbits.

(a) F(r) = -kir? Q (b) F(r) = -kr
&

1 l'z A
rem=0 my
J rz
J
& W
ry

Two particles are 1n synchronous motion around fixed CM origin.

Orbit periods are 1dentical to each other.

Orbits are mass-scaled copies with equal aspect ratio (a/b), eccentricity, and orientation.
Orbits differ in size of axes (a;, b;) and (a2, b2)

Orbits differ in placement of center (for the Coulomb case) or foci (for the oscillator).
Orbit axial dimensions (ax, bx) and Ai are in inverse proportion to mass values.

am =a,m, =apl , bymy = bym, = by Amy = A,m, = Al

Harmonic oscillator periods and Coulomb orbit periods and eccentricity must match

, 3 3

_ /ﬁ_ /ﬂ_ /mZ /ua3 _ ma; m,a, — —

Tpo =27 k—27r kl =27 a Ty =27 p =2 k—_zn - 81 —82 =&
1 2

Three Coulomb orbit energy values satisfy the same proportion relation as their axes
-0 gL -2
2a, ’ 2 2a, ’ 2a

Energy values and axes satisty similar sum relations

Em =E,m, =Eu, where: ‘El

m m, m m,
E+E,=—FE+—=E=FE, and: a +a,=—a+—=a=a
u U U u

Saturday, December 8, 2012



1o transform CM to LAB frame
Just subtract v2*M(0) from all

(Assuming that initial v2*45(0) is zero so v2*™(0) is CM velocity in LAB)

CM view
vCM=(

COG moves uniformly
CM CM
at v =-vy (0)

2 O ©,LAB
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A common type of scattering
(mi=m:)
...that everyone should know

CM view LAB view
vCM=() vEiM=_y,CM(q)

VILAB(OO) V] M(OO)
90° 0

VZLAB(OO) V2C o0) PALAB

\% 2LAB (0):0 /
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Inertia tensors

angular velocity and angular momentum relation Levi-Civita analysis
, 3 .3 Ax(BXC)=(AeC)B-(AeB)C
l'j: (0)(1‘]. L—]E,l rijjrj—]élmjrjx((oxr.)
the rotational inertia tensor 1 - 3 - 3
3 3 . I= ZI].: ij[(rjorj)l—rjer
szzlmj[(rjorj)(x)—(rjom)rj}zjélmj[(rjorj)l—rjrj}m=lom j=1 j=1
matrix form the w-to-L relation the inertia matrix <I>
2., .2 _ 2, 2
L, YitE T TEE o, YitE TNy TXE
3 3 3
— 2 2 T\ _ T \_ 2,2
L, 1= JEI Ml YA X TE TV Dy ()= J§1<Ij> SEM YA T Y
k. 2y Gy U9 3% I A
mass m at the end of a bent axle that is rotating around a fixed bearing instantaneously at r, = (xm s Vo Zm) =r( \/51 , \/51 ,0)
—/2
w/2 (1/x/§)2+0 —(1/6)(1/6) _(1/\/5)0

) ) 1/2 -1/2 0
0 T=m?| —(132)(142) (142 +o -(1742)o =mr®| _1/2 1/2 0
0 0 1

—0(1/6) —0(1/\/5) (1/\/5)2+(1/x/§)2

Operating on the angular velocity gives the angular momentum

L

x /2 -1/2 0 ) o ~1/2
0 L, |=m?| 172 1/2 0| o |=m?| 1/2 |
o o0 1)l o 0

z
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Kinetic energy in terms of velocity o and rotational Lagrangian
Kinetic energy T of a rotating rigid body can be expressed in terms of the inertia matrix I

T—EEI mr. e, = 5% m; ((oxrj)O(mxrj) Levi-Civita identity
(AxB)x(CxD)=(AeC)(BeD)—(AeD)(BeC
P24 m[(@eolfrer)-(aer) o] . ) e
foe 3 [l en)i-fo o -0
_Lpeien
Kinetic energy is a quadratic form ,
xx  Txy  Txz O
I'= %( @, o, wy) L Ay Ly [wy
sz Izy zz ,

®) (Dirac notation)

) =1y} (i) )| (z]e)
yi + ij Vi TXE) 0N
1 3 2
- E( o, o, o, )]El il VX Xyt Yz y
—ZX; ~2;¥; x? + y? o,

| Iyy Iyy Ixz Oy
r= 5( Dy Gy O ) lyy Iyy Iy, %
Iy gy gy @,
1 S ° Ux I,,0°% [0 1,0
:E(wX Wy a)Z) 0 I, O Wy :XX2X+YY2Y+ZZZZ
0 0o 7, ,

Saturday, December 8, 2012



Kinetic energy in terms of momentum L and rotational Hamiltonian

L=Iew, generallyimpliess = [ leL

Express kinetic energy 7 in terms of angular velocity w , momentum L, or both at once. once
1 1 1. -

T=—@elom=—meL=—Len=—Lel oL
2 2 2 2
-1
[XX ]XY IXZ LX
1
T= 5( Ly Ly L )| Iy Iy Iy L,
IZX IZY IZZ L
1/1 0 0 L
I - * L, L, L
= —( L, L, LZ) 0 1/I,, O L, |=
2 21, 2I,, 2I,
0 0 1/, || L,
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Kinetic energy in terms of momentum L and rotational Hamiltonian

L=Tew,

generally implies:

m=f_10L

Express kinetic energy 7 in terms of angular velocity w , momentum L, or both at once. once

- 1 1 1 -_
T=—@elom=—meL=—Len=—Lel oL
2 2
1
Iy Iy 1y, L,
1
T= 5( Ly Ly L) Iy 1y I L,
IZX IZY IZZ LZ
/1, 0 0 L,
I
_ 5( L, L, LZ) 0 1/, 0 L

Hamiltonian form 1s the equation of the angular momentum or L-ellipsoid

0 1/1, || L

E =const

ﬂ)—ﬂllipsﬁ

\

T

Plane normal t 5 star-fixed

i ent to @-ellisoid
JA

Lagrangian form is the equation of the angular velocity or w-ellipsoid
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Kinetic energy in terms of momentum L and rotational Hamiltonian

L=Iew, generallyimpliess = [eL

Express kinetic energy 7 in terms of angular velocity w , momentum L, or both at once. once

T=lm0fomzlmoL:lLo(D:lL.i—l.L E =const Torque-free body
2 2 2 2 ¥ has conserved L.=const.
M-ellipsgid
-1 ;
1 1

_ !
1 S L <llipscid |
T= 5( Ly Ly L) Iy 1y I L,
1 1 L

— X Y
0 1/I, 0 L +

v \Tar, 20,
0 0 1/1, || L, wemn \
X ®e* L=const. =27 if energy
Hamiltonian form is the equation of the angular momentum or L-ellipsoid is not dissipated internally

Lagrangian form is the equation of the angular velocity or w-ellipsoid w is generally not conserved unless it

T

Plane normal t 5 star-fixed

i \ and-tangent to w-ellisoid
A

is aligned to L. or body has symmetry
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Kinetic energy in terms of momentum L and rotational Hamiltonian

L=Iew, generallyimpliess = [eL

Express kinetic energy 7 in terms of angular velocity w , momentum L, or both at once. once

T=lm0fomzlmoL:lLo@=lL.i—1.L E =const Torque-free body
2 2 2 2 ¥ has conserved L.=const.
M-ellipsgid
-1 ;
1 1

T

Plane normal t 5 star-fixed

i ent to @-ellisoid
JA

— X Y
0 1/I, 0 L +

v T2 T, "
0 0 1/1, || L, we \
X ®e* L=const. =27 if energy
Hamiltonian form is the equation of the angular momentum or L-ellipsoid is not dissipated internally

Lagrangian form is the equation of the angular velocity or w-ellipsoid w is generally not conserved unless it

is aligned to L. or body has symmetry

((

. oL N
Canonical momentum: ~ p, = a_# (where: L=T)
L=9_y -0 @0 _y ,

\___ 00 w2 )
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Kinetic energy in terms of momentum L and rotational Hamiltonian

L=Tew,

generally implies:

m=f_10L

Express kinetic energy 7 in terms of angular velocity w , momentum L, or both at once. once

- 1 1 1 -_
T=—@elom=—meL=—Len=—Lel oL
2 2 2
1
Iy Iy 1y, L,
1
T= 5( Ly Ly L) Iy 1y I L,
IZX IZY IZZ LZ
/1, 0 0 L,
I
_ 5( L, L, LZ) 0 1/, 0 L
0 o 1/1, || L,

Hamiltonian form 1s the equation of the angular momentum or L-ellipsoid

E =const

ﬂ)—ﬂllipsﬁ\

Torque-free body
has conserved L.=const.

2 2
LX LY
20, 21,y

!

Plane normal t 5 star-fixed
ent to -ellisoid

.~

®°* L=const. =27 if energy
is not dissipated internally

Lagrangian form is the equation of the angular velocity or w-ellipsoid w is generally not conserved unless it
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is aligned to L. or body has symmetry

f(

oL A
Canonical momentum: ~ p, = —n (where: L=T)
a .
L=9_y -0 @0 _y ,

\___ 00 w2 )
- . OoH N
Hamilton's 1% equations : G = 8_ (where: H =T)

P
-1 2
(o:a_H:VLH: a L.I .L:I_IOL
\ oL oL 2 J,
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Kinetic energy in terms of momentum L and rotational Hamiltonian

L=Iew, generallyimpliess = [eL

Express kinetic energy 7 in terms of angular velocity w , momentum L, or both at once. once

E =const
2 a}enipsﬁ
| \

Torque-free body
has conserved L.=const.

T~

Plane normal t s star-fixed

i ent to @-ellisoid
Y + \ \

20, 21y,

0 0 1/1, || L, _ .

X ®e* L=const. =27 if energy

Hamiltonian form is the equation of the angular momentum or L-ellipsoid is not dissipated internally

Lagrangian form is the equation of the angular velocity or w-ellipsoid w is generally not conserved unless it

is aligned to L. or body has symmetry

(7 oL B\
Canonical momentum: ~ p, = —n (where: L=T)
a .
oT 0 wele®
= —= V(DT = — I *(®
\___ 00 w2 )
Z
Absolutely (7 oH \\
stable axis ([ ‘Hamilton's 15 equations : g = 8_ (where: H =T)
/4
1 Pu
H LeIleL” __
m:g—:VLH:aa .IZ. :IIOL
stable axis Separatrix \\ L L )J
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Kinetic energy in terms of momentum L and rotational Hamiltonian

L=Iew, generallyimpliess = [eL

Express kinetic energy 7 in terms of angular velocity w , momentum L, or both at once. once

T=l(00i0(1)ZlmoLzlLomzlLoi_loL E =const Torque-free body
2 2 2 2 ¥ has conserved L.=const.
M-ellipsgid
-1 ;
1 1

T

Plane normal t 5 star-fixed

i ent to @-ellisoid
JA

— X Y
0 1/I, 0 L +

v T2 T, "
0 0 1/1, || L, we \
X ®e* L=const. =27 if energy
Hamiltonian form is the equation of the angular momentum or L-ellipsoid is not dissipated internally

Lagrangian form is the equation of the angular velocity or w-ellipsoid w is generally not conserved unless it

is aligned to L. or body has symmetry

f(

oL A
Canonical momentum: ~ p, = —n (where: L=T)
a .
oT %) I
L=""=v 7=2220 1.0
\___ 00 w2 )
Z
Absolutely(7” H N
stable axis ([ ‘Hamilton's 15 equations : g = — (where: H =T)
p
1 Pu
H LelleL” _
m:g—:VLH:aa .12. :IIOL
stable axis Separatrix \\ L L )J

In body frame momentum L. moves along intersection of Li-ellipsoid and 1.-sphere (Length |L| is constant in any classical frame.)
Saturday, December 8, 2012
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(a) Constrained rotor  (b) Angular velocity ® (c) Energy ellipsoids
and momentum J

Fig. 6.7.1 Elementary w-constrained rotor and angular velocity-momentum geometry.

(a) Constrained rotor:LAB-fixed 0, moving J (b) Free rotor:LAB-fixed J, moving ®

%7
N

_;’/ : |
S«
X, axis
X4 axis O 1

Fig. 6.7.2 Free rotor cut loose from LAB-constraining w-axis changes dynamics accordingly.

..this was the kind of dynamics that started me dropping superballs...
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Prolate tops: (a) I,,=41, (c) 1,=(3/2) I,

7.236(COSB v=(1/2)0.cos3
?=(3/4)(D3-
LAB X3 o
_ axis 0(+l=(D
LAB A
y, cone

(e) Oblate limit:
I,=(1/2) I,

V=(-1/2)d.cosf o\ \
V= -0 vt

Blue BOD-frame cones roll (around w-sticking axis)without slipping on red LAB-frame cone

Fig. 6.7.3 Symmetric top ®-cones for 3=30°nd inertial ratios: (a) 1,,1:13 =3, (b) 1, (c)% ,(d) 0, (e) —%.

Saturday, December 8, 2012 17



BOD }3 axis

Il 111 =1, =(3/2 ) 1

=

Rt Al

=0 (If/l3)cos B
|

/
/

/”.YZ(D:;—(;CCOSB

/ = (o cos B3/,
s o3 (Pl Blue BOD-frame cones

roll without slipping
on red LAB-frame cone

LAB —X, axis T~

(b) Oblate geometry
I=1,=1,=(172) I,

welew=2F
oblate
ellipsoid

~

Fig. 6.7.4 Detailed geometry of symmetric top kinetics. (a) Prolate case. (b) Most-oblate case
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Oblate limit: 7=w3-dcos Very prolate top: I,,=91,
IHZ (1/2) [3 = (0L cos BYI-13)/1,

. . = o (I- v=80.cosp
v=(-1/2)o.cosf3 @3 (b

Blue BOD-frame cones
roll without slipping
on red LAB-frame cone

Fig. 6.7.5 Extreme cases (Oblate vs. Prolate) of symmetric-top geometry.
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