Lecture 27.5
Geometry and Symmetry of Orbital Dynamics

(Ch. 2-4 of Unit 5 12.04.12)

Geometry and Symmetry of Coulomb orbits
Detailed elliptic geometry
Detailed hyperbolic geometry

Rutherford scattering and differential scattering crossections
Ruler & compass construction

> Eccentricity vector € and orbital phase geometry

Ruler & compass construction
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3 FLccentricity vector € and orbital phase geometry
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Isotropic field guarantees conservation of the angular momentum vector L

L=rXp=mrXr

Coulomb field guarantees conservation of the eccentricity vector €

pxL _r px(rxp)

km r km

E=r—

A = km € known as the Laplace-Hamilton-Gibbs-Runge-Lenz vector.

Dot product of € with a radial vector r.
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Eor = — -y =y —
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r ~I* | km
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Elliptic (E<0) Hyperbolic (E>0) Hyperbolic (E>0)
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Eccentricity vector € and orbital phase geometry

.) Ruler & compass construction
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3 Geometry and Symmetry of Coulomb orbits
Detailed elliptic geometry
Detailed hyperbolic geometry
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Geometry of Coulomb conic section orbits (Let: r =p here)

/e = Me+rcos ¢ r=A+recos¢ - ecosd

perhelim =\/

(1+e) aphelion p1=\/(1-¢) p 1im 1 m

Becoming more and more eccentric...

Eccentricity e=0 (circle) to 0<e<lI (ellipses) to e=1 (parabola) to € >1 (hyperbolas)
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Geometry and Symmetry of Coulomb orbits
3 Detailed elliptic geometry
Detailed hyperbolic geometry
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The half-axes a/c and ac proves that vmia =a
a/e
[€ l A
' ..and minor axis is.
b=ay/ (1—?)
)V
< >
a
By e =2, e
g1 femedeesceccaana. —&°  ddceememeataaaaa
Focal axis FF* =r, —r = 2)’82 =2a¢e
................. 1—¢€ f e mmmmmm
2a

Thursday, December 6, 2012




Geometry and Symmetry of Coulomb orbits
Detailed elliptic geometry
3§ Detailed hyperbolic geometry

Thursday, December 6, 2012

38



/2

/ Yen) S 5
Iﬁ \ / /’//d— //V Y
7o) v\ _ IR T
\ _ I
\ p_ P \).N
. N TS T w AN 7
W \ /.
I} v\ /
. I\ K
| v i
| /. / Y
4/ / ) .
/ /, < 11
| /
/ — / o |
ORISR NS /
.mm POV m // \ y \\
= : - -
~ _1.4._1 m; _.TF \V\/ ] \IR/
/
= m / \\\\\\ 7 \ / N\
< = / A
. el \ / 0
< “U \ \ / ﬂ /
Iavi _ ! \
[ [ ] \ S \
\
\
v
7\
7
[ AWA /
) \ A\ /
mw o= V./ \ 4 \ \ g 0-
oD = // / \ )
A &
)
-
alv e g ./ \
u I e —]
= 3 3 / \
[SSR —L / / o
\ \\ //
!/ \
/
'/
/
/ S
|/
/ \
AN/ \
\\ //,
\ \ o z-
;/
"/
.h. \\ N R N 98

39

Thursday, December 6, 2012



/2

l v\ /.R.u ~_ 7
Iﬁ \ / /’//d— /V Y
A v\ | . 1
\ _ ll
\ P of
) . S w N
W
i
Y~ \
N N
| \ >
| \ / Y
/
\ < =
A
- = (D)
fo \d
s B 8
< T.O ‘m
2 He
|
=
=
a 9
SR = fa |
2 O
[
\
CHB<TIN a4
g S| =
g Q
A, &
oy
)
-
alv Y
1 <
= 9 =
e L ar —L A
u
U
/ a3
/
/
r/
"/
B \\ | == ﬂ;l

40

Thursday, December 6, 2012



\\\\ [ ~—
V)J N
0 .
- N
\a\ SN
J/
/
/
— 1m L
~ —
AN 2
\‘// // \M‘ ﬁ/
~ N C
\ SO / ___
\ ~ // [ 7
\ ~
< / N\ .
| ~. A i .-
.m // \\ \\
< % RN w H \\1 % A
ii= B en
S Ao v AN | 2
\//,\\ \\/ | A
/\/\/\ Q
) .X ~ PR ng " g
e 5 A 1 // \ +/ -2
= 9 ) - -l A A
= — —— ~ 2 :
B N L1
\ _ 7 \ /
/ _ - T N
P -~
\\ \ alv L N N\
\\VA = .lw m [ &
o0 =S
— \ | A& el
AN
\
AN
N \\\
N \\\
// \\
/// —

41

Thursday, December 6, 2012



< LCO — — o ~
~< mu ~~ /vV\\J_m_ IR
) | :\\: _ //
Y " i ! N
(4D -~ P P
% \a\ < o XK
oy /
o
<
/
e
; —
\ Tu 1m m ,\
~_./ |8 2 & S-
~ Vﬁ/ T e o, H« [
\ ks 1// A = | ﬁ/
\ : ~ S \\\\
= ~ - // ‘\\ \\ -
\ TS mM \\ \ ol
vA ~ y’ Jm vﬂ 5 _ -
= / - ///v W.Ilnﬂ - -
mm % N ~ - ™ \IM; mw A
= ~ / N\ o o))
> A n "/ \ 2\ 5
. [~ /771 N L7\ | A
~ BRENEE R
N BT
N A | | //\ o / \ h ,\\ | | %
o= S0
g m = \ - \/ N\ R / +/ g>
= m \ P / N .Plh 7 ~ . Al Al
Nw -~ — }, T b ~
\ _ _ 7~ - &/ \vﬁ ~ N
/ - g \\ /// //
\ - T h N\
/ e ~—
L - v\ \Pv P (D) ~ M’// -
o 0 S
] \ A L el
N\
//
AN
N \\\
/l/ \\ \
//// P -
// -

42

Thursday, December 6, 2012



< LCO — — o ~
\A “ ~ S~ \1”_1 //
~ r A 7~ ~.
Ch 0 __V _ .
Y " i ! N
(o0 - P i
% Xw\ < o XK
ey J/
<~
/
N
p—
~ /8 R & \
//Vﬁ\ nnm %\ m N l@i
SN L e ol g ;
\ A f/bM/ A \Llﬁ/
~ R ~< p— \\
\ S s // \\\\ yd o\
\ W TN A \\ A —
[ S , __ .
~< | N T - T .-
i N - il P ] .-
ERS CRVARR AT T =8~
= < / N\ Bhan
s 8 all> N\ "/ \ 2\ Z
A T \ S~ N LT / | A
S NG e
. \ SR |
N A { | | //\ o r/ \ h ,\\ | | %
o X o
g m = \ AN R / +/ g>
= 3] P / N .Plh A ~ oW /D.._
oy - ) — ~ J
a - A\ — T \ '~
, .- C \P N
\ T /// ~—_
/ - //
N ———
- ¢ S 2 7 11
—\ LS B _
= o =
— \ | A& el
N\
//
AN
. yd
N
/// P \\
//1/ P A

43

Thursday, December 6, 2012



< LCO \\\\ o ~
~< mu ~~ /vV\\J_m_ IR
) | :\\: _ //
Y " i ! N
(4D -~ P P
% \a\ < o XK
oy /
<
/
R
_ p—
/ o = Q9 -
~_./ |8 2 & -
A S E B .
‘/: \M.ﬁ/
\ S ~ N —
\ = // _—— | H
S s ™. e yd ﬁ//d. - -
[ Wl T[] aRnT | —
~ / H N\ |
\ \A » .yr JA 10 q vﬂ \\\
s N - — | | ad ] -
£ 3 W N/ ik LN
= ~ / N\ o o0
1= 8 a ||~ /N "/ \ 2\ Z
T [S~1 /771 N L-7\ | A
A8 LA
X NV BT
N A { | | //\\ \ II\\ | | %
L =% )
g m = \ AN R / +/ g>
= O -7 N\ et ~ a1
o v— P ~
“U _ \}, Ct T — //
\ -7 —< / I~ | 7~ N
/ ) _ - \\\ //// _ /l
// il \\ //( o F
-7 T~
\\M«\\aﬁmw 1m (D) /D M’/‘ ]
N\ |E 2 & |
\ | & Z el
N\
//
AN
N \\\
/// \\\
//1/ P

44

Thursday, December 6, 2012



< o —1 T~
< “ - //L\\1”_1 N
~ r A 7~ ~.
Ch 0 __V _ .
Y " i ! N
(o0 - P i
% \a\ < o XK
ey J/
<~
/
R
; -
/e = ¢ \
~_./ |8 2 & \,@,
N ol | [S—" N
N~ VP/MA L o :
~ ~
\ s ~ ~ N — % ™
T —
\ RN ~ // ‘\\\\\\ ﬁ//d. -AA /W///// —
[ W o[ f / | | ~ —
\A » ) yl JA ) Y - gl
s N\ - — 1 WN.A ] -
o Q W h L TN 73 L A,
'z = : \\ \ eh - 5
s 8 all> /N~ \ -~/ &\%
T S~ L7 | A
K8 AL
2\ \VARE B
N A { | | V4 //\ o \ h | | %
TR oD
g m = \ e \/ /// R / RN &/ g>
F 0 -] AN -7 ~dA A A
of p—{ - ~
“U _ \}, . T — ~ -
P - & -A.A vﬁ = ~N
- AN /
\ 7
/ _ - -~ /// \\ ~_
- ~ N ' v
/ AR // ///
/,k il l\ /MM\\M\
L~ \ QO = QO s S
\\VA E 5 g & 2
o0 =S
— \ | A& el
N\
//
AN
N \\\
/// P -
//1 » A

45

Thursday, December 6, 2012



< o —1 T~
< “ - //L\\11 N
~ r A 7~ ~.
<l 0 __V _ .
 d g i _ N
(o0 - P i
% \a\ < o XK
ey J/
<
/
R
_ —
/e = ¢ \
~_./ |8 2 & \,@,
N ol | [S—" N
N~ VP/MA L o :
[~ ~
- s ==
\\ = /// e —— < /M%/
= ~ < ™. ‘\\ \\ \//.,- — //// >
/W R / | | ~\ —
\A vA = ~ y’ \ 1) ,_ / B _ -
.n / ~ //Mv \\ - -
= m W N ~ [ \\ N . \IM; mowb A
15 8 a |~ N\~ \--/  &\%
T S~/ L7 | A
A3 Ly
= N T
N A { | | V4 //\ o \ h | | %
g E oD
g m = \ e \/ /// R / RN &/ g>
F 0 -] AN -7 ~dA A A
o] - ~
“U _ \}, . T — ~ -
_ ~ - &/ -A.A \vﬁ = N
\ 7
/ _ - -~ /// \\ ~_
- ~ N ' v
/ N ana // ///
/,k il l\ /MM\\M\
L~ \ QO = QO s S
\\VA E 5 g & 2
o o0 =
-~ \ | & L e
N\
//
AN
N \\\
/// P -
//l/ \\\\

46

Thursday, December 6, 2012



)

/

/my/ LCO \\ =] \/ [~ ~—
43 4 aB< ARR RN U N
N ] :\\ N _ . //
" A 1 _ ~_ N
) s < T
. | ) x« b W N //
< ~
/
R
P a \\..
— S ~
~_/ |5 8 & - /TS
~ VP/MA L o L mw
AR ~ ~ L o— — /E”
/ N TNe—T /7 AT O\ 1
[ W ] % [ _ 2\ —
\A _ = .yr / . q N\ -
L N e e LN
< h - - R al
= .m ~ \\ / -~ .m)l. ..oOU(O :
== N /A NN -7 E\E
L \ T \\ S~/ //v/ \/ | A \\
N / T N - ul
N _ - /
Z\IV/ N/ AT ;
N A {\\ | | V4 //\ \\ / \ h | | \%
D) LTRSS /
c 2 A/ V| LN ST~ )R
ﬂu m \\ \\\ // /”I P /& Da.lu ID.._
“w \\ - & \LAI —AA ¢, T~ WP T~
/ d AN / b
\ g /
\ \ \\ - /// K / _ \\\ / ~
/ Al //// ot
\/( \\\r\ /MM\ R \
X E S g i
T N\ JE £ =
N
////
NN /
AN ~
b ~
/ /
// / \\
//1 ~~ \ \\\

47

Thursday, December 6, 2012



N

Major axis N, : ~A/Minoyaxis
2a N v 0 2b

is difference
??/

between
F,OO and}?QQI.zl_s: | T

Inter-focal distance
N(a2+b2)=2ae

separation
between

25, Floo and Fop
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€ =3/4( Ellipse/ e =4/3 (Hyperbala/

N
\\\

P a > < e >
For the elliptic geometry (€ </): For hyperbolic geometry(e>1):
b’ =a’-a’e’ =ah, b’ = a’€’-a’ =ak,
b =a(1-€ )=\, b =a~(E-1)= ().
(M,€)-(a,b) expressions and their inverses follow.
a=MN(1-€°) a = MNE-1)
b’ = N/(1-€°) b’ = N/(e?-1)
A =a(l-€’) = b’/a A =a(e’-1) = b’/a
e = 1-b’/a’ e = 1+b%/ o’
Cartesian Parameters Physics Polar Parameters
Semi-major axis Energy __ ~ Eccentricity
a=k/|2E| < E e=N(1+2 U2E/(k 2m))
Semi-minor axis mlilz/flngebjalfurm / Latus radius

b=uN|2mE| o =y = — A=u%/(km)
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SEVIRENITY 'y

T s

X14]0241D F

directrix F

<>

e =4/3 (Hyperbola
>

T

1.5
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P Rutherford scattering and differential scattering crossections
Ruler & compass construction
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Rutherford scattering geometry...

Al

Gold nuclear target — ﬂ’ |

§ Y}..y

roprrressdtt

*
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Rutherford scattering and differential scattering crossections

¥ Ruler & compass construction

Thursday, December 6, 2012

53



54

Thursday, December 6, 2012



A0 parameter X

Thursday, December 6, 2012

55



A parameter

Thursday, December 6, 2012

56



B\f/—\@):

A parameter

scattering angle

_a_
y Wb
I
bzimpact

A parameter X

Thursday, December 6, 2012

57



r vector always
2a longer (r-r =2a)
than v’

O=scattering angle
a

=impact

N

H0) parameter
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B\’f/—\ @:

scattering angle

_a_
Wb
bzimpac't
) parameter

Particle going in incremental window do =b db normal to beam at x=-c0 ends up in an area
dA = R*sin®dOd¢p = R*dQ

on a sphere at R=+o where dQ =sin®dOd¢ is called the incremental solid angle dQ.

~do_ bdbdp _ b db
Theratio 4~ sinedode sn© 40 18 called the differential scattering crossection (DSC).

4
~ %7 » b=a c:ot9 = icot9 gives: Rutherford DSC: do = . sin™ 2
2 2 2E 2 dQ  16E* 2
Partial scattering crossection.
(¢,.6;) (01:01) 45 O © 40
o = | dQ—= [do | dO sin”_ ' — Blows u
‘((Po 9) (909 dQ o e, 16E 2 ( P)
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Rutherford scattering geometry for beam path contact points

r ;

parabola
focal-directrix
tangent-kite

incoming/ )
asymptote A N .
r-r’ =2a applies
| to each point on
hyperbolic
impact b upper hyper bOlCl
parameter and to the contact
point P for the
\/ envelope parabola

circle of curvature |
O at min-point |
of parabola/

Special case: b=2a
Contact tangent <&
has unit slope

4dpx=8ax=)~"
contacts
Rutherford
Hyperbolas
of various b
at the point
where they

incoming—
asymptote T

hyperbolic b intersect with
impact | sl
parameter equa s Op €
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918 Tanglebriar Ln

1S SW corner of Tanglewood and Applebury

Path shown from Physics (Applebury ends there)

s o, é WPikest & E Lakeside Dr ) X
> = S S
Z W B st z 3 8 Baxter Ln - 2
T B tg v g L8 e w s g’
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@ o
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