Lecture 23

Introduction to coupled oscillation and eigenmodes
(Ch. 2-4 of Unit 4 11.13.12)

Review: Green s Solution for the FDHO (Forced-Damped-Harmonic Oscillator)
Beat, lifetimes, and quality factor g =wo/21' and Q =vo/21' = q/2~

Review: Approximate Lorentz-Green's Function for high quality FDHQO (Quantum propagator)
Common Lorentzian (a.k.a. Witch of Agnesi) and geometry

2D harmonic oscillator equations
Lagrangian and matrix forms
Reciprocity symmetry

2D harmonic oscillator equation eigensolutions
Geometric method

Matrix-algebraic method with example M { o )
Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues=-eigenvectors)

Spectral decomposition and P-operator expansions (how projectors=-eigensolutions)

2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (A-Type) symmetry

Initial state projection, mixed mode beat dynamics with fluid phase

ANALOGY: 2-State Schrodinger: in0{V(t))=H|¥(t)) versus Classical 2D-HO: 0 X=-KeX
Hamilton-Pauli spinor symmetry (ABCD-Types)
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Review of Approximate Lorentz-Green s Function for high quality FDHO (Quantum propagator)

G, (0,)=— 21 - SR S S oS
’ wf —w;—-i2Tw, 7% 20, 0)-0,—i" 20, A-ill 20,

Define complex detuning-decay d=A-iT" variable d is defined with the real detuning A= w,— @,

1 A r
LA-iT)=——=ReL +ilmL = ——— +i—5——= ILPA +ilLP’T
A—iT A2 4T A24T
“IL1e® =l Licosp+il Llsinp=—2P 4 SP  yhere:l L=
JA2+T2  JA2+T2 JA? +T2

Ideal Lorentz-Green’s functions

i | Inverse decgy
_1. [=AT —pjein] VI
L] Fsm P AT+ 1= l Smith plots
| L | —lsin
I p P
| '
r
1 L g
|l =—cos | P
R \
1 — |L|= 1 cos P Inverse detuning 1 axis
A A (Beat period) A

Fig. 3.2.13 Ideal Lorentzian in inverse rate space. (Smith life-time 1/T" vs. beat-period 1/A coordinates)

Constant A and I curves in Fig. 3.2.13 are orthogonal circles of 1/z- dipolar coordinates. Recall Fig. 1.10.11.
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SMITH CHART (Invented by Phillip H. Smith 1905-1987)

An FDHO Green's
Function
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A plot of
fz) =1/z

For wavy

“Ohms Laws”
V=I7
1=V/Z

RADIALLY SCALED PARAMETERS
TOWARD LOAD —»
w0040 20 10 s 4 3 15 2 185 16 14 12111 15 0 7 5
0, % R R R AP - :

=0 ¥ n 15 w0 L & 5 4 3 2 1 1 12 13 14 15 18 2 3 4 5

% 0 1 2 3 4 ] L] 7 & S0 12 u 20 0 o1 02 04 06 08 1 15 2 3 4 5

A D B B B B B R B o A B S B S e T S S A AS A A/ S S St o o s S e S S S S A S
1 09 08 07 06 08 04 03 02 0l 008 o0 oo 1) 12 13 14 15 16 17 18192 s 3
1 0s o8 07 06 as 04 a3 02 0.1 o 0 095 09 08 0r 04 03 04 03 02 03 0
PP P U TP PR ) PP AP b W P A o WP A PR T P A P W W W A r— P W e A Sl S il e S
CENTER
o0 01 a2 03 04 05 0.6 a7 os 09 1 11 12 13 4 15 4 17 5 19 }
WHMMMMLJ““.“IIAAIAALIAJI AAAAAAAAAAAAAAAAAAAAA
ORIGIN

Tuesday, November 13, 2012



y= r sinfO
=(1/b)sin26
1 x A
E 1/b)$1n6
r=(1/b)sin v
b
¢ |
2=p? coftep? 9050y Lsin®0_ b7,
sin20 sin20 sinZ0
2 y=—b
2= b 4 x2+b?
sinZ0  y

Maria Gaetana Agnesi

y= r sin@
x=b-cotf =(1/b)cosBsin6

1 Born May 16, 1718
b Died January 9, 1799 (aged 80)
Residence |[taly
f [ b cotd _ b? cosd . b’ Nationality  Italy
v/ (1/b)cosBsin®  cosBsin?®  sin’0 Fields Mathematics
_ X
p= X s

sin®® ¥ |Common Lorentzian function II,
(real “refractory” part)

Scalar potentials
(I):(a/l”)COS O=const.

- r=(a/®)cos 6
a
k a

Field:
f(z%)=1/2"*=e/y?

AT
~—

=(a//\)sin O

F(x)=(cos26,sin20)/r*

Potential:

0(z)=1/z
=(cos0)/r+i
= O +i

= (a/r) sin O=const.

Fig. 10.11 Dipole F-field f(z)=1/z> and scalar potential (®=const.)-circles orthogonal to (A=const.)-circles.
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2D harmonic oscillator equations
Lagrangian and matrix forms
Reciprocity symmetry
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2D harmonic oscillators
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— X=X V=X,
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2D harmonic oscillator energy :
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Fig. 3.3.1 Two I-dimensional coupled oscillators / /" _]
/ ' _
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k | | 0 '/ m = )
/ 1 g 2 | 1
HH' T 1T 0, IIII|IIIIIIII|IIII
| Fig. 3.3.2 Coupled pendulums Fig. 3.3.3 One 2-dimensional coupled oscillator
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— X=X V=X,

2D HO kinetic energy T(vi, v2)

| T S
Tzzmlx1 +§m2x2
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2D harmonic oscillator energy

k, Kk, Kk,
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Fig. 3.3.1 Two I-dimensional coupled oscillators
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2D HO kinetic energy T(vi, v2)
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Fig. 3.3.2 Coupled pendulums

2D HO potential energy V(xi1, x2)

1 2 1 2 1 2
V= Eklxl +§k2x2 +5k12 (xl —x2)

=
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Fig. 3.3.3 One 2-dimensional coupled oscillator

Lagrangian L=1-V
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2D harmonic oscillator equations
- Lagrangian and matrix forms
Reciprocity symmetry
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2D harmonic oscillator equations
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2D harmonic oscillator equations
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Fig. 3.3.3 One 2-dimensional coupled oscillator

2D HO kinetic energy T(vi, v2)

2D HO Lagrange equations

d
di
d
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— X=X, — V=X,

2D HO potential energy V(xi, x2) Lagrangian L=1-V

1 -, 1
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2D HO Matrix operator equations
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2D harmonic oscillator equations

(((((((((( .=
/ T
! /" <
IR Ny -
| +1 | ¢ n A A :
IIII|IIIIIIII|IIII IIII|IIIII |III / /" l —
Fig. 3.3.1 Two I-dimensional coupled oscillators / /" _]
/ . —

I | " L

/
k] | k]2 | k2 91 A/mz | )

0ol | T 1T 0, IIII|IIIIIIII|IIII
Fig. 3.3.2 Coupled pendulums Fig. 3.3.3 One 2-dimensional coupled oscillator
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2D HO Matrix operator equations
d( or 14

dt \ Bxl ) 8x1 0 y = — k k k
I a7 - m, Xy Ko ) T Ky Xy
7 8—] =MyX, = I, = T or. = kypx) = ky + Ky )x2 Matrix operator notation:

4 \ Xy Xy

M%) = - K-|x)
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2D harmonic oscillator equations _
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2D harmonic oscillator equations
Lagrangian and matrix forms

- Reciprocity symmetry
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Matrix equations and reciprocity symmetry

General form of 2D-HO equation of motion has force matrix components: & =k+ky, K=k +ky

F _ my X _ | ®u K X
F, myX, Ky Ko Xy

JF,  d*V _ J*V _0F,

Off-diagonal force constants satisfy Reciprocity Relations: — —«,= k= ——=- =- =—==k, =K
g y p ty 12 ™12 axz axz axl axl 8x2 axl 217 %21
Rescaling and symmetrization
Each coordinate (x.%,) is rescaled (g, =s.x,,9, =s5,x,) to symmetrize mass factors on 4;-terms.
m . q1 9 . _ K K281 _
—— G =K tKp TS =41t 9> =Kp191 +Kpq,
51 51 52 ny m s
m q q . KppS K B
=2y = Ky Ky = —ijy = —22 g1 +—2q, =Ky19, +Kogy
52 51 ) My S )
. . . . S m
New constants Kj; have pseudo-reciprocity symmetry for a special scale factor ratio: —~%=,[—2
S m
1 1
K125 _Kps __—kp
Ky = =K,
my 5y nySy  /mymy
. . . Kll K22 Kll my
Diagonal constants Kj; are not affected by scaling. To be equal requires: = or: =
m Ky My
_Ku _ktkp K. _Kn _ktkp
Kyy=—= ==
ny | nt ny

Caution 1s advised since such forced symmetry may give modes with imaginary frequency.
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- 2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M= ( L J

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues=-eigenvectors)
Spectral decomposition and P-operator expansions (how projectors=-eigensolutions)
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2D harmonic oscillator equation solutions

I. May rewrite equation M.|%)=-K-|x) in acceleration matrix form:  |%)=-A|x) where: A=M"'+K
( )
1 kithky, —ky
X, _ m 0 ki+k, —k, X, _ m, m, X,
X 0 m, —kip  kytky, ) —ki,  kytk, )
S T

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢,e,)=w?|e,)

Then equations decouple to: |en> = —A| en> - —Sn‘en> = —a)i‘en> where € is an eigenvalue

and @, 1s an eigenfrequency
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2D harmonic oscillator equation solutions

I. May rewrite equation M.|%)=-K-|x) in acceleration matrix form:  |%)=-A|x) where: A=M"'+K
( )
1 kithky, —ky
X, _ m 0 ki+k, —k, X, _ m, m, X,
X 0 m, —kip  kytky, ) —ki,  kytk, )
S T

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢,e,)=w?|e,)

Then equations decouple to: |en> = —A| en> - —Sn‘en> = —a)i‘en> where € is an eigenvalue

and @, 1s an eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |%)=-K|x)

[ Eigenvectors |x)=|e,}are in special directions where |%)=-K|x} is in same direction as |X>j
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2D harmonic oscillator equation eigensolutions
» Geometric method
Matrix-algebraic method with example M= ( L J

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues=-eigenvectors)
Spectral decomposition and P-operator expansions (how projectors=-eigensolutions)
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours
1 1

| | k +k —k X
VZE(lirklz)xlz_k12x1x2+5(k2+k12)x§=5<X\K\x>=5x.1<.x=( Xp X ) l_kl;z k2+ll§12 ][ | ]

(a) PE Contours

)0;(
c~
S
N
S

FAST axis %ﬂ\?‘\}\)\)

\\
/Am';Zﬁli )l

What direction ’X> :|en>
is the same as K|x)??
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours

| 1 | | k,+k —k X
VZE(kIJrklz)xlz_k12x1x2+5(k2+k12)x§=5<X\K\x>=5x.1<.x=( X| X ) l_kl;z k2+ll§12 ][ | ]

(a) PE Contours

What direction ’X> =|en>
is the same as K|x)?? ‘
Not most directions!

"(S()III‘/IE(IST)

Fig. 3.3.4 Plot of potential function V(x,x5) showing elliptical V(x,x3)=const. level curves.
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours

| 1 | | k +k —k X
VZE(kIJrklz)xlz_k12x1x2+5(k2+k12)x§——<X\K\x>=5x.1<.x=( x| X ) l_kl;z k2+ll§12 ][ | ]

(a) PE Contours

What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

"(S()III‘/IE(IST)

Fig. 3.3.4 Plot of potential function V(x,x5) showing elliptical V(x,x3)=const. level curves.
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k3)
1 ( ) k+ k12 _klz X
I,
~k,,  k+k, X,

| | 1
V = E(k+k12)x12 — kXX, +5(k+k12)x§ = §<X‘K‘x> = §X°K°X =

a) PE Contours and eradients — ' . -
( ) & ’ Q LOW axis (NorthWest)
FAST axis /Vllr

What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

( 0
(b) Symmetric U+ Coordinate (c) Anti-symmetric U- Coordinate i Ag()l,f/zg(,m
SLOW Mode FAST Mode Fig. 3.3.4 Plot of potential function V(x},x;) showing elliptical V(x},x;)=const. level curves.
AN ﬂ“\m 0° X2 Xo XE)_( 180°
‘ " hésor - hésor hasoy'A1 hasoy X2
NN \p{/ [n-phase \ 3 Qut-of-phase
. \ N Aol & 1 mode - &*
X S \Xz AN X2
O /s \\ 0' -
] 2 * 3
\\\ ‘ = | >‘<
\\\ \\\\L\\\ \‘\ \ L \\\\ S ALA /\ TANaNe A \ Ly B h
N X1 & U- d X1\ y/
— X5 is FAST! i X2
7 phasor phasor ! 1()9(1)1{asod)r
0° turne Q'
U

phasor
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k)

1 | 1 k+k —k X
V=§(k+k12)x12—k12x1x2+5(k+k12)x§: <x‘K‘x>:§X.K.X:( X, X, ) 12 12 1

1
2 ~ki,  k+k, X,

(a) PE Contours and gradients

ALOW axis (NorthWest)

What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

(b) Symmetric U+ Coordinate (c) Anti-symmetric U- Coordinate - (SouthEast)

SLOW Mode FAST Mode Fig. 3.3.4 Plot of potential function V(x},x;) showing elliptical V(x},x;)=const. level curves.
/“7\\QX /
/ | X\\\ X1 1 0° X2 ) X1 u .
[ phfisor | [y_phase \ plfisor hasoyX1/80° ~Qidso Potential
|- phay AN \{/ od, Qut-of-phase Energy
\ \ SO oA % : mode ) &*
A N N \Xz X2
o 01 < \‘ Q' =
NN K i
AN I a § 9\
is SLOW s > 0,
phasor \\\\ ( ‘ i h K \ ]
1 | 4 \\\\\\ ‘ 1 7 | | | | | X\l 1 & U- 4 L X‘l 1 W
— 5 is FAST] i X2
= phasor phasor g I(Jhasodf
(90° turned) Q'
-

phasor /
With Bilateral symmetry (k; =k= k2) the extremal axes lie at £45° <

Fig. 3.3.5 Topography lines of potential function V(x;,x5) and orthogonal €, ande_ normal mode slopes
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2D harmonic oscillator equation eigensolutions
Geometric method
» NMatrix-algebraic method with example M= ( L J

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues=-eigenvectors)
Spectral decomposition and P-operator expansions (how projectors=-eigensolutions)
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| 51> ) 52>,° " 3n>} called diagonalization gives
(&M[e)) (g[Mley) - (g|M]e,) g 0 -~ 0
(e, M[e,) (&M|e,) - (&Mle,) |_| 0 & - 0
(e IMle) (elMle) (e Mle) | [ 0 0 e,
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Matrix-algebraic method for finding eigenvector and eigenvalues

|

An eigenvector |€,) of M is in a direction that is left unchanged by M.

4 1

M|8k>:8k|€k>’ Or. (M_8k1)|8k>:0 3 9

M|e)

g is eigenvalue associated with eigenvector |g,) direction.
A change of basis to {| 51> ) 52>,° o

8n>} called diagonalization gives

I

With example matrix M=[ ‘3‘ ; j
) = (5L G
y y ' 3 2-¢ ) ¥ 0

T

<81|M|£1> <81|M|82> <81|M8n> g 0 0 0 2-¢ 3 0

<82|M|81> <£2|M|82> <82|M8n> _| 0 & 0 ) ( 4—¢ 1 )| " - ( 4oe 1 j|
s A R det det

(e,|M[e)) (e,|Me,) - (e,|Mle,) 0 0 - & 3 2-¢ 3 2-¢

Tuesday, November 13, 2012

28



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>:[ le ; J[ ; ]:g[ ; ) o ( 4;8 218 j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 8l>’ 82>"" 3n>} called diagonalization gives |,
det| O 1 4-¢ 0
et det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 0 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
: s : N A det( 4;8 21 ) det( 4;8 21 j|
(e.Mle)) (e,/M]e,) - (e,[M]e,) 0 0 - g, — £ _e

Only possible non-zero {x,y} if denominator is zero, too!

SEIE PR G

where: 0=(4—e)2—€)—13=8—6c+>—13=¢>—6+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0 = £ — Trace(M)e + det(M)

First step in finding eigenvalues: Solve secular equation

detM—¢€1|=0 = (—1)"(8" tae +a,€"+.. . +a, € +an) O=det|M - & - 1j=det =det

n
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M= ( L J

P Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues=-eigenvectors)
Spectral decomposition and P-operator expansions (how projectors=-eigensolutions)
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>:[ le ; J[ ; ]:g[ ; ) o ( 4;8 218 j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 8l>’ 82>"" 3n>} called diagonalization gives |,
det| O 1 4-¢ 0
et det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 0 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
: s : N A det( 4;8 21 ) det( 4;8 21 j|
(e.Mle)) (e,/M]e,) - (e,[M]e,) 0 0 - g, — £ _e

Only possible non-zero {x,y} if denominator is zero, too!

SEIE PR G

where: 0=(4—e)2—€)—13=8—6c+>—13=¢>—6+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0 = £ — Trace(M)e + det(M)

First step in finding eigenvalues: Solve secular equation

detM—¢€1|=0 = (—1)"(8" tae +a,€"+.. . +a, € +an) O=det|M - & - 1j=det =det

n
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 51> ; 32>,° " 8n>} called diagonalization gives |,
0 1 4—g 0
det det
<81|M|£1> <81|M|82> <81|M8n> g 0 - 0 0 2-¢ 3 0
(eIMle) (efMle) - (eMle) || 0 & - 0 g e 1 and - y=— e
: : : B TR det s 5 det s
(eMlz) (eMle) - (eMle,) | [0 0 = e ° €

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: : 0=(4-e)2—€)-13=8—6e+¢&’-13=¢"-6£+5
Cal =—TraceM,--, a, =(-1) Zdiagonal k-by-k minors of M-+, a, =(-1)" det|@ 2 2
0=¢&"—TraceM)e +detM) =" —6€+5

First step in finding eigenvalues: Solve secular equation

detM—¢1|=0=(-1)" (8" tae +a,€"+.. . +a, € +an) O=det|M - & - 1j=det =det

Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B ][ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| €1> ) 32>,' " 5n>} called diagonalization gives |,
0 1 4—-¢ O
det det
(eM|e)) (g|M]e,) - (e|M|e,) g 0 - 0 0 2-¢ q 3 0
X an y=
<82|M|81> <82|M|£2> <82|M£n> | 0 & 0 — —
: A oo e det 438 21 det 438 21
(eIMle) (g Mle) -~ (elMle) | 0 0 e - -
First step in finding eigenvalues: Solve secular equation Only possible non-zero {x,y} if denominator is zero, too!
n( .n n— n— — 1= 4 1 . 1 0 _ 4—¢ 1
detM—¢€1|=0=(-1) (8 +ae" +ae" +...+a, € +an) O=det|M—¢ 1|—det( 3 9 ] 8[ 0 1 j—det( 3 g )‘
where: k 0=(4—g)2-£)=13=8—68+&> —13=£— 68 +5
a, ==TraceM,---, a, = (—1) Zdiagonal k-by-k minors of M,---, a, = (—1)" det|M| 5 5
0=¢&"—TraceM)e +detM) =" —6€+5
Secular equation has n-factors, one for each eigenvalue.
detM—¢1|=0= (_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5
Each € replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1) ,
0 0 |_[4 1] (4 1] 10
Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

An eigenvector |€,) of M is in a direction that is left unchanged by M.
M|£k> = 8k|8k>, or: (M— 8k1)|8k> =0

g is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| €1> ) 32>,' " 5n>} called diagonalization gives
(&M[e)) (g[Mley) - (g|M]e,) g 0 -~ 0
(e, M[e,) (&M|e,) - (&Mle,) |_| 0 & - 0
eIMla) (elMle) - (e Mlg) | [0 0 < e

Ist step in finding eigenvalues: Solve secular equation

detM—¢1|=0=(-1)" (8" +ae" +a," 7 +...+ta, € + an)

where:
a, ==TraceM,---, a, = (—l)k Zdiagonal k-by-k minors of M,---, a, = (—1)" det|M|

Secular equation has n-factors, one for each eigenvalue.
detM—-¢el|=0=(-1)"(e—¢,)(e-¢,)-(e-¢,)
Each € replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation.

0

(M—¢g1)(M-g,1)---(M-g,1)
Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!)

Replace jtr HC-factor by (1) to make projection operators p. =] | (M—8 ,-1).

p=( 1 )M-g1)-(M-¢g,1) 2k

p=(M—g1)( 1 )-(M=g1) (Assume distinct e-values here: Jiu-deyeneracy canse)
2= 1 n /

Sj;tgk;é...

b =M= M-t 1)( 1 )

M|£>:[ 4

Trying to solve by Kramer's inversion:

det

- w
N— N =
Il

o) e (52t )
e w0

det

0=det|M — £ - 1]=det

and y=
4—¢ 1
3 2—¢&

4—¢ 1 det
3 2—€

Only possible non-zero {x,y} if denominator is zero, too!

=det

SEIR TR R

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

O0=(e—-1)(e—-5) solet: ¢ =1 and: & =5

0=M>—6M+51=M-1-1)(M-51)

(O 0)2(4 1]_6[4 I)H(
0 0 302 32

_ e[ 4-5 1 [ =1
p, = ()M 51)[ X 2_5) [ X _3]

P, =<M—1-1><1)=[ !

W |
p—
[\

| =
[E—

N—
Il

7~ N\
W W
—_—
N—
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.
A change of basis to {| €1> ; 32>,' -

- w
N— N =
Il

Trying to solve by Kramer's inversion:

£n>} called diagonalization gives

det 0 . det 4-e 0
(eM|e)) (g|M]e,) - (e|M|e,) g 0 - 0 0 2-¢ q 3 0
(eMle) (eMle) - (eMle) |_| 0 & - 0 ! i—e 1 N A
: A oo e detf ~ 7 det) .7
(eMle) (M) - (e M) | [0 0 e, ) )
Ist step in finding eigenvalues: Solve secular equation Only possible non-zero {x,y} if denominator is zero, too!
" ] . _ L 4 1) [1 0] 4—g 1
detM—¢€1|=0=(-1) (8 +ae" +ae" +...+a, € +an) O=det|M—¢ 1|—det( 3 9 ] 8[ 0 1 j—det( 3 g )‘
where: k 0=(4—g)2—£)=13=8—6e+&> —13=£— 68 +5
a, ==TraceM,---, a, = (—1) Zdiagonal k-by-k minors of M,---, a, = (—1)" det|M| 5 5
0=¢&"—TraceM)e +det(M) =" —6€+5
Secular equation has n-factors, one for each eigenvalue.
det|M—gl|:O:(—l)n(g_gl)(g_gz)...(g_gn) O=(e—-1)(e—-5) solet: & =1 and: &, =5
Each € replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation. 0=M —6M+5M=(M—11)M-51)
= — — — 2
0=(M-g1)(M-g,1)-(M-¢,1) (00](41] (41) (10
= — +5
Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 00 32 32 01
Replace jth HC-factor by (1) to make projection operators P, = g (M-¢1), p,=1M-51)= [ 4 ; 5 , i S ] - ( _31 _13
p=( 1 )M-gl)(M-gl)

Assume distinct e-values here: Nion-degeneracy dawse —
p=M-g1)( 1 )(M-g1) ( CISHIEL yenereey clue) p,=M-1D1)=| *7!
. Ej #E # . 3 2

p,=(M-gl)(M-g1)-( 1 ) 4 1 -1 1 -1 1
Mp, = : =1 =1
P [ 3 2 3 - 3 -3 P
Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or: Mpi=cipi=p:M . ;
3
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M= ( L J

- Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues=-eigenvectors)
Spectral decomposition and P-operator expansions (how projectors=-eigensolutions)

Idempotent means: P-P=P
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘
pjpk=PjH(M_3m1)=H(ij_8mpjl) Mp,=¢p, =pM P, Z(M_S.l):( _31 13 )
m#k m#k —
Multiplication properties of p;: 3 1 b=~ (
0 if:j#k P, =M-1D="5
PP, = g(ejpj —empj) - pjg(ej _gm) - pl(e-¢.) if:i=k

m#k

o =

0
0

|

0
0

|
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[ ‘3‘ ; j
pp.=p,][(M-e,1)=]](pM-¢,p 1) Mp,=¢,p, =pM p=M-51)= ( _31 13 ]
mtk mk - | 0 0
Multiplication properties of p; : 31 PP _£ 0 0 )
0 if:j#k p2=(M—1-1)=( 2 j

pjpk=H(8jpj—Smpj)=ij(8j—8m)= p.J](e.-¢.) if:j=k

m#k m#k
m#k

[T(M-¢,1) p-M=5D_1F 1 -1 ]
Last step is to make Idempotent Projectors: Yi= TT( gpk - e) = "ﬁ( e —¢ ) (=5 40 =3 3
nit it b M1 _1( 31 J
oG- 4 31
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Matrix-aleebraic method for finding eicenvector and eigenvalues With example matrix wm=| + 1
g g elg g p 3 9
pjpk=pj11(M—8m1)=11(ij—8mpj1) Mpkzé‘kpk =pkM P, Z(M—S-l):( _31 13 )
m# m# - _ 0 0
Multiplication properties of p; : 31 PP _£ 0 0 )
epc=Tllep —ep)=p Ille =602 b (e -e,) ir:i=k
M-51) 1 1 -1
M-¢,1 P :(—:_
. . po_ M :g( ) oa=5 4 -3 3]
Last step is to make /dempotent Projectors: *x e -2) [[-2,)
ik e p_M-ID) _1( 3 1
pp _ 0 if:j#k (=1 4 31
kT P ifij=k Mp,=¢,p, =pM
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ;‘ ;
pjpk=ij(M_8m1)=H(ij_8mpjl) Mp, =¢,p, =p:M P, :(M_S.l):( _31 13 )
m#k m#k B — 0
Multiplication properties of p;: 31 o ( !
0 if:jzk p,=(M-1D= 3 1

m#k
Factoring bra-kets into “Ket-Bras:

Last step is to make Idempotent Projectors:

[I(e.~e.) Tl(e-e.)

m#k m#k

pp ) 0 TFk p2:<M—1-1>:1(3 lj:
TROLP ifij=k G-1) 4| 31

N = =
N—
—_——
| W
|—
~———
Il
[\
~—
N
\C)

|

0
0

|

[T(M-¢,1) _M-5) 1 1 -1 )| o R
P = = 05 Al s = ®(2 = )‘|1><1|
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

pp.=p [I(M-e,1)=]](pM-¢,p,1) Mp,=¢,p, =pM p=M-51)= ( _31 13 )
m# m# o _ 0 0
Multiplication properties of p; : 31 PP _£ 0 0 )
0 if j#k p,=M-11)= 31
epc=Tllep —ep)=p Ille =602 b (e -e,) ir:i=k
Factoring bra-kets into "Ket-Bras:_
o, LIM-2.1) p_M=5D_1f 1 1) o
Last step is to make Idempotent Projectors: ¥« =177, - e ) T c _o Loa=5 4l 303 ) 2
g( k m) g( k m) .
0 if:j#k M-11)_ 1 3 1) 3
bp, - ) pZZW:Z( : IJZE e
Pk lf ] = k 2

....................

The P; are Mutually Ortho-Normal
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

Pjpk=Pj11(M_8m1)=11(ij_8mpil) Mp,=¢,p, =p M P, :(M—S-l):( —31 13 ]
m# m# B _ 0 0
Multiplication properties of p;: 31 o _£ 00 )
0 if:jzk p,=(M-1D= 3 1
pjpk:g(gjpj_gmpj):pjg(gj_gm): pkH(Sk—gm) if:j=k

m#k

[T(M-g,1) P:(M—S-l):l( 1ol ]_

I
7~ N\
Sy

| W
N—
—_
N |—
I
N |—
~————
Il
W
~—
T
=

Last step is to make Idempotent Projectors: Yi= H(gp - ) "ﬁ(g e ) boa=5) 4l =3 03 ) 2
0 if:j=k M-11) 1 3 1 :
ppo| T p-CLLL (2 fe( 2 ¢ )R
P, if:j=k -1 2
_( l ]
— 2 —
1
The P; are Mutually Ortho-Normal as are bra-ket (j|and|j) vectors inside P;’s [ ) a2) 1 (1 o 2
oy @y |TLo i

Tuesday, November 13, 2012 42



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

Pjpk=Pj11(M_8m1)=11(ij_8mpil) Mp,=¢,p, =pM P, :(M—S-l):( —31 13 ]
m# m# B _ 0 0
Multiplication properties of p;: 31 o _£ 00 )
0 if:jzk p,=(M-1D= 3 1
pjpk:g(gjpj_gmpj):pjg(gj_gm): pkH(Sk—gm) if:j=k

m#k

[T(M-g,1) P:(M—S-l):l( 1ol ]_

I
7~ N\
Sy

| W
N—
—_
N |—
I
N |—
~————
Il
W
~—
T
=

Last step is to make Idempotent Projectors: Yi= H(gp - c ): "ﬁ(g ") boa=5) 4l =303 ) = N
0 if:jzk M-1D 1 3 1 : (3 1 )
_ _ P, = == - 2 L )=2)2
pjpk_{ ) S e [] L1 )=
_( l ]
— 2 —
1
The P; are Mutually Ortho-Normal as are bra-ket (j|and|j) vectors inside P;’s (1) (1]2) ( 10 ] 2
and satisfy a Completeness Relation: 1= P; + P> +..+ P, 0 1

=|1) (1]+]2) (2|+...4|n) (n]
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

pjpk=pj11(M—8m1)=11(ij—8mpjl) Mpkzgkpk :pkM P, :(M_S‘l):( _31 13 ]
m# m# o _ 0 0
Multiplication properties of p; : 31 PP _£ 0 0 )
0 if i j#k p,=M-1ID=| _ |
poc=ITlep,~ew)=p I1(e,~2)=1 5 [T(e,-e,) ir:i=k

m#k

N (S l,l:(M—S-l)zl( -1 ]_[ i ]®( Lo )=1-1:>:(_1_|.

Last step is to make Idempotent Projectors: Yi= (e ¢ ): "ﬁ( e —c) (1-5) 4 -3 3 — ] VL
0 if:j#k M-11) _1( 3 1 2 ( - )
- = P, = = — — ® 2 L )=|2)2
pjpk_{ T Me-ep,  n-OEs [] L)
_[ l ]
— 2 —
1
The P; are Mutually Ortho-Normal as are bra-ket (j|and|j) vectors inside P;’s (1) (1]2) ( 1 0 ] \ 2
and satisfy a Completeness Relation: 1= P; + P> +..+ P, 0 1

=|1) (1]+]2) (2|+...4|n) (n]

|
(" N _ {2} ___________ E
{|x),|y) }-orthonormality with {|7),|2) }-completeness

(dly)=6.,=l1y)= <x\l><1|y>+<XI2><2|y>\
Vector-tensor analysis

VS.

{|1),|2) }-orthonormality with {|x),|y) }-complet€ness wave-functional analysis

(il j) =0, =(]j) =ilx){x| )+ )3 7)
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[
-1 1

-3
M oto| 31
p,=(M-11 (3 1)

pp.=p;][(M-¢,1)= H(ij—gmpjl) Mp, =¢.p, =pM

m#k m#k

p1=<M—5-1>=(

Multiplication properties of p;:
0 if:j#k

pjpk:H(ejpj—Smpj)=ij(8j—8m)= p.J](e.—¢,) if:j=k

m#k m#k
m#k

TT(M-c,1) M-=5D _1( 1 -1 ) 3 o\
| . b ik P= = s B R R
Last step is to make Idempotent Projectors: Yi= (e ¢ ): (e —<,) a-5) 4 -3 3 N L N A AT
0 if:j#k M-11) _1( 3 1 2 ( - )
_ _ P, = =— = R 3 L |=]2)/2

N = N =

The P; are Mutually Ortho-Normal as are bra-ket (j|and|j) vectors inside P;’s

and satisfy a Completeness Relation: 1= P; + P> +..+ P,
=|1) (1]+]2) (2|+...4|n) (n]

(
{|x),|y) }-orthonormality with {|7),|2) }-completeness

(x[y)=6,,=(1]y)= <XI1><1|y>+<XI2><2|y><\

(x]y)=6(x.y)= W, (W, 0N+, (O, (D) + ..

{|1),|2) }-orthonormality with {|x),|y) }-completéness

({7} =8, =) ={lx)(j)+ily)oi)
() =4,

~

\_

YW 0+ Y, (WS (0) + = [y (ow(x)

~N

Vector-tensor analysis
VSs.
wave-functional analysis
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2D harmonic oscillator equation eigensolutions
Geometric method
Matrix-algebraic method with example M= ( L J

Secular eq., Hamilton-Cayley eq., Idempotent projectors, (how eigenvalues=-eigenvectors)
¥ Spectral decomposition and P-operator expansions (how projectors=-eigensolutions)

Idempotent means.: P-P=P

Tuesday, November 13, 2012

46



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

Pjpk=Pj11(M_8m1)=11(ij_8mpil) Mp,=¢,p, =pM P, :(M—S-l):( —31 13 ]
m# m# B _ 0 0
Multiplication properties of p;: 31 o _£ 00 )
0 if:jzk p,=(M-1D= 3 1
pjpk:g(gjpj_gmpj):pjg(gj_gm): pkH(Sk—gm) if:j=k

m#k

[T(M-g,1) P:(M—S-l):l( 1ol ]_

I
7~ N\
Sy

| W
N—
—_
N |—
I
N |—
~————
Il
W
~—
T
=

Last step is to make Idempotent Projectors: Yi= H(gp - c ): "ﬁ(g ") boa=5) 4l =303 ) = N
0 if:jzk M-1D 1 3 1 : (3 1 )
_ _ P, = == - 2 L )=2)2
pjpk_{ ) S e [] L1 )=
_( l ]
— 2 —
1
The P; are Mutually Ortho-Normal as are bra-ket (j|and|j) vectors inside P;’s (1) (1]2) ( 10 ] 2
and satisfy a Completeness Relation: 1= P; + P> +..+ P, 0 1

=|1) (1]+]2) (2|+...4|n) (n]
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j
PP, :ij(M—gml): H(ij_gmpjl) Mpkzgkpk = pkM P, = (M_S'l):( _31 13 )
m#k m#k - _ 0 O
Multiplication properties of p; : 31 PP ( 0 0 )
pp=I1(ep,—ep))=p.I1le ~20)=1 b [T(e,-e,) ir:i=k
" Factoring bra-kets into “Ket-Bras:
[T(M-e,1) S M-5D 11— : L
| U T et I = I [T I BVl
Last step is to make Idempotent Projectors: *i T -2) [I(-¢,) (I-5) 4 3 3 —
0 if:j#k (M—11) 1[3 1j ) .
PP, - MP,=¢,P P,= = -| e[ 1 )=
Jk{Pk =k =€k *TTG5-1) 4l 31 ! 22
_[ l ]
— 2 —
1
The P; are Mutually Ortho-Normal as are bra-ket (j|and|j) vectors inside P;’s (1) (1]2) ( 10 ] 2
and satisfy a Completeness Relation: 1= P; + P> +..+ P, 0 1

=|1) (1]+]2) (2|+...4|n) (n]

Eigen-operators MP, =¢, P, then give Spectral Decomposition of operator M B 1) =

J

] =1P +5P, = 1|1){1] + 5|_2><2|

LR

=1 ! ! +5
3 3
Tz 4

<

Il
VR
w
N =

M=MP, +MP,+..+MP, =¢P, +¢&,P,+..+¢P,

AW AW
A= K=
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j
pjpk=ij(M—£m1)=H(ij—8mpj1) Mpkzgkpk :pkM P, :(M_S’l):( _31 13 )
m#k m#k - . 0 O
Multiplication properties of p; : 31 PP ( 0 0 )
poc=ITlep,~ew)=p I1(e,~2)=1 5 [T(e,-e,) ir:i=k
" Factoring bra-kets into “Ket-Bras:
[T(M-g,1) M-51)_1( 1 -1 > L
| U T et I = I [T I BVl
Last step is to make Idempotent Projectors: ¥ T -2) [I(-¢,) (-5 4 3 3 -
0 if:j#k (M—11) 1( 3 1j )
PP = MP, =¢,P, P, = =7 = ®
P {Pk ik =&k T 51 40 3 1 !
The P; are Mutually Ortho-Normal as are bra-ket (j|and|j) vectors inside P;’s {11 (12) :( 10 )
and satisfy a Completeness Relation: 1= P; + P2 +..+ P, (2[1) (2[2) 0 1 ! )

=[1) (1]+|2) 2|+...4|n) (n] Lol

I 0
R+n=[0 1]4wowuxa
Eigen-operators MP, =¢, P, then give Spectral Decomposition of operator M
Mz( 4o ]: 1P +5P, = 1]1)(1]+5|2)(2|
M=MP +MP,+..+MP,=¢P +¢&,P,+..+¢ P, 3 2
- S
:1[ B ]+5[ s ]
...and Functional Spectral Decomposition of any function f{M) of M B 4 4
4 1 roo 31
fM)=f(e)P, + f(&,)P, +..+ f(g,)P, Examples with M :( 2 5 ]: 1°° 43 34 4+ 5% ‘3‘ ‘1‘
B i 1
41 [ 3o
1 i i 3
M:(3 2):1“/1 N
i a i 7
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3 D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —lj Det(K)=1010-1=99
K, Ky ~kiy Ky tkpp -1 10 Trace(K)=10+10 = 20

The K secular equation K2 —Trace(K)K + Det(K)= K> —=20K+99=0=(K -9)(K —11) = (K-K,)K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —1) Det(K)=1010-1=99
K, Ky ~kiy Ky tkpp -1 10 Trace(K)=10+10 = 20

The K secular equation K2 —Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11)=(K-K{)(K-K))
Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
Eigen-projectors P,

K=Ky Kp 10-11 -1 1+l Kiu-Ki  Kp 10-9 -1 1 -1
Ky, Ky —-K, -1 10-11 +1 1 K, Ky - K -1 10-9 -1 1
Pl = = = P2 = =

K, -k, 9-11 2 K, - K, 11-9 2
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K K
K= n Koo
K, Ky

ki+kypy o =k _| 10 -1

Analyzing 2D-HO beats and mixed mode eigen-solutions

Det(K)=1010-1=99
Trace(K)=10+10=20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+
b Kp Kp-K; | -1 10-11 ) { +1 1

1 K,-K, - 9-11 2
N
:[ 1;3 J( UNZ 12 ) =[e)el

Eigenbra vectors: <81|=(1/\/§ +1/\/§), (82|=(1/x/§

K12w3(81)29, K2=a)3(82)=11,

Kn=K K 10-9 -1 1 -1
K,  Kp-—-KkK -1 10-9 ) | -1 1

P, = K, K, B 11-9 - 2
o
:( e ]( UNE A1 )=o)
1/42 )
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Analyzing 2D-HO beats and mixed mode eigen-solutions

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)
Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+ Kn-K  Kp 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 p K Kp-—K -1 10-9 -1 1
! K,-K, 9-11 2 2 K,-K, - 11-9 - 2

1/4/2
== \/_ (1/\/5 1/\/5 ):‘81><81| —— 1/\/5 (1/\/5 -1/\/5 ):|82><82|

1/42 132

Eigenbra vectors: <81|=(1/\/§ +1/\/§), <82|=(1/\/§ -1/x/5)

Mixed mode dynamics

x0) = &) (ex@)e @+ |ey) (ey]x(0))e @
() 1/~§2 —iot —1/+/2 it
= 0 1 O s
[ X, (1) J [ 13 J<el|x( ))e +[ B ](ez\x( ))e

K:[ Ky Kpp J:[ kj+kip  —kp ]:( 10 -1 j Det(K)=1010-1=99
Trace(K)=10+10=20
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Ky
Ky,

Ky,
K,

H

kl + k12

_kl2

—ki2

Analyzing 2D-HO beats and mixed mode eigen-solutions

10 -1
-1 10

Det(K)=1010-1=99
Trace(K)=10+10=20

M

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,

.

K —-K,
Ky,

Ky,
Ky - K,

10-11
-1

-1
10-11

)

I +1
+1 1

| =

J (s

J( N2 142 )=e) e

K,

{ 1/\2

_K2

1/\2

Eigenbra vectors: <81|=( /2 +1/2 )

Mixed mode dynamics
| x(1)) &) (g]x(0))e™™ " +

X (¢ . _ .
) V2 (1| x(0))e " + 12 (&;|x(0)) e~
Xy (1) 1/42 1/2
a+b ’a_ ia;
100% modulation (SWR=0) ¢“+¢" _ 5 e > +e °
2
e—ia)lt_l_e—ia)zt _l_(a)1+602)t —i(wl_wz)t i(a)l—(gz)t
X5 (1) ol _ iyt 2 —i(wl_w2)t i(wl_%)t
> e 2 —e

2

(82|:(1/x/§

£,)  (&,]x(0))e™ ™

— 2 _ — 2 _
Ki=wi(g)=9, K,=w0i(&)=11,
Kn=K K 10-9 -1 1 -1
P Ky,  Kypn-KkK -1 10-9 -1 1
2: = =
K,—K, 11-9 2
1/2
:( NG) }( /42 _1/\/5):|82><82| wif ﬁ 4/Beat
-1 - 5 . cos(my-mq)t/
ol ol BEH 271R2
wi=33l66eds ) 1 i fie. ;
= s A R
Jes . e o <82|X(O)> :E EE
. — 12 - ; '_ Camer
AR T OEING 1 g C°S<‘”2+‘”1>”2
3 . g Y 00
< . 1 }E_l » ¢ 51{1:0)2—601)’[/2
IO P gy i i ﬂ
V2 | it il (LG
kl2= -1 -1 [ O
k1l= 10 [ : TS
F -1 " I

Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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Analyzing 2D-HO beats and mixed mode eigen-solutions

Ky
Ky,

Ky,
K,

H

kl + k12

_kl2

—ki2

H

10

-1
-1 10

|

Det(K)=1010-1=99
Trace(K)=10+10=20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
Eigen-projectors P,
Kn-K, Ky 10-11 -1 1+ Kn-Ki Ky 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 P _ Ko  Kp-K ]\ -1 10-9 ) [ -1 1
b K,-K, - 9-11 - 2 2 K,-K, - 11-9 - 2
1142 142
{ 3 J( UN2 12 )=[e) el :[ iz }( N2 N2 )=|ey) (el i ﬁ 4/Beat
. L t/
N4 ol 1 : ﬁCOS((Dz W)t/ :
wg=3 66 L . -
igenbra vectors: (g |= + . (&= - s Y
Eigenb t d=(1/42 +1/42 S|=( 142 1742 E’q“ﬁ e g %
€2, iEE <E5IX(0)
o . ! 2
Mixed mode dynamics : vz | E o Carer
) = e} {alx@)e e} (elx)e e s N
3 S VAT T A ) 1
s | - | - BT oF oot
ORI 1/V2 (&1]x(0)) ™" + 1V2 (&;|x(0)) e~ < g TR
X, (1) 1/+2 1/2 ExOP| F oy i R
.a— a— \/ "'}'5, e ag ;o FI'. a0
100% modul SWR=0) &+ _ =27 v _ & (0 SV AT Te
%0 modulation (SW. )e L _Jretre 25 cos(a J fz= 4 Y R U V
2 2 )t Y It
: : -1 ’ il
e 'Ol om0 (0,+0,) (0,~0,) (0,~0,) (0, — o))t -
OB e P B P e
X5 (1) o i _ iyt 2 —i(wl_wz)t i(wl_wz)t . (0, —0)t
2 _ 181
2 € ¢ 2
Note the i phasey

Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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2D-HO eigensolution example with bilateral (B-Type) symmetry
> Mixed mode beat dynamics and fixed n/2 phase
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A “visualization gauge” (a)

We hold these two fixed...

2D-HO beats and mixed mode geometry

0 1 .
r_0=0 r @=m g%

even +45°

[+)

parity
states odd -45°

02
- A %
!0

local

)+ Uo
t=0 \2 v
Luuoc
1/4
i ﬂ’PPed y
1/2 litl:}ov 41—
34

Tuesday, November 13, 2012

58



2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
Ya <
¢

~and let these two votate at beat frequency

li

loca

..

)+ Uo
\2 \u»

LELQOO@

1/4
revivals ﬂlpp ed y
or beats

1/2 litl:}ov 417

3/4 ¢
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2D-HO beats and mixed mode geometry
A “visualization gauge” (a)

We hold these two fixed...

r’ ©=0) r' (¢o=m)

~and let these two votate at beat frequency

t=1/6

............................... <

revivals
f= 1/ or beats

1/2

1/4 {3

Coupled Optical
Pendula E(t)

even +45°

[+)

parity
states odd -45°

02
Ya <
¢

li

loca

..

)+ Uo
\2 \u»

LELQOO@

fhpped Y

|+}—|—}°' $

3/4 ¢
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2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
- A %
!0

local

and let these two

tate at beat frequency

t=1/6

)+ Uo
\2 U

Lauoc@

ﬂlpped Y

|+}—|—}°' $

1/4 (\"‘
revivals
or beats
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')ZD-HO eigensolution example with asymmetric (A-Type) symmetry
Initial state projection, mixed mode beat dynamics with fluid phase
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K)=713-27=91-27=64
Trace(K)=T7+13=20
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Tuesday, November 13, 2012

64



Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

K -K, Ky, 7-16 -3/3 9 133
p K, Ky - K, 33 13-16 33 3
1 = =

K,-K, 4-16 12

&Y
:ﬁ—lz[ NeIE ](@/2 12 )=le e

4 1/2
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
_ Kp  Kp-—K 33 13-4 ~ 33 9

p_ Ky,  Kp-K; ) 33 13-16 33 3 b
b K,-K, - 4-16 12 2 K,-K, - 16— 4 12
[ 343 1 -3
31 J3/2 -3 3 —-1/2
S S 3/2 1/2 )= _ - _ -
Z Ty |3 J=len)el y [ﬁ/z ]( 112 3/2)=|e))es]

68
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies wy(g;)*

Eigen-projectors P,

K -K, Ky, 7-16 -3/3 9 133
K, Ky - K, 33 13-16 ~ 33 3

P = -
! K,-K, 4-16 12

4 1/2

[ 3 \/5]
L[ V312 ](@/z 1/2)=le el

Eigenbra vectors: <el|:(\/§/2 1/2), <82|=(—1/2

Ky =g (&) =16,

Kn—-K Ky 7-4 33 3 33
Ky Kn-—K, —3J3 13-4 3V3 9

P, =
2 16—4 12

[ 1 —\/EJ
B3 _[%//22 ](_1/2 V312 )=|e)es

69
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2D-HO eigensolution example with asymmetric (A-Type) symmetry
¥ [nitial state projection, mixed mode beat dynamics with fluid phase
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
| Ko Kp-Ky ) | 3Y3 13-16 ) [ 433 3 K,  Kyn-K -3V3 13-4 33 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12
5 7 5 )

NEI 3 3 -
:f:[f’//j ](ﬁxz 172 )=|e )| = y =[J;//22 ](—1/2 V312 )=|e;)(ey]

Eigenbra vectors: <el|:£ J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

: syl ? RRRE
off 1 1)) 2 le(s #)
2

1-x(0)= (P, +P2)( (1) j:

NST R
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
p Ky Ky —K, 33 13-16 +343 3 K, K> - K, -3J3 13-4 33 9
l = = =

- K, -K, B 4-16 12 2= K, -K, B 16— 4 12
[ 3 43 J [ 1 /3 J
NEI 3 3 -
:f=[ */15//22 ](\/3/2 172 )=|g;) (g = y :[ \/;//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <el|:£\/§/2 1/2), <82|=(—1/2 \/5/2)
ial state x(0)=(1,0):

Spectral decomposition of ini

1-x<0>:<P1+P2>( : j=
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
p_ Ky  Kp-Ky | 33 13-16 ~ +3/3 3 b Ko  Kn-Ki | 33 13-4 ) 33 9
b K, -K, - 4-16 B 12 2 K, K, B 16—4 - 12
[ 3 \/§J 1 =3
31 J3/2 -3 3 —-1/2
:f:[ s (V372 1/2)=|e)z)| = y :[ Fisa ](—1/2 V312 )=[e;)(e,|
Eigenbra vectors: (g| :g J3/2 172 ) (&) =(—1/2 V372 )
Spectral decomposition of initial state x(0)=(1,0): oo 3 X2 |
1 1/5 1 = 30 82>
1-x<0>=<P1+P2>( . ]= e F 2)[ 3 )( ) j >
2 S /7
-] :
. s
2 =T X1
—| 2 (f) ) (Note projection of X(0) onto eigen-axes) ( (({ é?g, i
L ="
NE) 1 1z=-5.j1951524 1
(ql(t)=70082t’ 0 (1) == cosds xO= \ L g0)=32
q2(0)=-1/2.-
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
K12 K22_K2 _3\/§ 13-16 _ +3\/§ 3 K]Z K22—K1 _3\/§ 13—4 _3\/5 o

P1: = P2: =
K, -K, 4-16 12 K,-K, 16—4 12
NEI 3 3 -
:f:[ \/15//22 J(ﬁ/z 172 )=|g;) (g = y :[ \/;//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <£1|:£ J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

s )

(Note projection of X(0) onto eigen-axes)

NE)

1-x<0>:<P1+P2>( : j:

2
1
2

/

K12 =-5.1961524 |1

5 ) )
(%(f):?cos%, Q2(Z):—Ecos4t x(0) = 0 ﬁ%f 1?3 F—;ql(o):\/j/Zipafnmycmbysmv

" Pafnuty Lvovich Chebyshev was a Russian

A ﬁ mathematician. His name can be alternatively
p " transliterated as Chebychev, Chebysheff,

Using cos4t= 20082 2t —1 derives a parabolic frajectory! q2(0)=-1/2.--

Chebyshov, Tchebychev or Tchebycheff, or
Tschebyschev or Tschebyscheff. Wikipedi:

1 1 4 1
g, (t)= —52cos2 2t + 5= —5[% (t)]2 2 Example of a Tschebycheff Polynomial order 2

Born: May 16, 1821, Borovsk
Died: December 8, 1894, Saint Petersburg
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
Ky Ky —K, 33 13-16 B +343 3 K, K> - K, -3J3 13-4 33 9

...........

b= K, - K, B 4-16 12 P = K, —K, B 164 12
[ 3 \/§J 1 3
31 J3/2 -3 3 —-1/2
:f:[ A (V372 172)=|e))e| = y =[ﬁ/2 ](—1/2 V312 )=|e;)(ey]
Eigenbra vectors: <el|:£\/§/2 1/2), <82|=(—1/2 \/5/2) af 4o
Spectral decomposition of initial state x(0)=(1,0): " SN
:g g: :Eu:u a
(VL VY VY T .

1-x<0>:<P1+P2>( : j=

(Note projection of X(0) onto eigen-axes)

:

1

1

P

:

: LOAR AA AR AR nj\

] SR R R B T R R

' e O LR a0
' A RSN LA P | R P .

\/5 1 \ K12 =-5.1961524 |1 I SR TR U
q,(1)=—cos2t, ¢,(t)=——cos4t — k22 = 13 Lo (FRN EA F R A
( ()= 2 (1)==7 x(0) 0 =—t— Ly 0)=v32 0| Yy

1 -1

q200)=-1/2.-

Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals

Using cos4t= 20052 2t —1 derives a parabolic frajectory!

for an integral 1:2 eigenfrequency ratio (0g(€1)=2.0, Wy(€2)= 4.0) and zero initial velocity.

q> (f)= —%ZCOS2 2l‘+% Z—%[ql (l‘)]2+%
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» ANALOGY: 2-State Schrodinger: in0:V(t))=H|¥(t)) versus Classical 2D-HO: 9*X=-KeX
Hamilton-Pauli spinor symmetry (ABCD-Types)
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix
o ( A B-iC |_pyi
B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

b g X1 +ip a
2 Xy +1py a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0U=HWV
into pairs of real real 15%-order differential equations.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix
o ( A B-iC |_pyi
B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

Y X +1 a
|‘{,> _ . 1 Pl _ 1
¥, Xy TP ay
Separate real x; and imaginary pi parts of W amplitudes

to convert the complex 1%-order equation iOW=HWV ;O Mtip ZL A B-iC j Xy +ipy
into pairs of real real 15%-order differential equations. or( Xy +ip, B+iC D Xy +ip;

. 0
() = B (1)
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix
o ( A B-iC |_pyi
B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

Y X +1 a
|‘{,> _ . 1 Pl _ 1
¥, Xy TP ay
Separate real x; and imaginary pi parts of W amplitudes

to convert the complex 1%-order equation iOW=HWV ;O mtim :[ A B-iC ] X +ipy
into pairs of real real 15%-order differential equations. or( Xy +ip; B+iC D Xy +ip;

S L ; % 1
X, = Ap, + Bp, - Cx, py=—4x,— Bx, —(p, iy~ py | | Ax +Bxy+Cp,y+idp, +iBp, —iCx,

. 0
L w(0) = B (1)
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix

:( A B-iC gt Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. _Af 2 2 D( 5
p) Y, x; +ip; a HC—E Dy X +B(x1x2+p1p2)+c(x1p2_x2p1)+3 Dy TX
Y ) | ntin | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0U=HWV
into pairs of real real 15%-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix
- :( A B-iC |_

B+iC D
that operates on 2-D complex Dirac ket vector |¥) .

H Then start with classical Hamiltonian.

A D
) ¥y X +ip; a Hc:5(1’12+x12)+3(x1x2+p1pz)+c(x1p2_xzp1)+3(19§+x§)
Y ) | ntin | | @
Separate real x; and imaginary px parts of Us amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 15-order equation i0U=HWV
into pairs of real real 15%-order differential equations.

. 94, Ap, + B C p oH, (Ax + Bx, +Cp )
- — A X, =——=A4p D, — Cx = — = —
(= ). = —Bx. — oH . JH,
Py 2
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix
- :( A B-iC |_

B+iC D
that operates on 2-D complex Dirac ket vector |¥) .

H Then start with classical Hamiltonian.

A D
) ¥y X +ip; a Hc:5(1’12+x12)+3(x1x2+p1pz)+c(x1p2_xzp1)+3(19§+x§)
Y ) | ntin | | @
Separate real x; and imaginary px parts of Us amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 15-order equation i0U=HWV
into pairs of real real 15%-order differential equations.

X _ch 5y — a]_Ic —
X, = Ap; + Bp, = Cx, p, =—Ax,— Bx, - (p, ng VS. ClaSSical Wi Ip, = Ap, + Bp, = Cx, b == ax, (Axl +Bx, + sz)
. . quations are SH
%) 2

Tuesday, November 13, 2012

82



ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix

H-= ( A B g Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, oA 2.2\, 8 C D( 5
9 = Vi | | -+ | | @ c =5\~ X (x1x2+191192)+ (xlpz—x2p1)+3 Dy T,
¥ Xy +ipy ap
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

— X, =4p, + Bp, - Cx, py=—4x = Bx, - (p, Qg Zz.tigicgszizal X = (Z,—Z = Ap,+ Bp, - Cx, p== 8;: =~(Ax, + Bx, + Cp,)
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp, qidentical X, = a—ZC = Bp, + Dp, + Cx, Py=- 881;]; _ _( Bx, + Dx, — Cpl)
2
Finally a 2™ time|derivative|[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \ X> =-K- X>
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H=| 4 B~ |_gt Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ c =5\~ X (x1x2+p1p2)+ (xlpz_xzpl)J“E Dy TX
¥ Xy +ipy ap
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations. SH oH,
— X, = Ap, + Bp, — Cx, py=—Ax, - Bx, - Cp, QE%ZZ.ﬁ(OZ;ZgSZZZal 0= 8— = Ap,+ Bp, - Cx, P = (4, + Bx, + Cp, )
_ S ’ / 0H,
x2 = Bpl + Dp2 + Cxl 2% —Bxl — sz + Cpl identical i, = 8_ = Bp, + Dp, +Cx, Py = o (Bx1 + Dx, — Cpl)
Py 2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
~ For C=0 2 v
X 2, p2 X X K., K X
o A°+B AB+BD Is form of 2D Hooke 3_2 T e T B 1
X, AB+BD B*+D? harmonic oscillator 0" X, X Ky Ky | %
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix
o[ A B-ic |_

B+iC D
that operates on 2-D complex Dirac ket vector |¥) .

H Then start with classical Hamiltonian.

. Al 2 2 D( 52 2
|lP>— ¥, - x; +ip, | HC:E(pl +x1)+B(x1x2+p1p2)+C(x1p2—x2p1)+3(p2+x2)
¥, Xy +ipy a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.
. _8HC_A B C ; ——8HC——(Ax + Bx, +C )
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical xl_é’—pl_ PL¥ BP0 T
. . Equations are Py SH
x2 = Bpl + Dp2 + Cxl p2 — _Bxl - sz + Cpl identical xZ = a—pc = Bpl + Dp2 + Cxl ﬁz =- &x; = _(Bxl + sz - Cpl)
2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
-- For C=0 2 v
X 2, p2 X X X K., K X
No|o_| 47+B AB+BD 1 Is form of 2D Hooke 3_2 T e T B 1
Xy AB+BD B>+D? X, harmonic oscillator ™| X, Xy Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

2
0 (A B (.8)2_ B > | A2+B*> AB+BD
i—= =|i—| = =-——=
o9 \ B D ot B D o> | AB+BD B*+D?
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
= A B-iC |_pyi Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, A D
|‘P>— Y, oxmtip | | o H, = E(pl2 +x12)+B(x1x2 +p1p2)+C(x1p2 —x2p1)+?(p§ +x§)
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

. _JdH, , __8HC__
—x,=Ap,+Bp,—-Cx, —p,=—Ax,—Bx,—Cp, OM vs. Classical ~ 1= 75, =+ Pn =0 = T (4, + Bxy + Cp )
_ _ Equations are SH SH
X, = Bpl + Dp2 + Cxl Dy = —Bxl — sz + Cpl identical %, = a_c = Bp, + Dp, + Cx, py=— 8xc - _(Bx1 +Dx, — Cpl)
Py 2
Finally a 2™ time|derivative|[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X> = —K'\X>
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
- —(A2 +B%+ Cz)xl —(4B+BD)x,~C(4+D)p, — —(4B+BD)x,~(B*+D* + Cz)x2 +C(4+D)p,
. For C=0 $
Y |_ | A*+B* AB+BD | Is form of 2D Hooke i SU O P I T Ky K M
Xy AB+BD B>+D? X, harmonic oscillator or’ ) X, Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2 2 2 2, p2
0 [ A B (.a)_ A B 0 | A*+B°* AB+BD
I—= =>|i— | = >-—-——F=
ot B D ot B D ot AB+BD B?*+D?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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