Lecture 25

Parametric Resonance and Multi-particle Wave Modes
(Ch. 7-8 of Unit 4 11.27.12)

Two Kinds of Resonance: Linear-additive vs. Nonlinear-multiplicative (Parametric resonance)
Coupled rotation and translation (Throwing revisited: trebuchet, atlatl, etc.)
Schrodinger wave equation related to Parametric resonance dynamics

Electronic band theory and analogous mechanics

Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ...)
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic

Algebra and geometry of resonant revivals: Farey Sums and Ford Circles

Relating Cn symmetric H and K matrices to differential wave operators
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Two Kinds of Resonance

Linear or additive resonance.
Example: oscillating electric E-field applied to a cyclotron orbit .
P ng - E, cos(a)st) Chapter 4.2 study of FDHO
(Here damping 1'>0)
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Two Kinds of Resonance

Linear or additive resonance.
Example: oscillating electric E-field applied to a cyclotron orbit .

itwix=E, cos(a)st) Chapter 4.2 study of FDHO
(Here damping 1'>0)

Nonlinear or multiplicative resonance.
Example: oscillating magnetic B-field is applied to a cyclotron orbit.

X+ (a)g + Bcos(wst))x =0 Chapter 4.7

Also called parametric resonance.
(Frequency parameter or spring constant &=m? is being stimulated. )
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Coupled Rotation and Translation (Throwing)
Early non-human (or in-human) machines: trebuchets, whips.. (3000 BCE-1542 CE)

X-stimulated pendulum: Y-stimulated pendulum:
(Quasi-Linear Resonance) (Non-Linear Resonance) ¢
‘ Ax(®) Ay() \\
/ X /[
For small ¢ For small ¢
(cosd~1): (sin & ~0 ) :
General ¢:
Forced Harmonic Resonance ~ Parametric Resonance
20, g _ Ax(®) d26 A
_ g (t B
2 07 @+(—+L))¢ =0 (1542-2012 CE)

A Newtonian F=Ma equation A Schrodinger-like equation
Lorentz equation (with '=0) (Time ¢ replaces coord. x)

(12_<|) + ngAy(t)sin O + Ax(®

General case: A Nasty equation!
dt2 / /

cosd =0
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Coupled Rotat1on and Translation (Throwing)

The “Arkansas Whirler”

-

(picture of Hog)

Chaotic motion from both linear and non-linear resonance (a) Trebuchet, (b) Whirler .

Positioned for linear resonance Positioned for nonlinear resonance
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Schrodinger Equation
Parametric Resonance

Schrodinger Wave Equation
2
d
A (B V()¢ =
dz”
With periodic potential

V(z) = =V, cos(Nz)

Mathieu Equation

Related to

Jerked-Pendulum

Trebuchet Dynamics
Jerked Pendulum Equation
d2 ( A (t)\
_.Cf) I AR ANYA prasy
7l

\

)
On periodic roller coaster: y=-A,, cos w,t

— 24 s
Ay (t) =w, Ay (,Ob(wy t)

* Nx = 7
2 2
d
—d) + (E + l cos(N:z: ¢ =10 onnectzo/ d_¢ + 9 +
d:l:2 Relations dt2 (
,. \
i, 2 (
I w, ) )
v (Let N=2 1o get d“¢ . N” |g
9 edge modes) da:z T | ( +
FE = N_ g U \+
2 L OM Energy E-to-w,, Jerk frequency Connection
Y
Y
NZAU
V N = ; : OM Potential V-A,, Amplitude Connection

* )
cos(wyt) o =10
cos(Nz)|p =0
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Two Kinds of Resonance: Linear-additive vs. Nonlinear-multiplicative (Parametric resonance)
Coupled rotation and translation (Throwing revisited: trebuchet, atlatl, etc.)
Schrodinger wave equation related to Parametric resonance dynamics

¥ Electronic band theory and analogous mechanics
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Electronic band theory and analogous mechanics

Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus B 1s zero
d*¢

2
d2:E¢ w2
X

ar "

Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves

+iMx +iwyt
<x‘ M> =0,(x) =e\/% , where: E=M"* <t|a)> =0, ()= e\/z—; , where: woz\/%
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Electronic band theory and analogous mechanics
Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus B 1s zero

d’¢ 9 _
a2 Tar "

Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves

+iMx +iwyt
<x‘ M> =0,(x) =eﬁ, where: E=M"* <t| a)> =0, ()= e\/z—:: , where: woz\/%

Bohr has periodic boundary conditions x between 0 and L. Pendulum repeats perfectly after a time 7.

iwyT - 2mm
#(0) = (L) =™ =1, or: M:ZTCT’" 0(0)=4(T) =™ =1, or: ==
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Electronic band theory and analogous mechanics
Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus B 1s zero

d’¢ 9 _
Tad T Tar T

Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves

+iMx +iwyt
<x‘ M> =0,(x) =eﬁ, where: E=M"* <t| a)> =0, ()= e\/z—: , where: woz\/%

Bohr has periodic boundary conditions x between 0 and L. Pendulum repeats perfectly after a time 7.

iwyT - 2mm
#(0) = (L) =™ =1, or: M:MT’" 0(0)=4(T) =™ =1, or: ==

Limit L=2n=T for both analogies. Then the allowed energies and frequencies follow

E=m>=0,1,4,9.,16... W, =m=0,:1,:2,:3,:4,...
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Electronic band theory and analogous mechanics
Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus B 1s zero

d’¢ 9 _
Tar Tt

Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves

+iMx +iwyt
<x‘ M> =0,(x) =eﬁ, where: E=M"* <t| a)> =0, ()= e\/z—: , where: woz\/%

Bohr has periodic boundary conditions x between 0 and L. Pendulum repeats perfectly after a time 7.

iwyT - 2mm
#(0) = (L) =™ =1, or: M:z"T’” 0(0)=4(T) =™ =1, or: ==

Limit L=2n=T for both analogies. Then the allowed energies and frequencies follow

E=m>=0,1,4,9.,16... W, =m=0,:1,:2,:3,:4,...

Schrodinger equation with non-zero V solved in Fourier basis

d*¢
SV eos(mp=Eg,  (D+V)o)=Elo)

Fourier representation is with (j|p|k)=j*s"

2(|(D+V)|k){kl9) = E(jl9)
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Electronic band theory and analogous mechanics
Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus B 1s zero
d’e _d%_ s

dx2 ~ 50 a? =0
Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves

et Mx 5 S0 | _Jg
<‘M> 0, (x)= \/% where: E=M <t‘a)>=¢w(t)= \/%,where. 0,= ;

Bohr has periodic boundary conditions x between 0 and L. Pendulum repeats perfectly after a time 7.

iwyT - 2mm
0(0) = ¢(L) =e™L =1, or: M—ZTET’” 9(0)=¢(T)=e™™" =1, or: wy=—"=
Limit L=2n=T for both analogies. Then the allowed energies and frequencies follow
E=m>=0,1,4,9.,16... W, =m=0,:1,:2,:3,:4,...
Schrodinger equation with non-zero V solved in Fourier basis
2
—%+ Veos(nx)p=Ep,  (D+V)o)=E|¢)
. * . . . n —ijx —lkx n i(j—k)x —inx inx
Fourier representation is with (j|p|«)= 6% and (;/v|«)= 2; d \/i V cos(nx) S " 2j dxs r— € 2+e
{0+ V)[£)(Klo)= E( 1o gt
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Electronic band theory and analogous mechanics

Schrodinger equation with non-zero V solved in Fourier basis

d*¢
—ﬁ+Vcos(nx)¢:E¢, (D+V)|¢>:E|¢>
x o« . _i
Fourier representation 1s with (/|D|x)= ok and v k>:2f‘ e e ik

— ) -
) \/% cos(nx) \/%

oot

2(/|(D+V)i){kl9) = E{j]0)

21
= [ dx
0

e—i( j—k)x

%

—inx

+e

inx

2T

2
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Electronic band theory and analogous mechanics

Schrodinger equation with non-zero V solved in Fourier basis

2
—d—f +V cos(nx)p = EQ ,
dx

Fourier representation 1s with (j|p|x)=,°67 and (j|v|k)="T ax°

2(/|(D+V)i){kl9) = E{j]0)

<j‘ (D + V)| k> = (forjand k even)

- -e{4J-2). o). 2). [4). [6).-

(D+V)jg)=E|9)

[ .
6> v
v 4% v
v 22y
v 0 v
v 22
v 4%y
v 67
\

2n ol o ik om
—V cos(nx)——=
0 2w N2 0

oot

(j|(D+V)[k)= (forj and k odd)

77 v
v o5y
v 3 v
v 12
v 17
y 3 v
v 5
J \

) [ 3. [8).-
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E

N 2
2 é’
l/
OM Energy E-Related to-
W, Jerk frequency

E =

el

OM Potential V-A,, Amplitude

Connection
-3 |-2 : 1
P
N24
_ Yy e
Vo =
4 /

Stable Hﬁéging
qu‘ézm

+
4'/— Unstable Resonance

LA

2= Gap (2)
Stabi nging
(1
1+
Unstable Resonance 1
5 Gap (1)
d () 7 & 9 11 12 13

Stable Inverte
Band(0)
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,(47)=0.9566

=0.5
214 ; Modé

0y (4)=1.01054 1=

4,~0. 5.y 9.

=0.5
1 +B2 Mode

1 B ; Mode

Ay=0.5 -f—
ooy(B 7)=6.02475

y

074 7 Mode

ok L
s1n@@

sinQ@j

1 i
éﬁ s1ng@_

Unstable Resonance

Gap (2)

Y-acceleration:A(t)=-A4,® 2

y i COS(Dyt

AyZO.5T—_
(Dy(AI) :29646||-|:|L5| ' | P |u|5|

v 9.

&

/'\/\/\/\/\

"~ Equivalent V-well bottoms—%

Unst_able Resonance
- Gap (1)

HOLR 0

vw/_, V \/ U \/ \
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Wave resonance in cyclic symmetry
3 Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, .
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry
2+ B? C,| 1 o

H:(A Bj:A(l O]JFB(O 1] K:sz[Aw 22,4192J , .

B A 0 1 10 2AB  A’+B 1|1 o,

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.

Tuesday, November 27, 2012
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry

24 B C,| 1 o
H=| 4 B |_4 1 O |45 01 K=m2=| 45 fABZ 2 B
B A 0 1 10 2AB  A’+B 1|1 o

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base State [1)=1|1) (b) unit base state |os)=0cs|1)

0==) =y =)= COHHED
| “““ M . q m””!l M v “ x,)=0 x,;=0
xy=1
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry

24 B C,| 1 o
H=| 4 B |_4 1 O |45 01 K=m2=| 45 fABZ 2 B
B A 0 1 10 2AB  A’+B 1|1 o

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base Staie 11)=1|1) (b) unit base State \UB> osl|1)

O)=he)=2) =[g 1=b)=-1)=| COBHED
x,)=0 x,;=0
I uuw!l D m
e X= "> (oB)*=1 or: (oB)*-1=0 gives projectors:
*p=1 (Ga+1)(op-1)=0= p(*- pt-

Tuesday, November 27, 2012 20



Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry

24 B C,| 1 o
H=| 4 B |_4 1 O |45 01 K=m2=| 45 fABZ 2 B
B A 0 1 10 2AB  A’+B 1|1 o

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base State \1) 1]1) (D) unit base state |og)=os|1)

0)=b)=2) = ===} COHHED
x,)=0 x,;=0
- M pum( DU
e "> (oB)*=1 or: (oB)*-1=0 gives projectors:
xo=1 (68+1)-(GB-1)=0= p(*1- p-V

P(/=(o5+1)/2 and PO=(0p-1)/2
(Normed so: P("+P()=1 and: PM-P(m= P(m))

Tuesday, November 27, 2012 21



Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry
2 2

H:(A Bj:A(l O]JFB(O 1) K:sz[Aw 22AB2J o1 o,

B A 0 1 10 2AB  A’+B 1|1 o,

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1

Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base state |1)=1|1)  (b) unit base state |og)=0cs|1)

0=l=2) =y ===} GG
|

™ , A x0|=0 x1|=0
“““ Y | M ( M ! ! ! ! ! l !V M
|3 ” I—O > (oB)*=1 or: (oB)*-1=0 gives projectors:
1~ 1

2 ¢
| |
x0:] xo 0 X _1 (GB+1)(GB_1)=0= p(+1)° p('])
Cz symmetry (B-type) modes P*=(cp+1)/2 and PO=(0p-1)/2

(Normed so: P(+P=1 and: P -Pm= P(m))

(a) Even mode |+)=|0,) :<§>N2

“““ / y m/ "
> L

Xy=IN2 X;=IA2
(b) Odd mode |-)= |12>— Nz

w1
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry
2+ B? C,| 1 o

H:(A Bj:A(l O]JFB(O 1] K:sz[Aw 22,4192J , .

B A 0 1 10 2AB  A’+B 1|1 o,

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base state |1)=1|1)  (b) unit base state |og)=0cs|1)

0=l=2) =y D=by=-1=(7) GG
|

™™ , f/ x0|=0 x1|=0
“““ - M M (M “:!:!:m:! M
et | — |
x;=0

.
(oB)*=1 or: (oB)*-1=0 gives projectors:
x,=1 % 0

(os+1)-(oB-1)=0=p*"- p-V
C> symmetry (B-type) modes o P(=(op+1)/2 and PO=(c5-1)/2
Mode state projection:
(Cl) Even mode |‘|‘>_|O > _<§>/\/Z (Normed so: P(V+P®=1 and: P("-P(m= P(m),
=|0,) =

e~ [-+)=[02)=P™|0)/2
AAAAA (M m« M —(|0Y£[2)) /v2
> o |
X,=IAN2  X;=IN2

~(11)-+] ow)) />
(b) Oddmade| —)= |12)_ /\/2
)=102)=P([0)v?2
FJJJJ&/ %8 Jﬂlﬂl (0)-12),/v>
(11)-] o0)) />

Tuesday, November 27, 2012
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry
A>+B> 2AB G| 1 o
H-= A B A 1 0O ny: 0 1 K= H2 — , , 2 B
B A 0 1 10 2AB  A’+B 1|1 o,
=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1

Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base state |1)=1|1)  (b) unit base state |og)=0cs|1)

0=l=2) =y D=by=-1=(7) GG
|

™™ , f/ x0|=0 x1|=0
“““ - M M (M “:!:!:m:! M
et | — |
x;=0

.
(oB)*=1 or: (oB)*-1=0 gives projectors:
x,=1 % 0

c try (B-type) mod (o) (05-1)0=p ™ p
symmeitr - €) moaes
2y ’ " ;1 Mode state projection: P(=(cp+1)/2 and PO=(0p-1)/2
' . P(H+PA)= . Pm).Pm)= Pm)
(Cl) Even mode |_|_>:|02> :<1>/\/2 (Normed so: P("/+P(~=1 and: PP Py
e~ [-+)=[02)=P™|0)/2 C, mode phase & character tables
~~~~~ M m« Y =(|0)+[2)) /v
i S ;s |

=([1)+]oB))/v
B A RS B
(b) Oddmade| ) |12)_ /\/2 2

T NCTT DI P 3 ) B
/M ¢ (10)=12))/v2 2
State = b Operator
( | U'B>)/\/2 m=wave-number

norm:.

or “momentum’” norm:
XO_]/\/Z x]—-l/\/Z IN2 (modulo-2) 1/2

x;=1
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
3 Harmonic oscillator with cyclic Cs symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, .
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C3 symmetry
3-fold £120° rotations r=r! and (r)*=r’=r-'

011111 O
2 1
obey: (r)’=r’=1=r° and a C3 gtg-product-table 3
G, =1 rl=r? r?=r"! ,
M
0
2

H-matrix and each r’-matrix based on gfg-table.

g=r” heads p"-column. Inverse g'=g-! heads p"-row oo 0 1 0 0 0 1
ot —o-] . h_1: o 1

then unit g'g=1=g-'g occupies p”-diagonal. oo = 001 0 |+ 0 0 1 |+ 1 0 0

"o 00 1 1 0 0 010

H = 7‘01 +I’]'I'1 +l”2'1‘2

r’=1
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C3 symmetry
3-fold £120° rotations r=r! and (r)*=r’=r-'
obey: (r)’=r’=1=r’ and a C3 gtg-product-table

G, =1 r'=r? r’=r"!
=1 1 r! r’
r’=r| r? 1 r!
rl=r—? r! r’ 1

g=r? heads p”-column. Inverse g'=g! heads p’-row
then unit g'g=1=g-'g occupies p”-diagonal.

Cs unit base states

(p=0) unit base state |1\ (p=1) unit base state g
0=r0) 10| D=r0)=r0)em/

r!=r
M

from equilibrium

2 “ m\ ; 1
\

H-matrix and each r’-matrix based on gfg-table.

o 11 72 1 00 01 0 0 0 1

n o 1 |=Rl 01 0 |+l 0 0 1 |+ 1 0 O

o5 0 0 1 1 0 0 01 0

1 2

H = 7‘01 +I’]'I' +I”2'l‘
r'=1

(p=2) unit base State/g\
2)=r?|0)=r"7|0)

T

M M M ~
x,=1 x,=I
| -120°=240°
=] Unit displacement M | rotation rotation
0 of mass point-0 r!

M

+2

Tuesday, November 27, 2012
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C3 symmetry
3-fold £120° rotations r=r! and (r)*=r’=r-'

011111 O
2
obey: (r)’=r’=1=r° and a C3 gtg-product-table 3
G, =1 rl=r? r?=r"! ,
M
0

=1 1 r r?
r=r"! r’ 1 r
r=r r r’ 1

H-matrix and each r’-matrix based on gfg-table.

g=r? heads p”-column. Inverse g'=g! heads p’-row

. . : o 12 1 00 010 0 0 1
—1=¢-! th_
then unit g'g=1=g-'g occupies p”-diagonal. m o l=nl 0 1 0 l+nl 0 0 1 l+nl 1 0 0
noron 00 1 1 0 0 0 1 0
_ 1 2
Cs unit base states H = n-l +rper +ryer
r'=1
(p=0) unit base state ]\ (p=1) unit base state | (p=2) unitbasestate/g\
10)=r’|0) 0 ll>=l‘1 0)=r|0)gm /| ami2)=r|0)=r"|0) \0 | r2 r'=1
mmr 0 < 2 2) 1 =y
M 3 M r!
\ 1yl
x,=1 x,=I . v/
-120°=240° |O>
Unit displacement rotation rotation M

+2

of mass point-0 r ri=r

M  from equilibrium

Each H-matrix coupling constant »,={ro, r;, r2} is amplitude of its operator power r’={r’, r!, r’}
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
¥ C; symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, .
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic

Tuesday, November 27, 2012 29



C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

Tuesday, November 27, 2012
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

po=e"=1
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

. 21
lm§

1=r" implies : 0= r’—1= (r—po)(—-p1)(x—-p,1) where: p,, =e

Each eigenvalue p, of r, has idempotent projector P such that r-P™=p, P .

po=e"=1

Tuesday, November 27, 2012
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

. 2_7[
1=r" implies: 0=r"~1=(r—py)(r~ p1)(r—p,1) where: p, ="
Each eigenvalue py, of r, has idempotent projector P such that r-P™=p,, P .

All three P™ are orthonormal (P™ P =6mn P™ ) and complete (sum to unit 1).
2T

p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)

po=e"=1

P2 =

Tuesday, November 27, 2012
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

. 2_7[
1=r" implies: 0=r"~1=(r—py)(r~ p1)(r—p,1) where: p, ="
Each eigenvalue py, of r, has idempotent projector P such that r-P™=p,, P .

All three P™ are orthonormal (P™ P =6mn P™ ) and complete (sum to unit 1).
2T

p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)

0
p():el :1 r — pO P(O) + pl P(l) + p2 P(z)

P2 =
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

. 2_7[
1=r" implies : 0= r’—1=(r- poD(x — p,1)(r—p,1) where: p,, = P
Each eigenvalue py, of r, has idempotent projector P such that r-P™=p,, P .

All three P™ are orthonormal (P P® =bymy P™ ) and complete (sum to unit 1).

2T
P =el : 1 = P(O) 4+ P(l) 4+ P(z)
0
p():el :1 r — Po P(O) + pl P(l) + p2 P(2)
_ _izﬁn 2 2 p(0) 2 p(1) 2 p(2)
Pr = r :(,00) P +(P1) P +(P2) P
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

2w

1=r1> implies: 0=1>-1=(r— p,1)r = p,1)r - p,1) where: p, =e"
Each eigenvalue py, of r, has idempotent projector P such that r-P™=p,, P .
All three P™ are orthonormal (P P® =bymy P™ ) and complete (sum to unit 1).
2T
p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)
10 _ 0 1 2
po=e =1 r = p, P+ p P+ p P
_jm
— 3 2 2p(0 2 p(l 2p(2
Py =e€ r’=(py) P +(py) PV +(p,) P

Easy to resolve spectral projectors P

P(O):%(r0+ ri+ rz)z%(lJr ri+ rz)

p()— 3(r +P1" +p2r ):%(IJF e—i27r/3 1, +i2n/3 r2)
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,
2r

1=r1> implies: 0=1>-1=(r— p,1)r = p,1)r - p,1) where: p, =e"
Each eigenvalue py, of r, has idempotent projector P such that r-P™=p,, P .
All three P™ are orthonormal (P P® =bymy P™ ) and complete (sum to unit 1).
2T
p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)
0
p():el :1 r — pO P(O) + pl P(l) + p2 P(z)
_jm
py=e r? = (p)* P +(p)* P +(p,)? P
Easy to resolve spectral projectors P and eigen-bra-vectors ()|
P(O):%(I_O Lol rz):%(H Pl r?) <(o3)|=<o\P(°)\/§=\g( 11 1)
P(l) 3(1' _|_p1r +p2r )=%(1+ e—i27r/3 1 +127r/3 2) <(13)|:<O’P(1)\/§=\/g(1 o 12713 €+i27r/3)
p(2)_ 3(1, 4 pzl‘ I Pll‘ ) 3(1 4 pti2mi3 1y —i2n3 2) <(23)‘:<0‘P(2) 3= \/g (1 273 gi2ml3y

(m3) means: m-modulo-3 (Details follow)
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

¥ Resolving Cs projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, .
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

<(o3)\=<0\1><°>\5=\g(1 1)
1) =(0|P W3 =4/5(1 ¢ 777 e
<( 3)‘ < ‘ .3 \/3T( 23 jridnl3y
2 =(0|P N3 =4[5 (1 &2 o7
<( 3)‘ < ‘ 2.3 \/3T( 23 inly

(m3) means: m-modulo-3 (Details follow)

Real+axis

0)_1,..0 1 2y _1 1 2
P )_3(1' + r+ r7)=+ r+ ro)
(1) _ —i2m/3 1, +i2m/3 2
P (r + plr Ly pzr ) =3 (1+ ro)
2)_ 1 +i2m/3 1, -i2m/3 2
P 3(1' +p2r+p1r )—3(1_'_6 )

F121/3
pl_e\ +10
)p()zlze Real axis
/ C, mode phase character tables
=127/3 f
Py=¢ _ * * * _
m=0 o5 =1 pf=1 py=1
wave-number % 1 % -i2T/3 % 121/3
“momentum”’
_) * 1o =2 ¥ oms
m=a, Poy=1Py=¢  Py=F€

norm.

2
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

P(O):%(rOJr r1+ rz):l(1+ r'+ r’)

P = 3(r +p2r +plr ):§(1+e

+1270/3

+i27t/3 1 —127t/3 2)

<(o3)\=<0\1><°>\5=\g(1 1)
1) =(0[PYWN3 =43 (1 &7 g7
<( 3)‘ < ‘ .3 \/3T( 23 jridnl3y
2)| =(0[PN3 =[5z (1 777 77
<( 3)‘ < ‘ 2.3 \/3T( 23 inly

(m3) means: m-modulo-3 (Details follow)

p,=c
4 \ +10

)p()zlze Real axis Reallaxis

C, mode phase character tables
3 P
=127/3

pP,=¢€ . o * *

m=0lor=1 ;=1 pp=1 (1T (0L L
wave-number ] p* 1 o % -i27c/3p>x< 1271/3 ﬁ - @_@_@_ @)
“momentum’’ 3 . . 1/ TR

_ _ _pm3 * O nndl  ANNC AN\ W/ e L=lattice length(=3 here)
m_23 p2=lpy=e ppme w N=symmetry(=3 here) .
a=lattice spacing(=1 here)
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

P(O):%(rOJr r'+ rz):%(lJr r'+ r’)

p(2)_I (r n le‘ 1y Plr ):31 (1+ e+i27t/3 1, -i2nf3 2)

<(o3)\=<o\1>(°>\5=\g(1 1)
I)=(0|PVN3 =43 (1 e "7 eF
<( 3)‘ < ‘ .3 \/3T( 23 jridnl3y
2)| =(0[PN3 =[5z (1 777 77
<( 3)‘ < ‘ 2.3 \/3T( 23 inly

(m3) means: m-modulo-3 (Details follow)

F1270/3
pl_e\ :
+10
)p()zlze Real axis Reallaxis
/ C, mode phase character tables
=127/3
pPy,=¢C _0 % _1 * 1 * _ 1 T T
m= = = =1 | vty L
5|Po Po Po < >
wave-number * $ 23 % i2m/3 s ©O—@©)—(0)—=)
= m:] p] :1 p] = p] =e norm. (T)
“momentum’” 3 . . 1/ TR
_ _ _pm3 * O nndl  ANNC AN\ W/ e L=lattice length(=3 here)
=2 po=lpymepyme % N—sy.mme_f_fy.(fﬁﬁ.e.re)...

Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s

of operator r” and defines each oscillator’s

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

P(O):%(ro + o r2):l(1+ ri+ r’) <(03)\=<O\P(°)x@=\/g(1 1)
p(h_ 3(1, n ,011‘ 1 pzl‘ 2) 3(1 2Byl 232y ((1,)] = o] P NEE \g (1 7273 grimliy
p(2)_1 (r +p2r +p1r ):§(1+ oTi2m/3 L1, 23 2) <(23)‘:<0‘P(2)\/§:\/3I(1 gH2m/3 gi2ml3y

Fi27/3 (ms3) means: m-modulo-3 (Details follow)

py~c .
+10
’P 0 1=¢ Real axis Real+axis

/ C, mode phase character tables
=127/3
Py=¢ m=0 p;kzl p>0!<:1 p>0!<:1 T T T R L .

3 :
wave-number B ] * _1 *  -i2m3 % 127m/3 s . @_@_@_ <)
= m= ; p] = p] =¢ p] =e norm. <T>

“momentum”’ . . i 1/ L s
_ _ _ w3 ot -2m3 oo L=lattice length(=3 here)
" 23 P2~ pyme pysme % . N=symmetry(=3 here) :

i 1 a=lattice spacing(=1 here)

Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s of operator r” and defines each oscillator’s

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,

that 1s, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,0r 0, etc., depending on choice of origin.
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

P(O):%(rOJr r1+ r2):l(1+ r'+ r’)

<(O3)‘ :<O‘P(O)\/§=\/g( 1 1 1 )
<(13)‘ = <O‘P(1)\/§ _ \/31( | o i2m/3 e+i27r/3)
<(23)‘ = <0‘P(2)\/§ _ \/31(1 o273 e—i27r/3)

(m3) means: m-modulo-3 (Details follow)

Real+axis

P(2) 3(1, _|_p2r +P1r ) 3(1_|_ +l27t/3r1_|_ 8—1271'/31_2)
F1270/3
pl_e\ :
+10
’p():lze Real axis
/ C, mode phase character tables
=127/3
pPy=¢ _ * _ % % _
2 =0 |z =1 p3=1 py=1 ot

wave-number
m=1

* 1 * -2T0/3 % 121/3 /
“momentum’”
_) * _1 * w3 * om3
m= 3 Pry=1pP,,=€ pP,,=¢€

e

norm.: —
1/ : ST T T U ORISR
~~~~~~ L=lattice length(=3 here)
N—sy.mme.fry.(té’. f.l.e.r.ei)...

Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s

of operator r” and defines each oscillator’s

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,
that 1s, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,0r 0, etc., depending on choice of origin.

For example, for m=2 and p=2 the number (p)P’=(e™?73) is eimp-2r3= gi42n3= gil2m3 giln= ei2r3=p
That 1s, (2-times-2) mod 3 is not 4 but / (4 mod 3=1, the remainder of 4 divided by 3.)
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
> Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, .
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

i m0 27 i m1 27 i m2 27
+re 3 4re 3

m'" Eigenvalue of r .
<Wl‘ r \m>: e imp2w/3 R
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

i m0 27 i m1 27 i m2 27
+re 3 4re 3

m'" Eigenvalue of r
(m| v |m)= e im»2m/3
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

1 m-0 27 I ml 27 I m2 27

m'" Eigenvalue of r
(m| v |m)= e imv2m/3
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

0 l 2 im0 27 — im2 2%
(B )= (| e el ey | m)=rye 3 +re 3 Hne 3

1
IR A R g ! (

m'" Eigenvalue of r L am 2mm - 2mm r,+2r (for m=0)
<Wl‘ r ‘m>: eim 27 /3

T
[l
o\‘
(N
W
+
~
A~
o
W
+
(N
W
—
[l
o\‘
+
(\®)
~
@)
@)
7))
—~
)
wlgl
~
[l

ry—r (form==l)
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

0, 1, .2 i m0 %ﬂ £l %ﬂ b2 %n
)= ol s i = 73 g E

1
IR A R g ! (

m'" Eigenvalue of r 2 2rm2mm r,+2r (for m=0)
<Wl‘ r ‘m>: eim 27 /3

T
[l
o\‘
(N
W
+
~
A~
o
W
+
(N
W
—
[l
o\‘
+
(\®)
~
@)
@)
7))
—~
NS}
wlgl
~
[l

ry—r (form==l)

H-eigenvalues:

1 1
h r T
ronor e 3 :(r0+2rcos("%)) e 3
2mm 2mn
ror _j2m _j2m
0 el 3 el 3
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

1 m 2 iml = 1m2 =

1
IR A R g ! (

m'" Eigenvalue of r " o o2m 2am2am , o +2r (for m=0)
 m- n = 3 +r(e 3 +e 3 )=r,+2rcos(“’¥") =+
(m| v m) ry—r (form==l)
H-eigenvalues: K-eigenvalues:
1 1 1 1
o 7T ;2mm 5 ;2mm K -k -k j2mm ) j2mm
A e 3 = (”0 + 2rcos( "%”)) e 3 k K -k e 3 = (K— 2k cos( n%ﬂ)) e 3
roor o1 e_l.2n§m 6_12n§m k -k K e_i2n§177: e_l-2n§m
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

1 m-0 27 I m-l 27 I m2 27

_ 0 1 2 _ 3 3 3
<m‘H| m>—<m|ror +1r +7,r ‘m>— 0€.....0 +re +rye

. .l::::::::::::::::::::'- ----------- ! (
m'" Eigenvalue of r s 2w 2am T 2am , o +2r (for m=0)
(m| ¥/ |m)= e im»27/3 bzt =re 3 4r(e 3 +e 3 )=ry+2rcos(7y) =+
— ry—r (form==l)
H-eigenvalues: K-eigenvalues:
Iy r r ! I ! !
0 ;2mm 5 ;2mm K -k -k j2mm ) j2mm
A e 3 =(r0+2rcos( "%”)) e 3 k, K -k e 3 =(K—2kcos( ’%n)) e 3
_;2mm _;j2mm k- _2mm _2mm
roron S S k -k K , i° , i*
Moving eigenwave Standing eigenwaves H — eigenfrequencies | K — eigenfrequencies
1
WA 1| gz _‘(+1)3>+|(—1)3>_1 - ro+2rcos(2’%” \/k0—2kcos(2”§”)
|+ )3>—J§ |5)= > | L
~i27/3 ] =~ r =k, +k
e
1
(1) = 2| e |s>:’(“)3>“(_”3>:1 +01 o+ 2reos(4™) |k~ 2kcosE)
Vo 2713 : 2 - 1 ]| ThTr =\kytk
1
|(0)5)= 4 ry+2r ko — 2k
1
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

<m‘H| m>:<m|ror +RE 47,1 ‘m>=roe 3 +re 3 +re 3

: R L L L L L L L ' (
m'" Eigenvalue of r " 2T 2am . 2am 7 +2r (for m = 0)
(m| ¥ [m)=eim 2m/3 Erzzid :roelm 3 +r(el 3 4e 3 )=r0+2rcos(27%m)=< 0
m m)—e ry—r (form==l)
H-eigenvalues: K-eigenvalues:
Iy r o r 1 I ! .
" i1 2mm 21 k& & 21 2mm 2
A e 3 =(r0+2rcos( 3 )) e 3 k K -k e 3 =(K—2kcos( 3 )) e 3
_l-2n_172? _12n_’l7t _ _ _2mr _2mm
roron S S k -k K , i° , i*
Moving eigenwave Standing eigenwaves H — eigenfrequencies | K — eigenfrequencies
1
WA 1| gz _‘(+1)3>+|(—1)3>_ | - 1f0+2rcos(2’%” \/k0—2kcos(2”§”)
|+ )3>—J§ |5)= > | L
—i2m/3 1 =T =k, +k
e
1
()= e ] s >-’(+1)3>_‘(_1)3>— ||| e reosH) Vky ~ 2k cos'F)
3/= 3/ = ) =
” 23 2 - BT B B =\kytk
1
|(0)5)= 4 ry+2r Jko —2k
1

C, standing wave modes and eigenfrequencies of K

¢ s 146 16l I AT i
s lo v a2 || ZNG

m=0 [1N3 1~N3 1IR3 F5 7F 7 F Tl
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

1 m-0 27 I m-l 27 I m2 27

_ 0 1 2 _ 3 3 3
<m‘ H| m> = <m| R +nr +rnr ‘m> =1e....0 +I”1I€ ______ Tre 7.

N L L L T ' e

m™ Eigenvalue of v/ g w0 2 2am T pam , o +2r (for m= 0)
- st = 3 4r(e 3 +e 3 )=r,+2rcos(“Y") =5
m r[) m :elmp2’ﬂ'/3 EZEEE roe 0 3 .
(m| ¥ |m) ry—r (form==l)
H-eigenvalues: K-eigenvalues:
I r r ! ! 1 1
0 ;2mm 5 ;2mm K -k -k j2mm ) j2mm
A e 3 =(r0 +2rcos( "%”)) e 3 k K -k e 3 =(K—2kcos( ’%”)) e 3
_l-2n_172? _12n_’l7t _ _ _2mr _2mm
roron S S k -k K S & S L
Moving eigenwave Standing eigenwaves H — eigenfrequencies | K — eigenfrequencies
1
)= | e ] e)= (D) +]Ds) 21 1o +2rcos(*y" ko = 2kcos(*") Transverse (to k) Waves
3/ 73 3/~ “Jo| —
. 2 =1y =7 = Jk +k
e 123 -1 ! ot (246, 16, -1N6 ) (0 412, -112)
1 y k
|(_1) >= | e_l'zn-/3 |S >: |(+1)3>—‘(—1)3> _ 1 _}(_)] " + 21#003(_2%’717[) \/kO -2k COS(ZM%n)
’ \/5 e+i27[/3 ’ l\/E \/E -1 =ry—=r :\/ko-i-k _____________________________________
! Radial
|(0)5)= 4 ry+2r ko — 2k
I Modes

(13, 1IR3, 143)

C, standing wave modes and eigenfrequencies Of K

¢ s 146 16l I AT i
s lo v a2 || ZNG

m=0 [1N3 1~N3 1IR3 F5 7F 7 F Tl |
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

_ 0 1 2 . 3
<m‘ H| m> = <m| rgr +nr +rr ‘ m> =ne_.... +r1?- _

m' Eigenvalue of v”
<m‘ r’ \m): e imp2T/3 Ezzze

H-eigenvalues:

7'0 r
r rO
r r

2mnm

=(r0 +2rcos("3 ))

i m0 22 i m1 =" i m2 22

LD otne ’.

zmo%” """ .'2'7%;;1""_'1.27@
=r,e +r(e +e
K-eigenvalues:
1

- K -k -k i

e 3 -k K -k e
_l-2n_m -k -k K -

e 3 e

Moving eigenwave

Standing eigenwaves

H — eigenfrequencies

K — eigenfrequencies

|(+3) =,

(-D3) =1,

1

e+i2n/3
—i2m/3
e
1
e—i2n/3

+i2m/3
e

5,)= |GD3)=[1y)
’ i2

1
|(0)3> :\/31

1

2mm
] 1y +2rcos(™3

:I"O—V

=2mrn
ry+2rcos("F)
=ry—r

r0+2r

\/ko —2k cos(z'%”)

= k0+k

\/ko —2k cos(z'%”)

:,/k0+k

ko — 2k

C, standing wave modes and eigenfrequencies

c [AN6 -116 -1/46

3
s |0
3
m=03 13

12 -1A2
13 1A3||F

—r

r

= (K —2k cos(z’/'gr ))

e

e

1y +2r (for m=0)

ry—r (form==l)

1
2mm
3

—l1

2mm
3

Longitudinal (to k) Waves

(26, -1/N6, -1/76)

oK

(0 +1M2,-112)
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

3 Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, .
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Cs Symmetric Mode Model: Distant neighbor coupling

(a) I Neighbor C, (b) 2 Neighbor C, (c) 3" Neighbor C,

HB!1©)=| - TH-r - - |- HB26)=| 5 - H,- -s - | HB3O)=| - - Hy- - -t
-FHI -r 3 . . . 3 -t . H3 . .
'FH’ -f 4 \ -t d H3 . +
\-r 'r—Hz/ g -t - - H3/
=H,1-rr-7r’ =H,l - tr’ - tr

Tuesday, November 27, 2012 56



Ce Spectral resolution: 6t roots of unity

C 6 wave phasors

20 (Cg) | P ,,_r r r r 1‘ r
" 0000006
lg 1
2, 1
3¢ =3¢ 1
4e=-12 1
S¢=1g 1
Wavefunction: ‘¥
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Ces Spectral resolution of nth Neighbor H: Same modes but different dispersion

(a) ¢ |eigenvalues of HP!(0)
sl op=0 I 2 3 4 5 st "
_7/ “ /H? N -r\ 0 1 Nelghbor H
“6 ./
2r 6l |-rH S
doublet . _r H; _r 5
- <rH, -r 3
\- <o rHyr |4
oy 1 6 1
. doublet
] p
) 9) vy \ . 2 singlet
0, 2, A, m=0g5 +1, 2, 3,
-
(b) eigenvalues of HB2(0)
p0 I 2 3 4 35
,
__() | ‘?6 1 16 H_ -S —S . 0
]v - '] Wloublet H_’ . -S -S ]
6N ~ © 76 -S Hg . -5 . |2
A 5 H,- -5 |3
\-s -S H, - |4
2r =2s=21 s - -5 - H_ 5
6 ¢ m =()
3 p P eigenvalues o/'H“*‘l‘ 0)
(C) 1 A ] ] p0 I 2 3 4 3 .
oAl s / .70\, 31 Neighbor H
_“}'. 2 2] ,“‘ . l/ . N ) .
Y
A ‘| l{
_\‘}' _jf 3}' |||| ,H’
3 : l‘ ( |
‘,‘ lll Wloublet
\ ‘l'
)yl .o 2
<6 (X <6 , 0
6 m =0
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves
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Ces Spectra of 1st neighbor gauge splitting by C-type (Chiral, Coriolis,...,

1st Neighbor H

ZB1(6)

eigenvaliies

split doubled

_____ - _"__-P_. ».'1';1'1' 1 ¥
{_ _“22_6\
) /
'

r_n
fef $hift

W Zeeman splitting

@
f'—.@’ %

% %r
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, .
3§ Cn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
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Cn Symmetric Mode Models: @ . g

N=2 EN=48
=0 0=
)
—3 P
S @ N= @
5 % E 5
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Cn Symmetric Mode Models: g@. g

N=2 EN=45
o-® 020
o
N=3 ST
o ®)\-0®
§ 9 ® &
o:® O0-0
1st Neighbor K-matrix
F, K <k, . .. e =k, X,
F, —k, Kk, . e X,
K=k+2k
F, —k, K =k, . e X, . 12
N 1 = : . —k;, K <k, - . * X3 where: szg
£y ~k, K ' X4 ()=0
. . . _k]2 .
Fy k;, -k, K YN-1

Tuesday, November 27, 2012 63



Cn Symmetric Mode Models: -0

N=2 EN=45
o-® 020
o
N=3 ST
o ®)\-0®
§ 9 ® &
o:® O0-0
1st Neighbor K-matrix
F, K <k, . .. e =k, X,
F, —k, Kk, . e X,
K=k+2k
F, —k, K =k, . e X, . 12
N 1 = : . —k;, K <k, - . * X3 where: k:7g
£y ~k, K ' X4 ()=0
. . . : _k12 .
Fy -k, . : . =k, K YN-1

Nth roots of 1 ¢ e 27/ = =(m| v’ |m) serving as e-values, eigenfunctions, transformation matrices,

dispersion relations, Group reps. etc.

= 2Ti/4
47 ]2)1262ni/]2
(V;5) 2=1
21i/3
e<lU (WIZ)I 1
=y, 2)_1
W]Z) 10
e—2TCi/ 3 :(WIZ)_z

Tuesday, November 27, 2012

64



Cn Symmetric Mode Models:

Nth roots of 1 ¢ 77 2%/N=(m| v’ |m) serving as e-values, eigenfunctions, transformation matrices,
dispersion relations, Group reps. etc.
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Cn Symmetric Mode Models: Made-to-Order Dispersion (and wave dynamics)

(Making pure linear w=ck, quadratic w=ck’ , etc. ? )
Archetypical Examples of Dispersion Functions

(a) Constant dispersion (b) Linear dispersion (c) Quadratic dispersion (d) Phonon dispersion  (e) Exciton dispersion
[, [ ®,, [ 0, :— Oy - Oy,

- C C

[ XXYYYY Y} Eoooooooo \ E Py \\...E
L [ - 'y o ° ° n
0.5 [] —0.5 ® 5 —0.5
: s F &° [ -
WEduwuad SRARKRRRN RN Gudad sARRRRAR LT T ERdRaad SESNRRNA
ke =m kJ ke =m kj ky,=m kj
Applications:
Uncoupled Weakly coupled pendu- Weakly coupled pendu- Strongly coupled pendu- Strongly coupled pendu-
pendulums lums (No gravity) lums (With gravity) lums (No gravity) lums (With gravity)
Movie marquis Light in vacuum (Exactly) Light in fiber (Approx) Acoustic mode in solids  Optical mode in solids
Xmas lights Sound (Approximately) Non-relativistic Relativistic matter
Schrodinger matter wave (If exact hyperbola)

Reading Wave Velocity From Dispersion Function by (k,®) Vectors

slope
(0_5-0_p)/(k_5-k_5)

is
(-5,-2)- group velocity
»

slope — 0)
(©_5+0_)/(k_5+k_») m
I

5-2-
mean phase velocity

slope
|
AN (0)8-(1)3)/(](8-/(3)
is (8,3)- group velocity

|
|
| |
| |
' | slope
(0g+w3)/(kgtks)

is (8,3)-mean phase velocity

|

slope ((dl_g/k_g)
is (-8)-phase velocity

slope (w7/kp)

paRdd

is (7)- phase velz’ocily
|

2345678 _
U Tk Emokg

a=k, x—, t

b=k, x—@,t

s a—b
=e¢ % cos

Things determined by
Dispersion @ = w(k)

Individual phase velocity:
(k)

ko

Pairwise phase velocity:

w(k,)+w(k,)
V hase—2
i k +k,
Pairwise group velocity:
s ok) -0k

group—2 k . kb

a

Vphase—l —
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Cn Symmetric Mode Models: Made-to-Order Dispersion

Making pure quadratic w=ck’ (Bohr dispersion)

|
|

H-2IS| } |

| | l

kg ko ke ki,

Hyp H; H) Hj3 Hy Hs Hs H7 Hyg

=2 112 12
=3 23 173
-4 312 -1 12
=5 2 -1.1708  0.1708
-6 196 2 2/3 12
=7 4 2393 051  -0.1171
=8 112  -34142 1 05858 172
-9 20/3  -40165 09270 -1/3 00895
N=10 172  -52361 14472 -07639 05528 -1/2
N=I1 10 60442 14391 -05733 02510 -00726
N=I2 73/6  -74641 2 -1 2/3 05359 172
N=I3 14 84766 20500 -08511 04194 -02028 006116
N=I4 332  -10098 26560 -12862 08180 -06160 05260 -1/2
N=I5 573  -11314 27611 -1.1708 06058 -1/3  0.1708 -00528
N=I6 432  -13.137 34142 -16199 1 07232 05858 -05198 1/2
N=17 24 14557 35728 -15340 081413 -04732 02781 -0.1479 00465
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Cn Symmetric Mode Models: Made-to-Order Dispersion
Revivals with quadratic w=ck? (Bohr dispersion)

C2 beats or revivals happen
with most any dispersion

0 _ 1 _ ouple ica
() 1’ 6=0 r' (=) Goid oprca

even +45°

+) W
1

2
parity
states odd -45°

A
- 88 S
=6

localized X
)+ go(_

V2 &

1/4 ¢
\4\

. AN
revivals| ™
or beats|

1/2

314 (%
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C> symmetric (B-type) modes
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Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves
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Cn Symmetric Mode Models: Made-to-Order Dispersion
Revivals with quadratic w=ck? (Bohr dispersion)

C2 beats or revivals happen
with most any dispersion

0 _ 1 _ ouple ica
(a) r (=0 r (=m  omee oped

even +45°

+) W
1

2

parity
states odd

localized

/ [+)+=) ’o(——)
2 W

1/4 ¢
\4\\
revivals| ™
or beats|

1/2

314 (%

Cs revivals and C4 revivals
occur with quadratic dispersion

(a) C3 Eigenstate Characters (b)C 4 Eigenstate Characters
. D= 0 1 2 my p=0 I 2 3

s Je L Ll
mx & ) @ & )

d)Cy Revzvals
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Cn Symmetric Mode Models: Made-to-Order Dispersion
Revivals with quadratic w=ck? (Bohr dispersion)

(a) C5 Eigenstate Characters
p=0 1
N

m

0;

5

D

W

1
2
3
4

5

t=0

175

2/5

3/5

4/ 5

Cs revivals and Ce revivals
occur with quadratic dispersion

(b) Cg Eigenstate Characters
m p=0 )

(a) C3 Eigenstate Characters

~
[\
o
N

Ggﬂuﬁu

‘W'

m U@U@ r |
S205T

120 120°

‘ 120°

Cs revivals and C4 revivals
occur with quadratic dispersion

(b)C 4 Eigenstate Characters

m. P=0

20.‘12 o’

& G O

mNp=0 1 2 3

Q008
24
CHS

(d) C4 Revivals
p=0 1 2 3

W
T,

— (A

R P
OO
6

50

q-l 3
%
45°
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Cn Symmetric Mode Models: Made-to-Order Dispersion

Revivals with quadratic w=ck? (Bohr dispersion)

Cs revivals and Ce revivals
occur with quadratic dispersion

Eigenstate Characters

mp0]2345

(a) C5 Eigenstate Characters (b) Cg
mNIM N
05 MWO 1\ 5 A &
0C96E 1BSues
25 .mﬁr . v
5,060 -

s 0°]
45 3 > \@ (% ,;"l 5,

1 2 3 4

=R
-, - e
vs|€@ = & & |
: 2/ 6|9
viley D O SR®H |G
3/6[
usidy @ D D |
“ A 912 *

HO ST e @ N

.w@» :

0256026
)OO
S2052

(¢) Cs Revivals (d) C 6 Rewvals
DU

3 4 5

éi‘f“ fséi

£y %f‘

le 75 _‘ 135° Jn

C1s revivals occur with quadratic dispersion

first display prime 7rs then multiples by zeros at site =1

9 10 11 12 13 14

2009 O
6@0@ 06

3900 0@
09@0 @

0090 9
IGO0 930

Tuesday, November 27, 2012

74



Algebra and geometry of resonant revivals: Farey Sums and Ford Circles
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-1/2 -1/4

0 1/4
Coordinate @ (units of 27[) [Harter; J. Mol. Spec. 210, 166-182 (2001)]
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N-level-system and revival-beat wave dynamics

Zeros (clearly) and “particle-packets” (inty) have paths
labeled by fraction sequences like:

(9 orl0-levels (0, +1, +2, +3, +4,..., 9, x10, =11..) €XCited)

1/1

ul

1/2

Time ¢
(units of )

49
3T

245

e

0
Zeos start here Wave packet starts here Do e hre T
-1/2 -1/4 0 1/4 12
[Harter, J. Mol. Spec. 210, 166-182 (2001)] Coordinate ¢

(units of 27)
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: n,/d, and n,/d, path
3/d, fractions
numerator/denominator

2/d,

1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)
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“]

n,/d, and n./d, path n,/d, and n,/d, path
intersection point | 3/d, | intersection time
_dmyngd, | . ¢ = n;tn,
® d] n d2 2/d, 2/d, | ‘g d] 4 dZ
(Ford-Cross) 1/d, 1/d, (Farey-Sum)
0/] | Coordinate ¢

-2 -14 0 14 12 (units of 27)

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]
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Unit Real Interval % Farey Sum

"N\
&
— S

RS T U 2N ST ST S SR ST S L S L
R related to
ol ¥ vector sum
= 18
3 and
=g Ford Circles
gé B 1/1-circle has
S Sl i diameter /
S
S o
T~ 2l 12
S
Q -1
N -
SE=
Qo
'q:_
= 8
g
= 6
=] 4
3
=P
VOZ(O,I)_ .
AR R oy Numerator Axis N
-3 -2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19
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Unit Real Interval
S0P P7 P8 PO

— O

1
1
1.0

(b)

T L N L

|

-?\
|

19

18

17

16

14

13

12

11

Denominator Axis D

|1||p'|2||p'%||p'fl||p'§|||O'?—||p'|7|||0'|8|||0

=3
v,=(0,1)
=

Numerator Axis N

30020 -1 1 2 3 4 6 7 8 9 I 12 13 14 16 17 18 19

Farey Sum
related to
vector sum

and
Ford Circles

1/1-circle has
diameter /

1/2-circle has
diameter 1/2?=1/4
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(¢)

— 1O

% Unit Real Interval

1
1
_L-J'llli _LIP'F_LJP'%_LIP' Ip'ﬂ-iJHO']S_LIP'?_LIP'7LJP'§lIP'?l L

19

Denominator Axis D \‘
| ||0'|2| | IO%| | pf“ | p§| | p|6| | |0|7| | |0|8| | |09| |

=V Numerator Axis N

30020 -1 0 1 2 3 4 5 6 7 8 9 w1 12 13 14 15 16 17 18 19 20

Farey Sum
related to
vector sum

and
Ford Circles

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9
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(d) % 3 % Unit'Real Interval %
7
Y
s B . f..P2 P BT PR P
/J—__ ’

=

QL

9 o=

=

VIR

NS

S

~

G _

S o

NS

- |

S = A T

Q : 5 5 5 5§
- 6
=- 4 5 6
— 7 7 7
cﬁ_ : §
iy 8 8
z
=3y

v,~(0,1)

=V Numerator Axis N

30020 -] 0 1 2 3 - 5 6 7 8 9 w1 12 13 14 15 16 17 18 19 20

Farey Sum
related to
vector sum

and
Ford Circles

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9

n/d-circles have
diameter 1/d?
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Relating Cy symmetric H and K matrices to differential wave operators
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Relating Cn symmetric H and K matrices to wave differential operators

The 15t neighbor K matrix relates to a 21 finite-difference matrix of 2 x-derivative for high Cy.

2
K=k(21-r—- r_]) analogous to:— k J

dx2
.. h h + — L. 2 -2 + —
Ist dertvative momentum:pz—.ay z_.y(x Ax) = y(x) 2nd derivative KE: 2mE = -h? 9y ~ y(x+Ax) = 2y(x) + y(x — Ax)
i ox i (Ax) 92 (Ax)?
-1 - 1 17 o2 -1 . ») Vo= 20+,
E =1 Y2 :E Y27 N 32 -1 2 -1 - 3 0) _ 52 y1_2y2+Y3
[ 1 -1 V3 I V3=V -1 2 -1 Vs y2—2y3-|—y4
1 V4 V4~ V3 oLz V4 V3= 2Y4% Ys

H and K matrix equations are finite-difference versions of quantum and classical wave equations.
0 9°

ihg v > = H’ 1//> ( H-matrix equation) 7 y> = K‘ y> (K-matrix equation)
t
d n* 9’ 2 2
ihg l//> = (_%8? + V)‘ l//> (Scrodinger equation) —aa? y> = —kaa? y> (Classical wave equation)

Square p? gives 1t neighbor K matrix.

N.l:ﬁ"

N.l:ﬁ"

-1

Higher order p3, p4,.. involve 2nd, 3rd_4th peighbor H

2
-1

-1
2
-1

-1
2
-1

-1 -

2

AN
I

6

1
—4

4 6

1
0

—4
1
0

0
1
—4
6
—4
1

0
1 0
4 1
6 —4
4 6
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Symmetrized finite-difference operators
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