
Lecture 27.5 
Geometry and Symmetry of Orbital Dynamics 

(Ch. 2-4 of Unit 5   12.04.12)

Geometry and Symmetry of Coulomb orbits
            Detailed elliptic geometry
            Detailed hyperbolic geometry

Rutherford scattering and differential scattering crossections
                       Ruler & compass construction

Eccentricity vector ε and orbital phase geometry 
                       Ruler & compass construction
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Eccentricity vector ε and orbital phase geometry 
                       Ruler & compass construction
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ε = r̂ − p × L

km
= r

r
−

p × r × p( )
km

Coulomb field guarantees conservation of the eccentricity vector ε
    

   L = r × p = mr × r

Isotropic field guarantees conservation of the angular momentum vector L 

A = km ε known as the Laplace-Hamilton-Gibbs-Runge-Lenz vector.

  
ε • r = r • r

r
− r •p × L

km
= r − r × p •L

km
= r − L •L

km

Dot product of ε with a radial vector r.
   

  
ε r cosφ = r − L2

km
,    or:       r = −L2 / km

1− ε cosφ

 Polar angle φ is the angle between ε and the radial vector r

ε
r r r

ε
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p
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φ φφ
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Hyperbolic (E>0 )

ε = r - pxL^
km
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Eccentricity vector ε and orbital phase geometry 
                       Ruler & compass construction
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Geometry and Symmetry of Coulomb orbits
            Detailed elliptic geometry
            Detailed hyperbolic geometry
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Geometry of Coulomb conic section orbits (Let: r =ρ here)

  
r = λ

1− ε cosφ r/ε  = λ/ε + r cos φ           r = λ + r ε cos φ  

ε=0 ε=0.65
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ellipsescircle
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1
r
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λ
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λ
− ε
λ
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1
ρ
=

−k
µ2/m

+
k2 + 2Eµ2/m
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Becoming more and more eccentric...

Eccentricity ε=0 (circle) to 0<ε<1 (ellipses) to ε=1 (parabola) to ε >1 (hyperbolas)
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r cos φ
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Geometry and Symmetry of Coulomb orbits
            Detailed elliptic geometry
            Detailed hyperbolic geometry

26Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ

r cosφ

perigee
P

apogee
P`

P P`

27Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ

r cosφ

r(1-ε cosφ) = λ
             λ
    (1-ε cosφ)r =

perigee
P

apogee
P`

P P`

28Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ r(1-ε cosφ) = λ

r+ =
λ
1− ε

             λ
    (1-ε cosφ)r =

r cosφ

for:φ=0

perigee
P

apogee
P`

P P`

29Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ r(1-ε cosφ) = λ

r+ =
λ
1− ε

             λ
    (1-ε cosφ)r =

r cosφ

r+ ε

for:φ=0

perigee
P

apogee
P`

P P`

30Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ r(1-ε cosφ) = λ

r− =
λ
1+ ε

r+ =
λ
1− ε

             λ
    (1-ε cosφ)r =

r cosφ

r− ε

r+ ε

for:φ=π for:φ=0

perigee
P

apogee
P`

P P`

31Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ r(1-ε cosφ) = λ

r− =
λ
1+ ε

r+ =
λ
1− ε

             λ
    (1-ε cosφ)r =

r cosφ

r− ε

r+ ε

for:φ=π for:φ=0

for:φ=π/2

Major axis P ′P      =r+ + r− =
λ

1− ε
+ λ

1+ ε
= λ(1+ ε )+ λ(1− ε )

(1+ ε )(1− ε )
= 2λ

1− ε 2 = 2a

P P`

perigee
P

apogee
P`

32Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ r(1-ε cosφ) = λ

r− =
λ
1+ ε

r+ =
λ
1− ε

             λ
    (1-ε cosφ)r =

r cosφ

r− ε

r+ ε

for:φ=π for:φ=0

for:φ=π/2

Major axis P ′P      =r+ + r− =
λ

1− ε
+ λ

1+ ε
= λ(1+ ε )+ λ(1− ε )

(1+ ε )(1− ε )
= 2λ

1− ε 2 = 2a

Focal axis F ′F       =r+ − r− =
λ

1− ε
− λ

1+ ε
                                = 2λε

1− ε 2 = 2aε

P P`

perigee
P

apogee
P`

33Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ r(1-ε cosφ) = λ

r− =
λ
1+ ε

r+ =
λ
1− ε

             λ
    (1-ε cosφ)r =

r cosφ

r− ε

r+ ε

for:φ=π for:φ=0

for:φ=π/2

Major axis P ′P      =r+ + r− =
λ

1− ε
+ λ

1+ ε
= λ(1+ ε )+ λ(1− ε )

(1+ ε )(1− ε )
= 2λ

1− ε 2 = 2a

Focal axis F ′F       =r+ − r− =
λ

1− ε
− λ

1+ ε
                                = 2λε

1− ε 2 = 2aε

Directrix axis D ′D = r+
ε
+ r−
ε
=                                                               = 2a

ε

P P`

perigee
P

apogee
P`

34Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ r(1-ε cosφ) = λ

r− =
λ
1+ ε

r+ =
λ
1− ε

             λ
    (1-ε cosφ)r =

r cosφ

r− ε

r+ ε

for:φ=π for:φ=0

for:φ=π/2

P P`

perigee
P

apogee
P`

Major axis P ′P      =r+ + r− =
2λ

1− ε 2 = 2a

Focal axis F ′F       =r+ − r− =
2λε

1− ε 2 = 2aε

Directrix axis D ′D = r+
ε
+ r−
ε
= 2a

ε

aε

a/ε

a

The half-axes a/ε and aε 

rmid

35Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ r(1-ε cosφ) = λ

r− =
λ
1+ ε

r+ =
λ
1− ε

             λ
    (1-ε cosφ)r =

r cosφ

r− ε

r+ ε

for:φ=π for:φ=0

for:φ=π/2

P P`

perigee
P

apogee
P`

Major axis P ′P      =r+ + r− =
2λ

1− ε 2 = 2a

Focal axis F ′F       =r+ − r− =
2λε

1− ε 2 = 2aε

Directrix axis D ′D = r+
ε
+ r−
ε
= 2a

ε

aε

a/ε

a

The half-axes a/ε and aε proves that rmid =a 

rmid =a

36Thursday, December 6, 2012



.5

-1

.5

0

0.5

1

1.5 Main
Directrix
D

Prime
Directrix

D`
Main
Focal
Plane
F

Prime
Focal
Plane
F`

r

r/ε
λ/ε

λ

r/ε

r
φ

r/ε = λ/ε +r cosφ r(1-ε cosφ) = λ

r− =
λ
1+ ε

r+ =
λ
1− ε

             λ
    (1-ε cosφ)r =

r cosφ

r− ε

r+ ε

for:φ=π for:φ=0

for:φ=π/2

P P`

perigee
P

apogee
P`

Major axis P ′P      =r+ + r− =
2λ

1− ε 2 = 2a

Focal axis F ′F       =r+ − r− =
2λε

1− ε 2 = 2aε

Directrix axis D ′D = r+
ε
+ r−
ε
= 2a

ε

aε

a/ε

a

The half-axes a/ε and aε proves that rmid =a 

rmid =a   ..and minor axis is: 
b=a√(1−ε2) 

37Thursday, December 6, 2012



Geometry and Symmetry of Coulomb orbits
            Detailed elliptic geometry
            Detailed hyperbolic geometry
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F' F′

Minor axis
2b

is separation
between

F′∞ and F∞
Inter-focal distance
2√(a2+b2)=2aε

Major axis
2a

is difference
between

F′∞ and F∞
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ε =3/4 (Ellipse) ε =4/3 (Hyperbola)

a

aε2
aε

a

a
/ε

a
ε
bε

b/ε
b

b

aε

b/ε

b

b

a
ε

a/ε
a

bε
aε
2

a

For the elliptic geometry (ε <1):     For hyperbolic geometry(ε >1):
 b2 = a2 - a2ε2 = aλ ,                          b2 =  a2ε2 - a2  = aλ, 
 b = a √(1-ε2 )= √(aλ),                          b = a √(ε2-1)= √(aλ). 

(λ,ε)-(a,b) expressions and their inverses follow. 
 a = λ/(1-ε2)      a = λ/(ε2-1)
 b2 = λ2/(1-ε2)      b2 = λ2/(ε2-1)
 λ = a(1-ε2) = b2/a          λ = a(ε2-1) = b2/a
 ε2 = 1- b2/ a2       ε2 = 1+b2/ a2 

Eccentricity
ε=√(1+2 µ2E/(k 2m))

Energy
E

Semi-major axis
a=k/|2E|

Latus radius
λ=µ2/(km)

Angular
momentumSemi-minor axis

b=µ/√|2mE|

Cartesian Parameters Polar ParametersPhysics

µ=
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Rutherford scattering and differential scattering crossections
                       Ruler & compass construction
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Rutherford scattering and differential scattering crossections
                       Ruler & compass construction
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r vector always
2a longer 
than r′

r
r′

(  r - r′ =2a )
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Particle going in incremental window       =b db  normal to beam at x=-∞ ends up in an area

    
on a sphere at R=+∞ where                           is called the incremental solid angle dΩ.
       

The ratio                                            is called the differential scattering crossection (DSC).

 dσ

  dA = R2 sinΘdΘdϕ = R2dΩ

  dΩ = sinΘdΘdϕ

  

dσ
dΩ

= b db dϕ
sinΘdΘdϕ

= b
sinΘ

db
dΘ

  
b = a cot Θ

2
= k

2E
cot Θ

2

dσ
dΩ

=
k4

16E2
sin−4 Θ

2gives: Rutherford DSC:

b=
impact parameter

db

2a

Θ(b)

dΘ

  
σ

ϕ0 ,Θ0( )
ϕ1,Θ1( ) = dΩ

ϕ0 ,Θ0( )

ϕ1,Θ1( )
∫

dσ
dΩ

= dϕ
ϕ0

ϕ1
∫ dΘ

Θ0

Θ1
∫

k4

16E2
sin−4 Θ

2

Partial scattering crossection. 

(Blows up)
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918 Tanglebriar Ln
is SW corner of Tanglewood and Applebury

(Applebury ends there)Path shown from Physics

Easy to miss
turn here

63Thursday, December 6, 2012


