
Lecture 23 
Introduction to coupled oscillation and eigenmodes 

(Ch. 2-4 of Unit 4   11.13.12)

Review: Green’s Solution for the FDHO (Forced-Damped-Harmonic Oscillator) 
          Beat, lifetimes, and quality factor  q =ω0/2Γ   and   Q =υ0/2Γ = q/2π
Review: Approximate Lorentz-Green’s Function for high quality FDHO (Quantum propagator)
         Common Lorentzian (a.k.a. Witch of Agnesi) and geometry
2D harmonic oscillator equations

Lagrangian and matrix forms
Reciprocity symmetry

2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M=

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues⇒eigenvectors)
Spectral decomposition and P-operator expansions (how projectors⇒eigensolutions) 

2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed π/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with fluid phase

   ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry (ABCD-Types)
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Define complex detuning-decay δ=Δ-iΓ variable δ is defined with the real detuning 

Gω0
ω s( ) = 1

ω0
2 −ω s

2 − i2Γω s
ω s→ω0

⎯ →⎯⎯⎯ 1
2ω s

1
ω0 −ω s − iΓ

≈ 1
2ω0

1
Δ − iΓ

= 1
2ω0

L(Δ − iΓ)

  Δ =ω0 −ωs

L(Δ − iΓ) = 1
Δ − iΓ

= ReL      + i Im L     =   Δ
Δ2 + Γ2   + i Γ

Δ2 + Γ2 =   | L |2 Δ  + i | L |2 Γ

               =| L | eiρ =| L | cosρ + i | L | sinρ = cosρ

Δ2 + Γ2
+ i sinρ

Δ2 + Γ2
 where:| L |= 1

Δ2 + Γ2

| L |  = 1
Δ

cosρ

| L |  = 1
Γ

sinρ

 Constant Δ and Γ curves in Fig. 3.2.13 are orthogonal circles of 1/z- dipolar coordinates. Recall Fig. 1.10.11.
      

ρ|L|

ρ

1
Δ

1
Γ

|L|= sin ρ1
Γ

|L|= cos ρ1
Δ

Ideal Lorentz-Green’s functions
L=Δ + iΓΔ2+ Γ2=|L|ei ρ

Inverse detuning axis
(Beat period)

1
Δ

Inverse decay rate axis
(Lifetime)

1
Γ

Fig. 3.2.13 Ideal Lorentzian in inverse rate space. (Smith life-time  1/Γ vs. beat-period 1/Δ coordinates)

Smith plots

Review of Approximate Lorentz-Green’s Function for high quality FDHO (Quantum propagator)
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SMITH CHART (Invented by Phillip H. Smith 1905-1987)

An FDHO Green’s 
Function
Slide rule

A plot of
f(z) =1/z

For wavy 
“Ohm’s Laws”

V =I·Z
I=V/Z
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The Common Lorentzian (a.k.a. The Witch of Agnesi)

1
b

b

1
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b
θ
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θ

x=b cotθ

y= r sinθ
=(1/b)sin2θ

x2=b2 cot2θ=b2 =b2 = b2cos2θ
sin2θ

1-sin2θ
sin2θ

b2
sin2θ

x2+b2 = =b2
sin2θ

b
y
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x2+b2

Common Lorentzian function I.
(imaginary “absorbtive” part)

b

x=b cotθ

θ
θ

θ

y = r sin θ
=(1/b)cosθsinθ

π/2−θr=(1/b)sinθ

r =(1/b)cosθ

1
b

x2+b2= =b2
sin2θ

x
y

y = x
x2+b2

Common Lorentzian function II.
(real “refractory” part)

y

yx

x

x

x b cotθ b2 cosθ b2

y (1/b)cosθsinθ cosθsin2θ sin2θ
= = =

(imaginary “absorbtive” part)

b

1
b

b

1
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1
2b

1 b

√2
1

1
√2

b
√1-b2

b=

1

2
5b=

b=1

1
√2b=

1

2
5b=

Scalar potentials
Φ=(a/r)cos θ=const.

a/Φ
θ

Vector potentials
A=(a/r)sin θ=const.

a/A

r

r=(a/Φ)cos θ

r=(a/A)sin θ

r

Field:
f*(z*)=1/z2*=ei2θ/r2

F(x,y)=(cos2θ,sin2θ)/r2
Potential:
φ(z)=1/ z
=(cosθ)/r+i(sinθ)/r
= Φ +i A

Fig. 10.11 Dipole F-field f(z)=1/z2 and scalar potential (Φ=const.)-circles orthogonal to (A=const.)-circles.
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2D harmonic oscillator equations
Lagrangian and matrix forms
Reciprocity symmetry
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Fig. 3.3.1 Two 1-dimensional coupled oscillators  

Fig. 3.3.2 Coupled pendulums
Fig. 3.3.3  One 2-dimensional coupled oscillator 

2D harmonic oscillators 
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m1 m2
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2D harmonic oscillator energy 

   

   
T = 1

2
m1 x1

2 + 1
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m2 x2
2

2D HO kinetic energy T(v1, v2)
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k12 x1 − x2( )2

= 1
2

k1 + k12( )x1
2 − k12x1x2 +

1
2

k2 + k12( )x2
2

   

2D HO potential energy V(x1, x2)

   
T = 1
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2D HO kinetic energy T(v1, v2) Lagrangian L=T-V

Fig. 3.3.2 Coupled pendulums
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2D harmonic oscillator energy 

9Tuesday, November 13, 2012



2D harmonic oscillator equations
Lagrangian and matrix forms
Reciprocity symmetry
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2D HO kinetic energy T(v1, v2) Lagrangian L=T-V

   

d
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∂ x1
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2D HO Lagrange equations 
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2D harmonic oscillator equations 
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Matrix operator notation:
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2D harmonic oscillator equations
Lagrangian and matrix forms
Reciprocity symmetry
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Each coordinate            is  rescaled                              to symmetrize mass factors on    -terms.

New constants Kij have pseudo-reciprocity symmetry for a special scale factor ratio:                      

Matrix equations and reciprocity symmetry

 

F1
F2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

m1x1
m2x2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= −

κ11 κ12
κ 21 κ 22

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1
x2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

General form of 2D-HO equation of motion has force matrix components: κ11 = k1 + k11,    κ 22 = k2 + k22  

Off-diagonal force constants satisfy Reciprocity Relations: 
  
−κ12= k12=

∂ F1
∂ x2

=- ∂ 2 V
∂ x2∂ x1

=- ∂ 2 V
∂ x1∂ x2

=
∂ F2
∂ x1

=k21=−κ 21 

Rescaling and symmetrization

  
x1,x2( )

  
q1 = s1x1,q2 = s2x2( )   

q j

 
− m1
s1
q1 =κ11

q1
s1

+κ12
q2
s2  

−q1 =
κ11
m1

q1 +
κ12s1
m1s2

q2 ≡ Κ11q1 +Κ12q2

 
− m2
s2
q2 =κ12

q1
s1

+κ 22
q2
s2  

−q2 =
κ12s2
m2s1

q1 +
κ 22
m2

q2 ≡ Κ21q1 +Κ22q2

Κ21 =
κ12s2
m2s1

= Κ12 =
κ12s1
m1s2

= −k12
m1m2

Κ11 =
κ11
m1

= k1 + k12
m1

Κ22 =
κ 22
m2

= k2 + k12
m2

  

s2
s1

=
m2
m1

Caution is advised since such forced symmetry may give modes with imaginary frequency.

Diagonal constants Kjj are not affected by scaling. To be equal requires: κ11
m1

= κ 22
m2

  or:  κ11
κ 22

= m1
m2
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M=

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues⇒eigenvectors)
Spectral decomposition and P-operator expansions (how projectors⇒eigensolutions) 
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2D harmonic oscillator equation solutions
1. May rewrite equation                           in acceleration matrix form:     

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

m1 0

0 m2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

−1
k1 + k12 −k12

−k12 k2 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

k1 + k12
m1

−k12
m1

−k12
m2

k2 + k12
m2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  
M i x = −K i x

   
x = −A x    where: A = M−1 i K

2. Need to find eigenvectors                of acceleration matrix such that:

 Then equations decouple to:      

   
A en = εn en =ωn

2 en    
e1 , e2 ,... 

    

en = −A en = −εn en = −ωn
2 en  where εn  is  an eigenvalue 

and ωn  is  an eigenfrequency
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2D harmonic oscillator equation solutions
1. May rewrite equation                           in acceleration matrix form:     
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⎜
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⎟

x1

x2

⎛

⎝
⎜
⎜

⎞
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⎟
⎟
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⎛
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⎜
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⎜
⎜
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x1
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⎜
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⎟
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M i x = −K i x

   
x = −A x    where: A = M−1 i K

2. Need to find eigenvectors                of acceleration matrix such that:

 Then equations decouple to:      

   
A en = εn en =ωn

2 en    
e1 , e2 ,... 

    

en = −A en = −εn en = −ωn
2 en  where εn  is  an eigenvalue 

and ωn  is  an eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m1=1=m2) 

So equation of motion is simply:
  
x = −K x

Eigenvectors             are in special directions where                    is in same direction as  
x = −K x

 
x

  
x = en
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M=

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues⇒eigenvectors)
Spectral decomposition and P-operator expansions (how projectors⇒eigensolutions) 

4 1
3 2
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k1 + k12( )x1
2 − k12x1x2 +

1
2

k2 + k12( )x2
2 = 1

2
x K x = 1

2
x i K i x = x1 x2( ) k1 + k12 −k12

−k12 k2 + k12

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2D HO potential energy V(x1, x2) quadratic form defines layers of elliptical V-contours

XX11
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XX22
((NNoorrtthh))

ε++
((NNoorrtthhEEaasstt))

--XX22
((SSoouutthh))

--XX11
((WWeesstt))

--ε++
((SSoouutthhWWeesstt))

ε--
((NNoorrtthhWWeesstt))

--ε--
((SSoouutthhEEaasstt))

Fig. 3.3.4 Plot of potential function V(x1,x2) showing elliptical V(x1,x2)=const. level curves.

What direction                    
is the same as         ??

  
x = en

 
K x XX11

XX22
UU--

UU++

xx

FAST axis

SLOW axis
(a) PE Contours
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M=

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues⇒eigenvectors)
Spectral decomposition and P-operator expansions (how projectors⇒eigensolutions) 

4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
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An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
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⎜
⎜
⎜
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⎟
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0 ε2  0
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⎛
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⎜
⎜
⎜
⎜⎜
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⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
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⎝
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0
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⎞
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An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
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M ε = 4 1
3 2

⎛
⎝⎜

⎞
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y

⎛

⎝
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Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞
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      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜
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det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞
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An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
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Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
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=det 4 − ε 1
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⎛
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⎛
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Trying to solve by Kramer's inversion:

x =
det 0 1
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⎛
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det 4 − ε 1
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⎠⎟
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detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M
0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M)

First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M=
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Spectral decomposition and P-operator expansions (how projectors⇒eigensolutions) 
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An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2
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Only possible non-zero {x,y} if denominator is zero, too!
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Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
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⎝⎜
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det 4 − ε 1
3 2 − ε
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      and     y =
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3 0
⎛
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⎞
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det 4 − ε 1
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detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M
0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M)

First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 
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First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 

Secular equation has n-factors, one for each eigenvalue.
	

 	

 	

 	

 	

 	

 	



An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
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Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
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y

⎛

⎝
⎜
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⎟ = ε x

y
⎛

⎝
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⎛
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x
y

⎛
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⎟ =
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0
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Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M

 detM − ε1 = 0 = −1( )n ε − ε1( ) ε − ε2( ) ε − εn( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M) = ε 2 − 6ε + 5

0 = (ε −1)(ε − 5)  so let:   ε1 = 1   and:  ε2 = 5 
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First step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 

Secular equation has n-factors, one for each eigenvalue.
	

 	

 	

 	

 	

 	

 	



Each ε replaced by M and each εk by εk 1 gives Hamilton-Cayley matrix equation.
	

 	

 	

 	

 	

 	

 	

 	



Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 

An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2
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x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M

 detM − ε1 = 0 = −1( )n ε − ε1( ) ε − ε2( ) ε − εn( )

 0 = M − ε11( ) M − ε21( ) M − εn1( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M) = ε 2 − 6ε + 5

0 =M2 − 6M + 51 = (M −1⋅1)(M − 5⋅1)

0 0
0 0

⎛
⎝⎜

⎞
⎠⎟
= 4 1

3 2
⎛
⎝⎜

⎞
⎠⎟

2

− 6 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
+ 5 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

0 = (ε −1)(ε − 5)  so let:   ε1 = 1   and:  ε2 = 5 
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1st step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 

Secular equation has n-factors, one for each eigenvalue.
	

 	

 	

 	

 	

 	

 	



Each ε replaced by M and each εk by εk 1 gives Hamilton-Cayley matrix equation.
	

 	

 	

 	

 	

 	

 	

 	



Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 

An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M

 detM − ε1 = 0 = −1( )n ε − ε1( ) ε − ε2( ) ε − εn( )

 0 = M − ε11( ) M − ε21( ) M − εn1( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M) = ε 2 − 6ε + 5

0 =M2 − 6M + 51 = (M −1⋅1)(M − 5⋅1)

0 0
0 0

⎛
⎝⎜

⎞
⎠⎟
= 4 1

3 2
⎛
⎝⎜

⎞
⎠⎟

2

− 6 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
+ 5 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

0 = (ε −1)(ε − 5)  so let:   ε1 = 1   and:  ε2 = 5 

Replace jth HC-factor by (1) to make projection operators                          . pk =
j≠k
∏ M − ε j1( ) p1 = (1)(M − 5⋅1) = 4 − 5 1

3 2 − 5
⎛
⎝⎜

⎞
⎠⎟
= −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1)(1) = 4 −1 1
3 2 −1

⎛
⎝⎜

⎞
⎠⎟
= 3 1

3 1
⎛
⎝⎜

⎞
⎠⎟ 

ε j ≠ εk ≠ ...

 

p1 =      1     ( ) M − ε21( ) M − εn1( )
p2 = M − ε11( )      1     ( ) M − εn1( )
      
pn = M − ε11( ) M − ε21( )      1     ( )  

(Assume distinct e-values here: Non-degeneracy clause)

34Tuesday, November 13, 2012



1st step in finding eigenvalues: Solve secular equation 
	

 	

 	

 	

 	

 	



where: 

Secular equation has n-factors, one for each eigenvalue.
	

 	

 	

 	

 	

 	

 	



Each ε replaced by M and each εk by εk 1 gives Hamilton-Cayley matrix equation.
	

 	

 	

 	

 	

 	

 	

 	



Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 

An eigenvector             of M is in a direction that is left unchanged by M.

 
  εk is eigenvalue associated with eigenvector        direction. 
A change of basis to                                 called diagonalization gives 

M ε k = ε k ε k ,   or:  M − ε k1( ) ε k = 0

ε k

 
ε1 , ε2 , εn{ }

 

ε1 M ε1 ε1 M ε2  ε1 M εn
ε2 M ε1 ε2 M ε2  ε2 M εn
   

εn M ε1 εn M ε2  εn M εn

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

ε1 0  0
0 ε2  0
   
0 0  εn

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

ε k

Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Only possible non-zero {x,y} if denominator is zero, too!

0=det M − ε ⋅1=det 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
−ε 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
=det 4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟

M ε = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

x
y

⎛

⎝
⎜

⎞

⎠
⎟ = ε x

y
⎛

⎝
⎜

⎞

⎠
⎟    or:   4 − ε 1

3 2 − ε
⎛

⎝⎜
⎞

⎠⎟
x
y

⎛

⎝
⎜

⎞

⎠
⎟ =

0
0

⎛
⎝⎜

⎞
⎠⎟

Trying to solve by Kramer's inversion:

x =
det 0 1

0 2 − ε
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

      and     y =
det 4 − ε 0

3 0
⎛
⎝⎜

⎞
⎠⎟

det 4 − ε 1
3 2 − ε

⎛

⎝⎜
⎞

⎠⎟

 
detM − ε1 = 0 = −1( )n ε n + a1ε

n−1 + a2ε
n−2 +…+ an−1ε + an( )

 a1 = −TraceM,,  ak = −1( )k diagonal k-by-k minors of ∑ M,,   an = −1( )n det M

 detM − ε1 = 0 = −1( )n ε − ε1( ) ε − ε2( ) ε − εn( )

 0 = M − ε11( ) M − ε21( ) M − εn1( )

0 = (4 − ε )(2 − ε )−1·3 = 8 − 6ε + ε 2 −1·3 = ε 2 − 6ε + 5
0 = ε 2 −Trace(M)ε + det(M) = ε 2 − 6ε + 5

0 =M2 − 6M + 5M = (M −1⋅1)(M − 5⋅1)

0 0
0 0

⎛
⎝⎜

⎞
⎠⎟
= 4 1

3 2
⎛
⎝⎜

⎞
⎠⎟

2

− 6 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
+ 5 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

0 = (ε −1)(ε − 5)  so let:   ε1 = 1   and:  ε2 = 5 

 
ε j ≠ εk ≠ ...

Replace jth HC-factor by (1) to make projection operators                          . 

 

p1 =      1     ( ) M − ε21( ) M − εn1( )
p2 = M − ε11( )      1     ( ) M − εn1( )
      
pn = M − ε11( ) M − ε21( )      1     ( )  

(Assume distinct e-values here: Non-degeneracy clause)

pk =
j≠k
∏ M − ε j1( ) p1 = (1)(M − 5⋅1) = 4 − 5 1

3 2 − 5
⎛
⎝⎜

⎞
⎠⎟
= −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1)(1) = 4 −1 1
3 2 −1

⎛
⎝⎜

⎞
⎠⎟
= 3 1

3 1
⎛
⎝⎜

⎞
⎠⎟

Each pk  contains eigen-bra-kets since: (M-εk1)pk=0 or: Mpk=εkpk=pkM . 
Mp1 =

4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
⋅ −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟
= 1· −1 1

3 −3
⎛
⎝⎜

⎞
⎠⎟
= 1·p1

Mp2 =
4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
⋅ 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 5· 3 1

3 1
⎛
⎝⎜

⎞
⎠⎟
= 5·p2
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M=

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues⇒eigenvectors)
Spectral decomposition and P-operator expansions (how projectors⇒eigensolutions) 

4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Idempotent means: P·P=P
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM

37Tuesday, November 13, 2012



Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

Mpk =ε kpk = pkM

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= 2

1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

1 −2
1( ) = 1 1

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

3
2
1( ) = 2 2

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Factoring bra-kets into “Ket-Bras:

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= 2

1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

1 −2
1( ) = 1 1

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

3
2
1( ) = 2 2

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Factoring bra-kets into “Ket-Bras:

Multiplication properties of pj :

1 = 2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 = 2
1 −2

1( )

2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2 2 = 2
3

2
1( )

The Pj are Mutually Ortho-Normal 

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= 2

1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

1 −2
1( ) = 1 1

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

3
2
1( ) = 2 2

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Factoring bra-kets into “Ket-Bras:

Multiplication properties of pj :

Mpk =ε kpk

1 = 2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 = 2
1 −2

1( )

2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2 2 = 2
3

2
1( )

1 1 1 2
2 1 2 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

The Pj are Mutually Ortho-Normal as are bra-ket 〈j⏐and⏐j〉 vectors inside Pj’s

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= 2

1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

1 −2
1( ) = 1 1

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

3
2
1( ) = 2 2

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Factoring bra-kets into “Ket-Bras:

MPk =ε kPk

1 = 2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 = 2
1 −2

1( )

2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2 2 = 2
3

2
1( )

1 1 1 2
2 1 2 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

The Pj are Mutually Ortho-Normal as are bra-ket 〈j⏐and⏐j〉 vectors inside Pj’s
and satisfy a Completeness Relation: 1=   P1  +   P2   +...+  Pn

                                                                                             =⏐1〉〈1⏐+⏐2〉〈2⏐+...+⏐n〉〈n⏐
P1 + P2 =

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟
= 1 1 + 2 2

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= 2

1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

1 −2
1( ) = 1 1

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

3
2
1( ) = 2 2

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Factoring bra-kets into “Ket-Bras:

MPk =ε kPk

1 = 2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 = 2
1 −2

1( )

2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2 2 = 2
3

2
1( )

1 1 1 2
2 1 2 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

The Pj are Mutually Ortho-Normal as are bra-ket 〈j⏐and⏐j〉 vectors inside Pj’s
and satisfy a Completeness Relation: 1=   P1  +   P2   +...+  Pn

                                                                                             =⏐1〉〈1⏐+⏐2〉〈2⏐+...+⏐n〉〈n⏐
P1 + P2 =

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟
= 1 1 + 2 2

{⏐x〉,⏐y〉}-orthonormality with {⏐1〉,⏐2〉}-completeness  

{⏐1〉,⏐2〉}-orthonormality with {⏐x〉,⏐y〉}-completeness  

x y = δ x,y = x 1 y = x 1 1 y + x 2 2 y .

i j  = δ i, j = i 1 j  = i x x j + i y y j

Vector-tensor analysis
vs.

wave-functional analysis

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= 2

1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

1 −2
1( ) = 1 1

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

3
2
1( ) = 2 2

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Factoring bra-kets into “Ket-Bras:

MPk =ε kPk

1 = 2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 = 2
1 −2

1( )

2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2 2 = 2
3

2
1( )

1 1 1 2
2 1 2 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

The Pj are Mutually Ortho-Normal as are bra-ket 〈j⏐and⏐j〉 vectors inside Pj’s
and satisfy a Completeness Relation: 1=   P1  +   P2   +...+  Pn

                                                                                             =⏐1〉〈1⏐+⏐2〉〈2⏐+...+⏐n〉〈n⏐
P1 + P2 =

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟
= 1 1 + 2 2

{⏐x〉,⏐y〉}-orthonormality with {⏐1〉,⏐2〉}-completeness  

{⏐1〉,⏐2〉}-orthonormality with {⏐x〉,⏐y〉}-completeness  

x y = δ x,y = x 1 y = x 1 1 y + x 2 2 y

x y = δ (x, y) =          ψ 1(x)ψ *
1(y)+ψ 2 (x)ψ *

2 (y)+ ...

i j  = δ i, j = i 1 j  = i x x j + i y y j

i j  = δ i, j =              ψ *
i (x)ψ j (x)+ψ 2 (y)ψ *

2 (y)+ ....= dx∫ ψ *
i (x)ψ j (x)

Vector-tensor analysis
vs.

wave-functional analysis

Mpk =ε kpk = pkM
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M=

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues⇒eigenvectors)
Spectral decomposition and P-operator expansions (how projectors⇒eigensolutions) 

4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Idempotent means: P·P=P
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= 2

1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

1 −2
1( ) = 1 1

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

3
2
1( ) = 2 2

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Factoring bra-kets into “Ket-Bras:

MPk =ε kPk

1 = 2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 = 2
1 −2

1( )

2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2 2 = 2
3

2
1( )

1 1 1 2
2 1 2 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

The Pj are Mutually Ortho-Normal as are bra-ket 〈j⏐and⏐j〉 vectors inside Pj’s
and satisfy a Completeness Relation: 1=   P1  +   P2   +...+  Pn

                                                                                             =⏐1〉〈1⏐+⏐2〉〈2⏐+...+⏐n〉〈n⏐
P1 + P2 =

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟
= 1 1 + 2 2

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= 2

1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

1 −2
1( ) = 1 1

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

3
2
1( ) = 2 2

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

Eigen-operators                 then give Spectral Decomposition of operator MMPk =ε kPk

 M =MP1 +MP2 + ...+MPn = ε1P1 + ε2P2 + ...+ εnPn

p1p2 =
0 0
0 0

⎛
⎝⎜

⎞
⎠⎟

Factoring bra-kets into “Ket-Bras:

MPk =ε kPk

1 = 2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 = 2
1 −2

1( )

2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2 2 = 2
3

2
1( )

1 1 1 2
2 1 2 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
= 1P1 + 5P2 = 1 1 1 + 5 2 2

                        = 1 4
1 −4

1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ 5 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

The Pj are Mutually Ortho-Normal as are bra-ket 〈j⏐and⏐j〉 vectors inside Pj’s
and satisfy a Completeness Relation: 1=   P1  +   P2   +...+  Pn

                                                                                             =⏐1〉〈1⏐+⏐2〉〈2⏐+...+⏐n〉〈n⏐
P1 + P2 =

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟
= 1 1 + 2 2

Mpk =ε kpk = pkM
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Matrix-algebraic method for finding eigenvector and eigenvalues    With example matrix M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟

Last step is to make Idempotent Projectors: Pk =
pk
ε k − εm( )

m≠k
∏ =

M − εm1( )
m≠k
∏

ε k − εm( )
m≠k
∏

Multiplication properties of pj :

p jpk = p j M − εm1( ) = p jM − εmp j1( )
m≠k
∏

m≠k
∏

 

 p jpk = ε jp j − εmp j( )
m≠k
∏ = p j ε j − εm( )

m≠k
∏ =

0                       if : j ≠ k

pk ε k − εm( )   if : j = k
m≠k
∏

⎧
⎨
⎪

⎩⎪

 PjPk =
0        if : j ≠ k
Pk      if : j = k

⎧
⎨
⎪

⎩⎪

P1 =
(M − 5⋅1)
(1− 5)

= 1
4

1 −1
−3 3

⎛
⎝⎜

⎞
⎠⎟
= 2

1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

1 −2
1( ) = 1 1

P2 =
(M −1⋅1)
(5 −1)

= 1
4

3 1
3 1

⎛
⎝⎜

⎞
⎠⎟
= 2

1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗ 2

3
2
1( ) = 2 2

p1 = (M − 5⋅1) = −1 1
3 −3

⎛
⎝⎜

⎞
⎠⎟

p2 = (M −1⋅1) = 3 1
3 1

⎛
⎝⎜

⎞
⎠⎟

1 = 2
1

−2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 = 2
1 −2

1( )

2
1

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2 2 = 2
3

2
1( )

1 1 1 2
2 1 2 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

Eigen-operators                 then give Spectral Decomposition of operator MMPk =ε kPk

 M =MP1 +MP2 + ...+MPn = ε1P1 + ε2P2 + ...+ εnPn

...and Functional Spectral Decomposition of any function f(M) of M

 f (M) == f (ε1)P1 + f (ε2 )P2 + ...+ f (εn )Pn

M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
= 1P1 + 5P2 = 1 1 1 + 5 2 2

                        = 1 4
1 −4

1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ 5 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Examples with M50 = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
= 150 4

1 −4
1

−4
3

4
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ 550 4

3
4
1

4
3

4
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

M = 4 1
3 2

⎛
⎝⎜

⎞
⎠⎟
= ± 1 4

1 −4
1

−4
3

4
3

⎛

⎝
⎜
⎜
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed π/2 phase
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Fig. 3.3.9  Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed π/2 phase
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2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with fluid phase
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20
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2D-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with fluid phase
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Trace(K) = 7 +13 = 20
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Spectral decomposition of initial state x(0)=(1,0):  

(Note projection onto eigen-axes)

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20
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Spectral decomposition of initial state x(0)=(1,0):  

(Note projection of x(0) onto eigen-axes)

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20
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1 − 3
− 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

4
=

−1/ 2
3 / 2

⎛

⎝
⎜

⎞

⎠
⎟ −1/ 2    3 / 2 ( ) = ε2 ε2

Eigen-projectors Pk 

ε1 =  3 / 2    1 / 2 ( ),      ε2 = −1/ 2    3 / 2 ( )     Eigenbra vectors:

ε2

Using                                                derives a parabolic trajectory!

q1 t( ) = 3
2

cos2t,      q2 t( ) = − 1
2

cos4t
⎛

⎝⎜
⎞

⎠⎟

  cos4t = 2cos2 2t −1

q2 t( ) = − 1
2
2cos2 2t + 1

2
= − 4

3
q1 t( )⎡⎣ ⎤⎦

2 + 1
2

 1 ⋅x(0) = (P1 + P2 ) 1
0

⎛
⎝⎜

⎞
⎠⎟
= 2

3

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗  2

3     2
1  ( ) 1

0
⎛
⎝⎜

⎞
⎠⎟
+

-2
1

2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗  -2

1    2
3   ( ) 1

0
⎛
⎝⎜

⎞
⎠⎟

           = 2
3

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

(2
3 )+

-2
1

2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

(-2
1 )

Spectral decomposition of initial state x(0)=(1,0):  

(Note projection of x(0) onto eigen-axes)

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20

ε1

q1(0)=√3/2
q2(0)=-1/2

x(0) = 1
0

⎛
⎝⎜

⎞
⎠⎟

Example of a Tschebycheff Polynomial order 2
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K =
K11 K12
K12 K22

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

k1 + k12 −k12
−k12 k2 + k12

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= 7 −3 3

−3 3 13

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟x=x1

k1=7-3√3 k12=3√3

y=x2

k2=13-3√3

m1=1 m2=1

K 2 −Trace(K)K + Det(K) = K 2 − 20K + 64 = 0 = (K − 4)(K −16)

K1 =ω0
2 ε1( ) = 4,      K2 =ω0

2 ε2( ) = 16,     

The K secular equation                                             

Eigenvalues Kk and squared eigenfrequencies ω0(εk)2

P1 =

K11 − K2 K12

K12 K22 − K2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

K1 − K2
=

7 −16 −3 3
−3 3 13−16

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

4 −16
=

9 +3 3
+3 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

12

   =

3 3
3 1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

4
= 3 / 2

1 / 2

⎛

⎝
⎜

⎞

⎠
⎟  3 / 2    1 / 2 ( ) = ε1 ε1

P2 =

K11 − K1 K12

K12 K22 − K1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

K2 − K1
=

7 − 4 −3 3
−3 3 13− 4

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

16 − 4
=

3 −3 3
−3 3 9

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

12

   =

1 − 3
− 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

4
=

−1/ 2
3 / 2

⎛

⎝
⎜

⎞

⎠
⎟ −1/ 2    3 / 2 ( ) = ε2 ε2

Eigen-projectors Pk 

ε1 =  3 / 2    1 / 2 ( ),      ε2 = −1/ 2    3 / 2 ( )     Eigenbra vectors:

Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals 
for an integral 1:2 eigenfrequency ratio (ω0(ε1)=2.0, ω0(ε2)= 4.0) and zero initial velocity.

ε2

Using                                                derives a parabolic trajectory!

q1 t( ) = 3
2

cos2t,      q2 t( ) = − 1
2

cos4t
⎛

⎝⎜
⎞

⎠⎟

  cos4t = 2cos2 2t −1

q2 t( ) = − 1
2
2cos2 2t + 1

2
= − 4

3
q1 t( )⎡⎣ ⎤⎦

2 + 1
2

 1 ⋅x(0) = (P1 + P2 ) 1
0

⎛
⎝⎜

⎞
⎠⎟
= 2

3

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗  2

3     2
1  ( ) 1

0
⎛
⎝⎜

⎞
⎠⎟
+

-2
1

2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
⊗  -2

1    2
3   ( ) 1

0
⎛
⎝⎜

⎞
⎠⎟

           = 2
3

2
1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

(2
3 )+

-2
1

2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

(-2
1 )

Spectral decomposition of initial state x(0)=(1,0):  

(Note projection of x(0) onto eigen-axes)

Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K) = 7·13− 27 = 91− 27 = 64
Trace(K) = 7 +13 = 20

ε1

q1(0)=√3/2
q2(0)=-1/2

x(0) = 1
0

⎛
⎝⎜

⎞
⎠⎟

75Tuesday, November 13, 2012



   ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2D-HO: ∂2tx=-K•x 
Hamilton-Pauli spinor symmetry (ABCD-Types)
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

77Tuesday, November 13, 2012



First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

 

i ∂
∂t

Ψ t( ) = H Ψ t( )

i ∂
∂t

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= A B − iC

B + iC D
⎛
⎝⎜

⎞
⎠⎟

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1  

i ∂
∂t

Ψ t( ) = H Ψ t( )

i ∂
∂t

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
= A B − iC

B + iC D
⎛
⎝⎜

⎞
⎠⎟

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ix1 − p1
ix2 − p2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

Ax1 + Bx2 +Cp2 + iAp1 + iBp2 − iCx2
Bx1 + Dx2 −Cp1 + iBp1 + iDp2 + iCx1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

QM vs. Classical
Equations are

identical 

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
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⎞

⎠
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=

a1
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⎛

⎝
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⎞

⎠
⎟⎟
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  

 
i Ψ t( ) = H Ψ t( )   

x = −K i x

H = A B − iC
B + iC D

⎛
⎝⎜

⎞
⎠⎟
= H†

Ψ =
Ψ1
Ψ2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

x1 + ip1
x2 + ip2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

QM vs. Classical
Equations are

identical 

  
x = −K i x

   

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= − A2 + B2 AB + BD

AB + BD B2 + D2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator

   

∂2

∂t2

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≡
x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= −

K11 K12

K21 K22

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x1

x2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

ANALOGY: 2-State Schrodinger: i∂t|Ψ(t)〉=H|Ψ(t)〉 versus Classical 2DHO: ∂2tx=-K•x  
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Finally a 2nd time derivative (Assume constant A, B, D, and let C=0) gives 2nd-order classical Newton-Hooke-like equation:  

First start with 2-by-2 Hermitian (self-conjugate) matrix 

that operates on 2-D complex Dirac ket vector         .

Separate real xk and imaginary pk parts of Ψk amplitudes 
to convert the complex 1st-order equation i∂tΨ=HΨ  
into pairs of real real 1st-order differential equations. 
    

Ψ

   

x1 = Ap1 + Bp2 −Cx2

x2 = Bp1 + Dp2 +Cx1

p1 = −Ax1 − Bx2 −Cp2

p2 = −Bx1 − Dx2 +Cp1

   

x1 =
∂Hc
∂ p1

= Ap1 + Bp2 −Cx2

x2 =
∂Hc
∂ p2

= Bp1 + Dp2 +Cx1
   

p1 = −
∂Hc
∂ x1

= − Ax1 + Bx2 +Cp2( )

p2 = −
∂Hc
∂ x2

= − Bx1 + Dx2 −Cp1( )

Then Hamilton’s equations of motion are the following. 

  
Hc =

A
2

p1
2 + x1

2( ) + B x1x2 + p1p2( ) +C x1p2 − x2 p1( ) + D
2

p2
2 + x2

2( )

Then start with classical Hamiltonian. 

QM vs. Classical
Equations are

identical 

  
x = −K i x
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⎟
⎟
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⎜
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⎟
⎟

For C=0 
Is form of 2D Hooke
harmonic oscillator
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⎜
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⎟
⎟
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⎟
⎟
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K11 K12
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⎜

⎞

⎠
⎟
⎟
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⎝
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⎜
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⎠
⎟
⎟

Here is an operator view of the QM-Classical connection: Take Schrodinger operator   i∂t = H (with C=0) and square it!         

i ∂
∂t

= A B
B D

⎛
⎝⎜

⎞
⎠⎟
⇒ i ∂

∂t
⎛
⎝⎜

⎞
⎠⎟
2
= A B

B D
⎛
⎝⎜

⎞
⎠⎟

2

⇒− ∂2

∂t2
= A2 + B2 AB + BD

AB + BD B2 + D2
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
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x2 = Bp1 + Dp2 +C x1
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= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1
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⎜
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Here is an operator view of the QM-Classical connection: Take Schrodinger operator   i∂t = H (with C=0) and square it!         

i ∂
∂t

= A B
B D

⎛
⎝⎜

⎞
⎠⎟
⇒ i ∂

∂t
⎛
⎝⎜

⎞
⎠⎟
2
= A B

B D
⎛
⎝⎜

⎞
⎠⎟

2

⇒− ∂2

∂t2
= A2 + B2 AB + BD

AB + BD B2 + D2
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Conclusion: 2-state Schro-equation                                 is like “square-root” of Newton-Hooke. 
 
i ∂
∂t

Ψ t( ) = H Ψ t( )   
x = −K i x

   

x1 = Ap1 + Bp2 −C x2

= −A Ax1 + Bx2 +Cp2( )− B Bx1 + Dx2 −Cp1( )−C Bp1 + Dp2 +Cx1( )
= − A2 + B2 +C2( )x1 − AB + BD( )x2 −C A+ D( ) p2    

x2 = Bp1 + Dp2 +C x1

= −B Ax1 + Bx2 +Cp2( )− D Bx1 + Dx2 −Cp1( ) +C Ap1 + Bp2 −Cx2( )
= − AB + BD( )x1 − B2 + D2 +C2( )x2 +C A+ D( ) p1

  
x = −K i x
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